


lannelli 


Characteristics Finite Element 
Methods in Computational 
Fluid Dynamics 


2 Springer 


Computational Fluid and Solid Mechanics 


Series Editor: 


Klaus-Jiirgen Bathe 
Massachusetts Institute of Technology 


Cambridge, MA, USA 

Advisors: 

Franco Brezzi Olivier Pironneau 

University of Pavia Université Pierre et Marie Curie 


Pavia, Italy Paris, France 


Available Volumes 


D. Chapelle, K.J. Bathe 
The Finite Element Analysis of Shells - Fundamentals 
2003 


D. Drikakis, W. Rider 
High-Resolution Methods for Incompressible and Low-Speed Flows 
2005 


M. Kojic, K.J. Bathe 
Inelastic Analysis of Solids and Structures 
2005 


E.N. Dvorkin, M.B. Goldschmit 
Nonlinear Continua 
2005 


J. Iannelli 
Characteristics Finite Element Methods in Computational Fluid Dynamics 
2006 


Joe ТаппеШ 


Characteristics Finite 
Element Methods 

in Computational Fluid 
Dynamics 


With 384 Figures 


2 Springer 


Author: 


Professor Dr. Joe Iannelli 

Director, Centre for Aeronautics 

School of Engineering and Mathematical Sciences 
City University 

10 Northampton Square 

London, EC1V ОНВ 

United Kingdom 


Library of Congress Control Number: 2006925962 


ISBN-10 3-540-25181-2 Springer Berlin Heidelberg New York 
ISBN-13 978-3-540-25181-1 Springer Berlin Heidelberg New York 


This work is subject to copyright. АП rights are reserved, whether the whole or part of the material 
is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broad- 
casting, reproduction on microfilm or in other ways, and storage in data banks. Duplication of this 
publication or parts thereof is permitted only under the provisions of the German Copyright Law of 
September 9, 1965, in its current version, and permission for use must always be obtained from Sprin- 
ger. Violations are liable to prosecution under German Copyright Law. 


Springer is a part of Springer Science+Business Media 
springer.com 


O Springer-Verlag Berlin Heidelberg 2006 
Printed in Germany 


The use of general descriptive names, registered names, trademarks, etc. in this publication does not 
imply, even in the absence of a specific statement, that such names are exempt from the relevant pro- 
tective laws and regulations and therefore free for general use. 


Typesetting: Dataconversion by author 

Final processing by PTP-Berlin Protago-TpX-Production GmbH, Germany (www.ptp-berlin.com) 
Cover-Design: deblik, Berlin 

Printed on acid-free paper 62/3141/Yu - 543210 


We agreed then on the good things we have in common, on the advantage of ђе- 
ing able to test yourself, not depending on others in the test, reflecting yourself 
in your work, on the pleasure of seeing your creature grow, beam after beam, 
bolt after bolt, solid, necessary, symmetrical, suited to its purpose. When it’s 
finished, you look at it and you think that perhaps it will live longer than you, 
and perhaps it will be of use to someone you don’t know, who doesn’t know you. 
Maybe, as an old man you'll be able to come back and look at it, and it will seem 
beautiful, and it doesn’t really matter so much that it will seem beautiful only 
to you, and you can say to yourself: “maybe another man wouldn’t have brought 
it off”. 


Primo Levi 


Preface 


Now, when all these studies reach the point of inter-communication and connection 
with one another and come to be considered in their mutual affinities, then, I think, 
but not until then, will the pursuit of them have a value for our objects. 

Plato 





Whenever there is a number there is beauty. 
Proclus 


In any particular theory there is only as much real Science as there is Mathematics. 
I. Kant 


Thus number may be said to rule the whole world of quantity. 
J. C. Maxwell 


One must regard nature reasonably and naturally as one would the truth, and be 
contented only with a representation of it, which errs to the smallest possible extent. 
J. Bolyai 


Mathematical theories from the happy hunting grounds of pure mathematicians are 
found suitable to describe the airflow produced by aircraft with such excellent accu- 
racy that they can be applied directly to airplane design. 

T. von Karman 


Fluid Dynamics governs the function and design of myriad systems, from cooling tow- 
ers to aircraft. Computational Fluid Dynamics allows investigating the fluid flows in these 
systems via computational solutions of the mathematical models of fluid dynamics. This 
book details a systematic, efficient, and stable characteristics-based finite element procedure 
computationally to investigate incompressible, free-surface and compressible flows. Inducing 
by design a controllable multi-dimensional upwind bias that can be locally optimized, the 
procedure crisply captures contact discontinuities, normal as well as oblique shocks, and 
generates essentially non-oscillatory solutions for incompressible, subsonic, transonic, super- 
sonic, and hypersonic inviscid and viscous flows, adiabatic and non-adiabatic, with shaft 
work, heat as well as mass transfer, and chemical reactions. 
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This procedure has emerged from my wish to contribute a versatile unifying method 
that relies on the multi-dimensional theory of characteristics, employs the finite element 
method, and generates discrete characteristics-based formulae automatically on arbitrary 
grids. The theory of characteristics is beautiful, with its physical description of wave prop- 
agation within fluid flows, and the finite element method is appealing, with its systematic 
process of transforming a partial differential equation into a set of algebraic or ordinary 
differential equations. Yet the automatic generation of arbitrary-grid characteristics-based 
discrete formulae is far from straightforward. After almost two decades of research that 
began at the von Karman Institute for Fluid Dynamics and has continued at the Univer- 
sity of Tennessee, Knoxville, NASA Lewis, ( now Glenn ) and the historically-first British 
Center for Aeronautics, at the City University of London, a solution for this challenge estab- 
lishes à characteristics-based approximation of the continuum partial differential equations 
themselves, before the discretization in space. А conventional centered discretization of 
this characteristics-based approximation then automatically generates for the selected grid 
а corresponding characteristics-based discrete formula for the original equations. 

As detailed in this book, the procedure develops authentically multi-dimensional and 
infinite directional upwind resolutions of the Euler and Navier-Stokes equations, with an 
anisotropic upwinding that correlates with the spatial distribution of the Euler character- 
istic speeds. Employing characteristic lines and surfaces, the procedure relies upon the 
mathematics and physics of multi-dimensional acoustics and convection to introduce this 
kind of upwinding directly at the partial differential equation level, by way of a Flux Diver- 
gence Decomposition, a multi-dimensional generalization of flux-vector splitting. Uniformly 
applicable to incompressible, free-surface, and compressible flows, such а process gener- 
ates a characteristics-bias system that couples the Euler or Navier-Stokes equations with 
a regularizing hyperbolic-parabolic perturbation. This perturbation non-linearly induces a 
solution-dependent upwinding that provides minimal upwinding, hence diffusion, in regions 
of smooth flow, for accuracy, and locally increases this upwinding at solution discontinuities, 
for essentially non-oscillatory shock capturing of both normal and oblique shock waves. This 
perturbation also introduces a spatial upwinding on the time derivative of the solution and 
source term, a feature that results in a Galilean invariant system and leads to a crisp cap- 
turing of contact discontinuities. For the incompressible-flow Navier-Stokes equations, the 
procedure allows a direct solution of the coupled continuity and linear-momentum equations, 
with equal-order interpolation for velocity and pressure and without any time derivative of 
pressure in the continuity equation. 

An integral formulation of the characteristics-bias system directly provides non-discrete 
generalized Discontinuous Galerkin (DG) and Streamline Upwind Petrov Galerkin (SUPG) 
statements. The most basic Galerkin finite element discretization of this integral formulation 
on arbitrary grids directly yields an intrinsically multi-dimensional and infinite directional 
upwind algorithm for computationally solving the original Euler and Navier-Stokes equations, 
an algorithm that does not require any further ad-hoc shock capturing terms, numerical 
fluxes, or extrapolations. In particular, the algorithm induces a consistent upwinding not 
only along the streamline direction, as in SUPG and derivatives, but also along all directions 
originating from each flow-field point. On occasion, this algorithm is called ACURA, an 
acronym that stands for Acoustics-Convection Upstream Resolution Algorithm, due to its 
reliance on multi-dimensional acoustics and convection. 
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One of the reasons for selecting the finite element method is due to its versatility in 
generating reliable approximations in complex flow domains, on non-uniform and unstruc- 
tured grids. The method enjoys optimal approximation properties for elliptic and parabolic 
governing equations. It also produces unambiguous, consistent, and accurate arbitrary-grid 
approximations of source terms as well as the second-order partial derivatives in the heat- 
conduction and shear-stress expressions. As another of its unique attributes, the method 
directly and naturally yields several surface integrals for the straightforward and effective 
enforcement of physical boundary conditions such as wall tangency, surface tractions, or 
outlet pressure, for multi-dimensional flows and without requiring any additional localized 
extrapolation techniques. The methods developed in this book also show how to use the 
efficient linear element accurately in arbitrary geometries, without any need for Gaussian 
quadratures. 

Recent efforts have shown increasing interest in the adoption of finite element meth- 
ods in CFD, especially when the methods incorporate results from characteristics-based 
approximation techniques. Early finite element methods, in fact, generated approximations 
independently from characteristic theory and required addition of extra diffusion terms to 
generate stable solutions. Genuine characteristic approximations too induce diffusion, but 
they do so inherently in the approximation of partial derivatives along characteristic direc- 
tions. These approximations with emphasis, or bias, on characteristic directions model the 
physical situation that the flow state at a point is affected by waves that arrive at that point 
from characteristic directions. As a result, characteristic-based approximations generate 
discrete models that can become intrinsically stable. 

Invariably, computational solutions of time dependent partial differential equations in- 
volve approximations of the space and time derivatives. The approximation in space yields 
a system of non-linear ordinary differential equations (ODE), which may be solved using 
any of the well established numerical methods to solve ODE’s; this specific sequence is also 
known as the method of lines. This book adopts implicit Runge-Kutta methods for the 
numerical integration of these ODE's, because such methods are proven stable for non-linear 
differential equations. 

The book is arranged in six parts that cover the derivation of the chief fluid dynamics 
equations, CFD approximations, the finite element method, and computational investiga- 
tions of incompressible, free-surface, and compressible flows. Part I in Chapters 1-5 derives 
the governing equations for unsteady multi-dimensional and quasi-one-dimensional inviscid 
and viscous flows. These equations are the heart of fluid dynamics. The author feels so very 
strongly about their importance that he has detailed how these equations directly originate 
from the physical principles of conservation of mass, the second law of mechanics and the 
first principle of thermodynamics. These first 5 chapters may also be regarded as a con- 
densed course in continuum mechanics. Part II contains Chapter 6-8; Chapter 6 examines 
the spatial-discretization and time-integration processes needed in the development of CFD 
algorithms; Chapter 7 develops the finite element method and Chapter 8 details several im- 
plicit non-linearly stable Runge-Kutta time integrations. Part III details in Chapters 9-10 the 
characteristics-bias companion system for quasi-one-dimensional formulations. This system 
is then employed in Part IV, in Chapters 11-13, numerically to study quasi-one-dimensional 
incompressible, free-surface, and compressible flows. These numerical investigations cover 
the traditional isentropic and adiabatic flows, but also non-isentropic and non-adiabatic flows 
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with friction, shaft work and heat as well as mass transfer. Part V in Chapter 14 details the 
establishment of the characteristics-bias system for two- and three-dimensional formulations. 
This system is further developed in Part VI, covering Chapters 15-17, computationally to 
investigate multi-dimensional incompressible, free-surface, and compressible flows. These 
chapters also detail a set of boundary conditions and practical enforcement methods. 

The book assumes an expertise in vector calculus, ordinary and partial differential equa- 
tions, numerical methods, and fluid mechanics, as possessed by proficient senior engineering 
and science undergraduate students in US universities. While preserving rigor, the presen- 
tation avoids lengthy mathematical proofs and directly focuses on chief ideas. ‘Through the 
use of a few pedagogically helpful calibrated repetitions, but with each cycle incorporating 
additional developments, several chapters remain essentially self contained, so the reader 
with a specific interest does not have to follow the various chapters in sequence. For a focus 
on quasi-one-dimensional non-reacting incompressible and compressible flows, it suffices to 
consider Chapters 1-2, 4-11, 13. Those readers with an interest in quasi-one-dimensional 
free-surface flows need only read Chapters 5-10, 12; for two-dimensional free-surface flows, 
Chapters 14 and 16 are also necessary. ‘The author recommends Chapters 1-2, 4-11, 14-15 for 
an emphasis on incompressible flows, and Chapters 1-10, 13, 14, 17 for compressible flows. 

Over the years I have enjoyed and benefited from professional associations and discussions 
with numerous colleagues, whom I thank with appreciation. ‘Their work, opinions, and 
encouragement have contributed to my views of CFD and stimulated my wish to present an 
organic, systematic and unified presentation of characteristics-bias Finite Element CFD in 
this book. Interested readers’ remarks will reveal whether the book has achieved this goal. 
I will welcome all comments and reply. 

I am grateful for their support to Dr. John Wendt, professor and former director of 
the von Karman Institute for Fluid Dynamics, Dr. Louis Povinelli, Chief Propulsion and 
Turbomachinery Scientist at NASA Glenn, Drs. Jerry Baker, Don Dareing, Richard 
Jendrucko, Jack Wasserman, and Jack Weitsman, professors in the Mechanical, Aerospace 
and Biomedical Engineering department at the University of ‘Tennessee, Knoxville, and 
Prof. Constantine Arcoumanis, fellow of the Royal Engineering Society and dean of the 
School of Engineering and Mathematical Sciences at the City University of London. I am 
also grateful to Springer for publishing this Characteristics Finite Element book. Springer 
has enthusiastically welcomed this project and I could not have found a more friendly, 
helpful, and understanding editor than Dr. Dieter Merkle, director of Springer Engineering 
publishing, whose support is a pleasure to acknowledge. 

Several books conclude their prefaces with a dedication like: “ То my spouse for sup- 
porting me in the writing of this book”. Without limits, I dedicate this book to my wife 
Kimberly with love. 











Joe Iannelli 
January 1, 2006 
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A Brief History of Theoretical and 
Computational Fluid Dynamics 


Fluid Mechanics ideas had already emerged in the 3rd century BC in Archimedes’ treatise: 
“On Floating Bodies”. Yet, the rational foundations for experimental Fluid Dynamics only 
evolved in the 17th century, in France and England, with Europe remaining the cradle 
of theoretical Fluid Dynamics, in the 18th and 19th centuries. Sir Isaac Newton can be 
credited with the initiation, in 1687, of scientific investigation of fluid flow in his “Principia”. 
The famous Bernoulli’s theorem emerged in 1738 in Daniel Bernoulli’s investigations. ‘The 
continuity and linear-momentum equations were developed in 1755 by Leonard Euler for both 
incompressible and compressible flows, under the fundamental Euler viewpoint. Navier in 
1822 and Poisson in 1829 were the first to derive the viscous-flow linear-momentum equations 
and the stress tensor, in terms of velocity gradients. Beginning from fundamental mechanics 
principles, in 1845, Stokes independently developed the same linear-momentum equations, 
which are now known as the Navier-Stokes equations. However, it was Saint-Venant who first 
produced these equations in 1843 based on a rational consideration of the internal viscous 
stresses. Based on the kinetic theory of gases, in 1866, Maxwell then developed expressions 
for the coefficients of viscosity and heat conductivity. 

Although the equations governing the flow of a viscous, heat-conducting fluid were avail- 
able, theoretical investigations of fluid flows continued under the simplifying assumption of 
inviscid non heat conducting flows. These investigations, however, significantly, contributed 
to the development of Gas Dynamics. In 1808, Poisson studied simple waves and in 1839 
Saint-Venant and Wantzel reported their study on the outflow of gases from a highly pres- 
surized vessel. In 1860, one of Riemann’s papers detailed the propagation of finite-amplitude 
waves within air, while the period 1870-1881 witnessed the evolution of compression shock 
wave theory at the hands of Rankine and Hugoniot, with E. Mach describing the oblique 
shock waves generated by projectiles flying at supersonic speeds. At the dawn of the 20th 
century, in 1904, the role of viscosity in the calculation of drag was eventually clarified in 
Prandtl’s seminal boundary layer theory. 

The mathematical models of Fluid Mechanics are thus the equations that mathematically 
express the second law of Newtonian mechanics, conservation of mass and first principle of 
Thermodynamics. For the case of a viscous, heat-conducting fluid, these non-linear par- 
tial differential equations are frequently labeled as the Navier-Stokes system, even though 
the original Navier-Stokes equations only correspond to the linear momentum equations. 
The equations governing the flow of an inviscid non heat-conducting fluid are the energy 
and Euler equations, which encompass both the conservation-of-mass ( continuity ) and 
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linear-momentum equations. Providing a lucid synthesis of centuries of investigations, the 
Navier- Stokes or Euler equations, like Maxwell’s equations of Electromagnetism, represent 
the theoretical foundations of Fluid Dynamics. 

CFD began to rise at the horizon of Fluid Dynamics in the early 20th century. In 
1910 Richardson introduced his point iterative schemes for numerically solving the potential 
and biharmonic equations. The first reported attempt to investigate fluid flows, related to 
weather analysis, by a manual numerical solution of partial differential equations took place 
in 1917, again at the hands of Richardson. Albeit unsuccessful, his brave attempt contributed 
to the birth of CFD. In a 1928 celebrated paper, Courant, Friedrichs, and Lewy detailed their 
work on the numerical solution of partial differential equations and introduced the CFL 
stability requirement for the explicit computational solution of hyperbolic equations. This 
requirement constrains the so called Courant or CFL number. Computational solutions of 
viscous-flow problems began to appear in the 1930’s and Southwell’s 1940 relaxation scheme 
was extensively used to solve fluid dynamics problems. 

Beginning with the wartime effort of the 1940’s and the emergence of the electronic 
computer, CFD has been successfully used to investigate a variety of flows. In was in these 
years that von Neumann introduced his practical method for assessing the stability of discrete 
schemes for the solution of time dependent partial differential equations; only in 1950 was a 
detailed account of this method published by O’Brien, Hyman, and Kaplan. With reference 
to the calculation of shocked flows, in 1954 Lax introduced the concept of shock-capturing. 
This procedure consists in numerically solving the governing equations in conservation law 
form in order to let а shock wave appear automatically within the computational domain, 
without any special fitting procedure. 

The increase of the number of unknowns in discrete models required faster and more effi- 
cient solvers. Peaceman and Rachford in 1955 and Douglas and Rachford in 1956 described 
their alternating direction implicit, or ADI, schemes, in which two- and three-dimensional 
problems are solved implicitly by а sequence of one-dimensional implicit solutions along grid 
lines. In 1960 Lax and Wendroff described a second-order accurate method for computing 
shocked flows and MacCormack's 1969 version of this algorithm enjoyed considerable popu- 
larity. Briley and MacDonald in 1973 and then Beam and Warming in 1976, 1978 extended 
the ADI method to the solution of the fluid dynamics Euler and Navier-Stokes equations. 
A decisive event that firmly established the usefulness of CFD for calculating flows with 
embedded shock waves took place in 1966 when Moretti and Abbett calculated the steady 
shocked flow field about a blunt body as the asymptotic steady-state solution of the time 
dependent Euler equations. Their solution followed years and millions of research dollars 
that had been invested in the USA to solve this intricate problem, hardly tractable by other 
means. 

For the solution of the Euler equations, in 1974 and 1979, van Leer described a process to 
develop high-order schemes based on the original 1959 research of Godunov's, which employs 
the solution of a Riemann problem at grid-cell sides. The computational work required in 
this method led Roe, in 1980, to introduce the concept of an approximate Riemann solver 
linked with the flux-difference splitting scheme. Steger and Warming in 1979 and then van 
Leer in 1982 introduced their flux-vector splittings. All of these splitting schemes have led 
to efficient calculations of convection dominated flows and several production codes. 

Concerning the Finite Element Method, precursor developments, in 1909-1915, include 
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the functional minimization procedure by Ritz and the special weighted residual method by 
Galerkin, in which the approximation functions equal the weight functions. In its discrete 
approximation form, the Finite Element Method originated with Engineers in the 1950’s 
in their analysis of aircraft structures. Turner et al. in 1956, and Argyris and Clough 
in the 1960s were among the first to publish papers on the application of the method, with 
Clough coining the phrase “Finite Element Method” to denote this systematic approximation 
procedure. Significant books on the theory and applications of the FEM include those 
of Aubin, Aziz, Babuska, Baker, Carey, Ciarlet, Fix, Hughes, Oden, Pepper, Pironneau, 
Raviart, Reddy, Strang, and Zienkiewicz. In particular, Bathe’s wide-ranging contributions 
have illuminated the field of finite element analysis, as exemplified by his notable 1976, 1982 
and 1996 books. 

Newton asserted we can see far because we climb on giants’ shoulders; by the same to- 
ken, CFD scientists can see far into the remarkable possibilities of this third fluid dynamics 
dimension because we have all benefitted from the contributions of acknowledged compu- 
tational mechanics giants. Progressing exponentially in the past 25 years, CFD has now 
risen to a stature equal to theoretical and experimental Fluid Dynamics, as an invaluable 
discipline for investigating fluid flows. 
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Governing Equations 
of Fluid Mechanics 


This chapter develops the main Fluid Mechanics equations in order to describe concisely in 
one book the foundations of the mathematical models for Computational Fluid Dynamics. 
These equations originate from continuum mechanics, first thermomechanical principles, and 
a definition of a fluid as a substance that deforms continuously under a shear force of any 
magnitude. 

In the mathematical description of a fluid, the continuum mechanics point of simplifies 
the analysis, hence a fluid will consist of a continuous distribution of matter, even though 
open spaces exist among the molecules of a fluid, either a liquid or a gas. On the other hand, 
1 mm? of air, or any ideal gas, at 1 atm and 298.15 К already contains 2.46 х 1019 molecules; 
the same volume contains an even greater number of molecules of a liquid, which binds 
molecules more tightly than a gas. A sufficient number of molecules of a fluid thus exists 
in even smaller volumes for meaningful statistical averages for macroscopic fluid properties. 
As a result, the continuum specification emerges as an accurate model for a mathematically 
convenient investigation of Fluid Mechanics. 

The fundamental Fluid Mechanics field equations emanate from the principle of conserva- 
tion of mass, the second law of Newtonian mechanics, and the first law of Thermodynamics 
as applied to a continuous distribution of fluid. On the basis of these first principles, the 
equations can all be systematically developed in both integral and differential form using the 
transport theorem. ‘These developments encompass the subtle difference between mechan- 
ical and thermodynamical pressure, various forms of the energy equation, and a compact 
form of the field equation governing entropy variations, which are shown to depend not on 
the expansion work of pressure, but on the heat exchanged with a fluid particle and the 
deformation work of the viscous stresses. 





11 Fluid Particle 


The notion of a fluid particle occupies a central position in Fluid Dynamics. A fluid particle 
consists of a collection of a number of molecules that is sufficiently high to apply the contin- 
uum model, while the particle size approaches the infinitesimal volume element. Following 
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the mechanics of systems of elementary masses, we can then identify a mass center for each 
fluid particle. The velocity of a fluid particle therefore signifies the velocity of the mass 
center of that particle. 

With */" denoting a generic molecule with mass dm,, the mass as well as position and 
velocity of the mass center “С” of a particle containing “№” molecules are 





N | М 1 М 
дт = У smy, Ёо = => У бте, Va = —— У бтм, (1.1) 
#=1 дт 1 


om = 





The inertial velocity of a molecule of fluid can then be expressed in terms of the velocity 
of the fluid particle and the velocity of the molecule relative to the particle mass center, 
as illustrated in Figure 1.1. The third expression in (1.1), furthermore, allows determining 
the relative velocity of the fluid particle mass center with respect to itself, which obviously 
vanishes. These results are mathematical expressed as 


i ~ 
Уг = Уб + Мос, 0 = Мес = Sm У mV uc (1.2) 
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Figure 1.1: Particle Molecules and Mass Center С 





From these conclusions, the kinetic energy KE of a fluid particle accrues as 
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which states that the kinetic energy of a fluid particle equals the kinetic energy of the particle 
mass center, as though all the particle mass were concentrated at the mass center, in addition 
to the kinetic energy of the molecular motion about the particle mass center. 

The kinetic energy of а particle mass center can only be varied by the work of forces 
external to the particle, as the following developments show. Upon using expressions (1.1), 
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the motion of a fluid molecule */" and a fluid particle are governed by the second law of 

Newtonian mechanics as 

ФУ с 
dt 





dV , 
Е, = ôF g, + 0F 1, = óm, —— => Ер = У бе, = дт 


1.4 
dt = (1-4) 


where ОК p indicates the total external force on a particle, while ôF g, and ôF ), respectively 
denote the external and internal forces acting on molecule */". The external force is for 
instance due to a gravitational or electromagnetic field, whereas the internal force originates 
from the other molecules within the fluid particle. As shown in Figure 1.1, internal forces 
among any two molecules, therefore, occur in pairs, one acting on each of any two interacting 
molecules. Internal forces also obey the third law of mechanics, or the principle of action 
and reaction, according to which the forces in each pair posses equal magnitude and act in 
opposite senses along their common direction; as a consequence of this law, the vector sum 
of internal forces vanishes. The elementary work performed by all the дЕ, forces as the 
corresponding molecules move in the interval 01 is expressed as 
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as results from using (1.4). Upon expressing the velocity of molecule */" as in (1.2), the 
work (1.5) becomes 


N N 
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N N N 
Ер Мод + 3 Fs, - V аде + > 2 У с + SOF, · Уџаде = 
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=0 
N 
= óFp - Vgôt + > ôF: . У пад! (1.6) 
(=1 
where ОК g denotes the total external force on the particle, while the sum of internal forces 
vanishes because of the third law of mechanics. Upon combining (1.3), (1.5), and (1.6), the 
work kinetic-energy principle emerges as 
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дЕ р ^ V 01 + > дЕ, i У ад! = (ту с 5 Va) + d > ome qo : Vus) (1.7) 
£l f= 


On the other hand, based on the second expression in (1.4), the calculation of the work of 
the total external force on the particle óF p through the elementary displacement V gôt of 
the particle leads to 


1 


which through (1.7) in turn yields 


N N 1 
> OF : Vejgot жү > этч Уус : Vus) (1.9) 
£(—1 fel 
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These two results posses a fundamental physical significance. ‘The first result indicates that 
the work of the external force by means of the elementary displacement of the fluid particle 
is the only agent that can vary the particle mass-center kinetic energy. The second result 
corresponds to the work as observed from a reference frame that moves along with the fluid 
particle with the particle mass-center velocity. In this reference frame, the only motion is 
that of the particle molecules about the particle mass center; hence, the work corresponding 
to the displacements about the mass center can only vary the kinetic energy of the motion 
about the mass center. If the particle were rigid, there would not be any motion about the 
mass center and the only non vanishing work would be only due to the motion of the particle 
mass center. Expression (1.9) thus corresponds to the work and energy of deformation. 

For each fluid particle, the second law of Newtonian mechanics governs the motion of 
the particle mass center, as indicated in (1.4), and the first law of thermodynamics governs 
the evolution of the particle total energy, which includes the kinetic energy of the molecular 
motion about the particle mass center, as elaborated in Section 1.10.2. Since the reference 
point for each fluid particle is always its mass center, the subscript “G” will be implicitly 
understood in every expression dealing with the motion of a fluid particle. 














1.2 Mathematical Description of Fluid Flow 


The motion of a fluid particle can in principle be investigated by determining the time varia- 
tion of the particle coordinates 2, = x,(t). This description of Fluid Dynamics corresponds 
to the Lagrangian viewpoint, according to which the dynamics of a mass of fluid is inves- 
tigated by following the motion of all the particles. ‘The sheer number of these particles 
makes this approach a formidable task. The Eulerian viewpoint allows more convenient 
investigations with its emphasis on velocity and acceleration at space points rather than of 
particles. In this viewpoint, the velocity and acceleration at a space point at any given time 
respectively signify the velocity and acceleration of that fluid particle whose mass center 
travels through the specified point at the given time. While both concerned with the motion 
of fluid particles, these viewpoints inherently differ, for distinct particles at different times 
can cross any given space point. 

In the Eulerian description, a fluid flow mathematically corresponds to a time - depen- 
dent coordinate transformation, |134, 174]. At a reference initial time tg, let a denote the 
associated fluid particle position. As time elapses the flow field is represented as 


= ario. 5) (1.10) 


where x denote the Eulerian coordinates of points within the domain of the fluid flow inves- 
tigated. For a fixed ao, hence for a specific particle, these coordinates depend upon t because 
the fluid particle generally moves. At any given time level t, these coordinates depend on 
£o to identify the position at time t of that particle that was at position x at time tọ. 

Transformation (1.10) has to satisfy three conditions in order to describe a physically 
possible fluid flow. With reference to Figure 1.2, these conditions are 


x (Xo, to) = Lo (1.11) 


21 = Е (20,1) Z 22 = 2 (Tot) whenever ao, Z ao, (1.12) 
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ж = z (£o,t) has а smooth inverse = £o = £o (2, t) (LIS) 


With these conditions, transformation (1.10) maps the boundary of a fluid domain at time 
to into the boundary the fluid domain achieves at time t. 


ћ 


X5 








X; 


Figure 1.2: Flow of Fluid Particles 


The first condition corresponds to the initial position condition. The second condition 
stipulates the fluid particle identity condition, hence two fluid particles ap, and £o, that are 
initially distinct will keep their individual masses and remain separate, without merging into 
each other. The third condition conforms to a traceability specification, according to which 
no fluid particle duplication ever takes place during the flow, so that a fluid particle at a 
given position at a specified time level corresponds to a single particle whose position at the 
initial time can always be uniquely determined. 

With these specifications, the velocity field relates to transformation (1.10) as 


——— (1.14) 
ot constant £o 

which provides the velocity at any given time of the fluid particles within the fluid flow 
domain under investigation. This partial derivative obviously yields an initial function of £o 
and t; by virtue of (1.13), subsequently, the eventual velocity field У = V (a,t) depends on 
w. 

The Eulerian viewpoint naturally leads to the idea of a “steady”, that is time-independent” , 

flow field in which V = V (a) only. Certainly, transformation (1.10) has to depend upon 
time, otherwise it would correspond to no motion of fluid particles and V from (1.14) would 
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identically vanish. On the other hand V can remain independent of t, which signifies that 
fluid particles will transit by position x with the same velocity at every time level. This is 
precisely the meaning of a steady field. The acceleration of a steady velocity field, however, 
does not necessarily vanish. In fact it evolves by remembering that acceleration corresponds 
to the time rate of change of the velocity of a fluid particle, hence in determining acceleration 
from V, x in V depends itself on t through (1.10). This consideration corresponds to the 
substantive time derivative, detailed in Section 1.8.1. 

То exemplify the concepts of a coordinate transformation that represents a fluid flow 
and of a steady velocity field from a time-dependent transformation consider the following 
example of a steady two-dimensional flow field 





У (х,у) = ye, + xe» (1.15) 





where еј and e» respectively denote unit vectors in the x and у directions. 
From the definition of velocity (1.14), the coordinate transformation (1.10) satisfies the 
differential system 


dr _ 
do y 
u. (1.16) 
> T 
with solution 
t (Zo, Џо; t) 5 | (то + Yo) exp(t) + (xo — Yo) exp(—t) | 
j (1.17) 
у (Xo, yot) = 2 | (то + Yo) exp(t) — (xo — vo) exp(—t) | 


where хо and yo denote initial-position coordinates. ‘This solution conforms to a specific 
instance of transformation (1.10) that depends upon £ and possesses the smooth inverse 
zo(z,y, t) = (2 + у)ехр(–) + (= — y) exp(t) | 
(1.18) 


yo(z,y,t) = = [(2-+у)ехр(–%) – (2 — y)exp(t)] 


N| = мн 


The partial derivatives of (1.17), in agreement with (1.14) and in conjunction with this 
smooth inverse then identically returns the steady velocity field (1.15). 

This example can also be used to show how a fluid domain deforms with time and how 
a deforming time-varying fluid domain can be mapped onto a time- invariant domain. Since 
(1.16) corresponds to a two-dimensional velocity field, consider the flow of a fluid area Q 
from an initial instant tọ to a representative instant t, as all the fluid particles within Q flow 
and consequently Q deforms from its initial shape Qo. The boundary 092 of О corresponds 
to a closed curve and each point on 00 corresponds to one fluid particle as OQ deforms, 
following the boundary particles that initially constituted Qg. For simplicity, take for дО, 
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a unit - radius circumference with center of coordinates (—2; 2); the corresponding area Qo 
is thus a circle. The parametric equation of Of); are 


то = —2--cos0, y=2+sind (1.19) 


where the parameter 0 varies in the range 0 < 0 < 27. The area Об correspondingly contains 
all the particles for which (xo + 2)? + (yo — 2)? < 1. The parametric equation of 0€);, as time 
t elapses, results from inserting (1.19) into (1.17) which yields 
x (Zo, Yo, t) | (sin 0 + cos 0) exp(t) + (cos 0 — sin 0 — 4) exp(—t) | 
(1.20) 


мін мн 


у (20, 70,#) = | (sin 0 + cos Ө) exp(t) — (cos0 — sin 0 — 4) exp(—t) | 


where the bar over both то and yo signifies that these variables are no longer independent of 
each other on Qg, but are correlated through (1.19). Figure 1.3 presents the flow of 0€), at 
the three instants of time t = 0, t = 1/2, and t = 1. The equation of each curve in this figure 


РК, 


t=0 











«Y 


Figure 1.3: Flow of 0€), 


results from (1.20) by setting t equal to a time level and letting 0 vary within its range; each 
flow particle thus corresponds to one value of 0. This figure vividly illustrates the concept 
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of fluid motion, deformation, and fluid-flow coordinate transformation. ‘The representative 
flow field (1.16) convects and deforms the initial circle on the flow plane, as each particle 
on the circle flows according to its own velocity, which can be obtained by differentiating 
(1.17) with respect to time. In particular, note how the initially closed curve is continuously 
mapped onto curves that remain closed but smoothly change shape. Transformation (1.18) 
can then be used to demonstrate how to map a time-dependent domain О, onto a time- 
invariant domain Оо. It suffices to insert into (1.18) the coordinates x and у from (1.20) and 
verify that the resulting expressions for то and yo no longer depend upon time, but naturally 
revert to (1.19). This result is obvious because (1.20) initially evolved from (1.19); however 
this sequence exemplifies the general process of mapping a time-varying boundary onto a 
time-invariant one when the process directly begins with the equations of 0€), and generates 
the corresponding expressions for то and yo at the reference initial time. 














1.9 Transport Theorem 


Mass М and density р within a fluid volume Q relate as 


M =| dM = [ рад (1.21) 


They exemplify a pair of an extensive variable, M and a volume - specific intensive one, p, 
where the extensive variable depends on the spatial extension of the fluid volume, whereas 
the intensive variable has an “intensity” that only depends on time and coordinates of each 
point within Q. Pairs of extensive - intensive quantities may be defined for scalar, vector 
and tensor variables. For generality’s sake, they are respectively denoted as В and f. 

For an arbitrary fluid volume €), any extensive fluid property В is thus connected to its 
corresponding intensive quantity Gp through the integral 








B(t) = | брдо = |, EDot) 10 = | 8,40 (1.29) 


where the continuous 2, = др for convenience in the following proofs. The quantity 6 
specifies a mass - specific intensive quantity and (Jp indicates the corresponding volume 
- specific intensive quantity. ‘The fundamental transport theorem, which corresponds to 
Leibnitz’s rule for the differentiation of a multidimensional integral, provides the time rate 
of change of the extensive property В in terms of the time rates of change of 8, and О. By 
virtue of its importance, this theorem is proved in the following sections. 

Figure 1.4 presents the flow of €) from an initial instant бу to a representative instant t. 
Each point on the boundary 00 of О corresponds to one fluid particle, as all the particles 
within Q flow and Q deforms. The flow of О corresponds to the motion of the fluid particles 
initially within Qo, as the boundary 0€) deforms following the boundary particles that were 
initially on 09). The fluid domain О = О( a(a,t) ) only implicitly depends upon t, through 
x, precisely because its motion follows the flowing particles; if Q explicitly depended upon t, 
it would move independently of the fluid and fluid particles would thus cross its boundary. 
In this representation, however, no fluid ever crosses the boundary OX). 
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Figure 1.4: Flow of a Fluid Mass О 


1.3.1 Surface Integral Form 


The surface integral form of the transport theorem is 


DB О(Вр) д8 
== [ <P ans ф 8pV.nar- | Zente ЊУ тат 1.23 
Dt /, Ot a AQ А о Ot С 00 ЊУ ст Eu) 
where with reference to Figure 1.4, У, n and (Г respectively denote the local fluid velocity, 
outward pointing unit vector and surface element. 


To prove (1.23), consider the definition of time rate of change 


DB _ B(t - At) — Bit) .. 1 
—— = lim ———————— = ] = (| AMA, da - | HdA 
D ~ X A ee оо чы 





(1.24) 
With reference to Figure 1.5, the domains of integration in (1.24) аге cast as 
0( 2 (20, t+ At) ) = Shore + АО 
O( а (а70,#)) E Clore КАО (1.25) 
with 
hm АО =й, lm Ou (met) = lim AU. 0 (1.26) 
At—0 At—0 At—0 





With these specifications, (1.23) can be expressed as 


DB | 
D et fe | TEA da - | t) ао 
Dt A At | —Á (EBD жыл" Fg ) 
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Figure 1.5: Representative Flow 


= lim x (Две t+ At) 40 – fp, (@,t) до + | б, t+ At) dQ — IKA (æ, t) 40 
(1.27) 
The limit of the difference of the first two integrals in (1.27) becomes 


NEN д8 
ias || + 10 – | d an) = | CP dO 12 
AT At | Осоге до E i Осоге Pp С Q(a(ao,t)) Ot ( 8) 


which corresponds to the domain integral in (1.23). With reference to Figure 1.6, consider 
next the mean-value theorem and two local surface coordinate transformations, satisfying 
the same properties in (1.11)-(1.13); each of these local coordinate systems (51, 52,53) is 
orthogonal, with the s3 axis remaining perpendicular to the surface facet containing the 
(51, 82) With these specifications, the remaining two integrals in (1.27) become 


+ до = | 
n ота an 


I. B, (0(81, 82,0 + 22583), t + At) dU Ass (1.29) 
out 


А 
| x(S1, 52, 83), t+ At) dl dss = 


out 


and 


As3(s1,82) 
hoe B, (2, t) dQ = ји | Ds (2:(51, S2, 83), t) dI'dsa == 


ЈЕ B, (x(s1, S2, 0 + aAs3), t) d'Ass (1.30) 
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Figure 1.6: Representative Flow 


where а denotes a scalar between zero and one. The limits of these two integrals become 


A S3 
lim, fyo e 8091.50 Два), +) dt = Јо, ФУ (130 
and A 
эр | 
lim ha B, (2 (81, S2, 0 + o3), t) аг (- n T E BV -ndr (1.32) 


and thus the sum of these two integrals returns the surface integral in (1.23) 


1.3.2 Divergence Form 


When the product (pV is differentiable, then, by virtue of Gauss’ theorem, (1.23) becomes 


А AP) ам ару) | dQ = E: ? p фу (У | dQ (1.33) 





This expression can also be proven directly. Consider the inverse coordinate transformation 
n (1.13) to map O(a(25,t)) into Oy = Q( zo); the bar over zo emphasizes that on the 
boundary ОО of О the boundary coordinates are no longer independent of one another, 
but satisfy the equation of the boundary surface, which maps onto the time- independent 
coordinates % of Qo. The domain Qo = Q( To), therefore, no longer depends upon t, 
for as soon as the coordinates x = a(%,t) of the boundary 0€) of €) are substituted into 
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то = Tols, t) the dependence on t vanishes, because the boundary of О evolves from the 
fixed domain of (35, as also exemplified by the two-dimensional flow at the end of Section 1.2. 
Using this inverse coordinate transformation, the domain О itself may be expressed as 








Q=] ао= | аЛа, (1.34) 
О( 2(20,#)) О 


where J denotes the Jacobian matrix of the coordinate transformation (1.10). Since Qo does 
not depend upon time, the derivative of Q with respect to time is expressed as 


DQ О 
—— = det dX) 1,95 
Dt EA Ot | И J constant £o | ( ) 








The time derivative of О may also be obtained directly from (1.23), which yields 
= $ У -nd = И ауу 40 = || ауу det J d% (1.36) 
20 Q Qo 


The equality of these two integral statements for arbitrary Оо yields the following expression 
for the derivative of det J 


О 


- = div V det J (1.37) 


constant £o 


| det Л 








Consider next the integral (1.22) for the extensive property В, which may be expressed as 


B(t) = [А „б (жї) 40 = [| + (= (ao, t), t) det JdQ% (1.38) 


Again, since Qo does not depend upon time, the derivative of В with respect to time can be 
brought inside the integral, which generates 


sh 


The derivatives of 5, with respect to time equal 


_ 0% 


constant 220 Ox 


8, (2 (20,5), t) det J] d% (1.39) 





28, 


Ot 


0B» 


= (1.40) 


С | = V. grad 8, + 








ai |8 (ж(ж,),ї) 











Using this result and (1.37), the time rate of change of В in (1.33) thus becomes 


a =/, PI grad Ap + divV| det Ја = [5 De + div(G,V У) dQ (1.41) 





which expresses the transport theorem in divergence form. 
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1.4 Flowing and Stationary Fluid Volumes 


Myriad Fluid Mechanics books, especially those for Engineering, rely on fixed fluid volumes, 
called control volumes, when they employ the transport theorem in its two forms (1.23) 
and (1.33). The end results are correct, yet inherently moving fluid volumes permeate the 
background of these applications. With reference to Figure 1.7 





t - At Ї t + At 
| 
mre — — 
| — — 
| 
QZ O( f - Ar) Q. - Q(t) Q. 7 Q(t + Л) 


Figure 1.7: Flowing and Fixed Volumes 


the fluid-mass volume (Q(t) is approaching, coinciding, and leaving the stationary control 
volume Ос. At time t, the fluid-mass volume is indistinguishable from the control volume 
and thus the integrals in (1.23) and (1.33) will yield the same results for Os and Q(t). 

Conceiving the fluid in Qs as belonging to а vaster fluid mass, there will be fluid con- 
tinuously flowing within Qs. This conception entails that the functions др = G(x, t)p(a, t) 
and У = V(a,t) will remain physically meaningful when, for elapsing t, the range of æ is 
confined to Qs. In this mode, the analysis no longer considers the same aggregate of fluid 
particles. Therefore, the analysis “boundary conditions", to be detailed in Chapters 9-17, 
mathematically express the effect on the fluid within Ос of the remaining fluid outside Qg. 

When integrals (1.23) and (1.33) correlate with a “fixed” control volume, they thus corre- 
spond to a flowing-mass volume that wholly fills the control volume. From this perspective, 
the surface-integral form of the transport theorem is amenable to a different interpretation. 
In this case, the time rate of change of B results from two contributions: the integrated rate 
of change of др, as if the boundaries of Ос were impermeable, added to the amount of др 
convected through the boundaries of О. 








1.5 Stress Tensor 


This section establishes the properties of the fluid dynamics stress tensor. 


1.5.1 Geometry of a Tetrahedron 


The fundamental geometric relationships among the four faces of an arbitrary tetrahedron 
simplify the analysis of the stress tensor on a fluid particle. These relationships are usually 
taken for granted, yet it is useful to see their origin. In the representative tetrahedron in 
Figure 1.8, three faces of this tetrahedron respectively lie on the £2 — 23, £3 — 11, and 21 — x2 
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planes. The fourth face corresponds to the triangle PQR with normal the unit vector n, 
which points outside of the tetrahedron. The areas of these faces respectively are 041, 04, 





A 


Хз 


R 


Ax; 








Figure 1.8: Representative Tetrahedron 





дА», and дА. The first three faces are right triangles, and their areas аге 
ii 1 1 
д Ау = 5 2223, б А» = z OAT, д Аз = z 912 (1.42) 


The area ôA corresponds to one half the magnitude of the cross product of the vectors 
РО and QR; this area may be calculated differently. From the figure, this area is дА = bh/2, 
where 6 and h respectively denote the length of the segments PQ and MR. The length of 


the segment PQ is b — V Ax? + Ах? and the sine of the angle a thus becomes sina = 
До [ AJ Ax? + Ax3. Since the triangle PMO is right at M, the length a of the segment ОМ 


results as a = Azisina = АхтуАл»/ V Ax? + Дала. Since the vector MO is orthogonal to 
PQ their vector “dot” product vanishes, hence РО· MO = 0; it follows that the vector MR 
is also orthogonal to PQ because PQ- МВ = PQ. МО + РО · ОК = 0. The segment МЕ, 
therefore, is the height of the triangle PQR. Since the triangle ROM is right at O, the 
length h equals h = 4/Az$ + a2. The area of the triangle PQR thus follows as the elegant 


formula i 1 
дА = 50h = z V ATTAT LAAT FAT A3 (1.43) 


The outward-pointing unit vector n, orthogonal to triangle PQR, can be calculated as 
the cross product n = PQ x QR/||PQ x QR||. From figure 1.8, the vectors PQ and QR are 
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expressed as PQ = – Лае + Атоео + без and QR = 0e, — Лазе + Azaes, where ei, е», 
and ез denote unit vectors respectively parallel to the 21, x? and z3 axes. The unit vector 


m thus results as 
Ax» Аазеј + Алз Ате» + Ат Атоез 
V А2 А12 + Даб Ала + Aax$/A^a2 








Apart from showing that 6A = || РО x QR||/2, this result directly connects the components 
of n with the four areas of the tetrahedron. Comparing (1.42), (1.43), and (1.44) leads to 
the equalities 


E HD" 
О А 77 ФА 7784 
which find important use in the analysis of the stress tensor on a fluid particle. 


Tl 


(1.45) 





1.5.2 Surface Traction 


With reference to Figure 1.9, the second law of mechanics along the x, direction for the flow 
of the tetrahedron yields 








Figure 1.9: Tetrahedron Stresses 


d 
—01,0A, = 0210 Ag == 0310 Аз + On, б А + bi pA = оло (1.46) 
where 01, u1, and op, respectively denote the fluid particle velocity and body force compo- 


nents in the x; direction and zı component of the surface traction on the surface with normal 
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vector n. Upon dividing through by 6A, observing that AQ/6A vanishes as the tetrahedron 
shrinks to a point, and invoking results (1.45), expression (1.46) yields 


On, = 01114 + 02113 + бата (1.47) 


Since similar results hold for the т» and хз directions, these results provide the Cartesian 
components of the traction on. 


1.5.3 Stress Tensor Symmetry 


A certain symmetry exists among the components of с = {о;у}, which emanates from the 
axial angular momentum equation. The axes considered have their origin at the mass center 
of the particle so that the axial moment of the body force identically vanishes. With reference 
to Figure 1.10 the axial moment about the x, axis of the surface traction equals the time 











Figure 1.10: Traction on on Surface Facet 


rate of change of the particle angular momentum about this axis 


é ei: (r x (on)) аг = i €i: (r x 24 pdQ (1.48) 


where r = 11е + 1222 + тзез and r2, = 12 + 23 respectively denote the position vector of the 
elementary surface element dl' and the square of the distance between the x; axis and the 
element of mass within AQ. Since the Cartesian components of on are provided by (1.47), 
the surface integral in (1.48) may be expressed as 








_ _ д(®з©з) _ O(xs02) 
ф €] : (r x (on)) ДЇ“ = бо (50:31; = £30 ;2N;) ДГ = A" (28n) On; - dQ) 


= (023 — 032) о + | б | _ nie) dQ (1.49) 
J J 
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where the domain integrals emanate from a transformation of the surface integral through 
Gauss' theorem. The mean value theorem allows writing (1.48) in the form 


Oo; Oo; dV 
(093 — 032) + (s As — та 222) = е. (r x "m | (1.50) 


As the elementary volume AQ shrinks to a point, r and both x2 and x3 vanish and thus (1.50) 
yields тоз = озо; another two angular momentum equations analogous to (1.48), expressing 
the angular momentum about the тә and x3 axes, lead to similar results on the remaining 
shear stress components. ‘These components, therefore satisfy the three symmetry relations 














023 — 032; 031 — 013; 012 — O21 (1.51) 
with these relations, (1.47) becomes 


On; = О + Сото + дата = 0) (1.52) 





where an implied summation is understood over repeated subscript indices. 


1.5.4 Normal Stresses 


The normal stress in the n direction, which corresponds to the component of the surface 
traction on in the direction of n itself, results from the vector “dot” product of on and n 
as 


ON:N = ОС», = От + 05,1003 + 054113 

= 011111 + Сото + 01311311 

+ сәтә + 039713115 + 053113115 

+ ојапата + бозпопз + 03313113 = Gm (1.53) 
Form this result, therefore, follows the normal stress along any given normal unit vector 
n. For any three mutually orthogonal normal unit vectors n, n?, n? (1.53) leads to three 
mutually perpendicular normal stresses. With reference to Figure 1.11, consider the following 
convenient forms of three mutually orthogonal unit vectors 


т = sinl cosge + ѕір sin фе» + cos дез 
n^? = соѕбсоѕ фе; + cos @ sin dey — sin дез 
n? = —sin de, + cos de + без (1.54) 


As the spherical-coordinate angles 0 < 0 < m and 0 € @ < 2m vary in their respective 
ranges, the unit vector n! will point in all possible directions, while n? and n? will remain 
orthogonal to it. Given an arbitrary direction, therefore, (1.54) will provide a set of mutually 
orthogonal unit vectors, with m! along the given direction. These three vectors and (1.53), 
therefore, allow determining three mutually perpendicular normal stresses Onni, Onn2, and 
0,453 along any set of mutually perpendicular directions. 
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l*5 АГ = гіп do-r ад 











Figure 1.11: Mutually Orthogonal Unit Vectors 


1.5.5 Stress Invariant, Mechanical Pressure and Deviatoric Stresses 


The insertion of (1.53) each of the three unit vectors in (1.54) and then summation of the 
three resulting normal stresses lead to the elegant result 


Onn! F Onn2 t Onna = O11 + O22 + 0O33 (1.55) 


which stipulates the fundamental invariance of the sum of three mutually orthogonal normal 
stresses. 

This invariant possesses a profound physical significance. Consider the average normal 
stress Onn obtained by integrating (1.53) over the entire surface of a sphere with radius 
т — 0 and centered at any given point 2, where о;у; is evaluated; the variables in this 
integration, therefore, are the components of the unit vector n = mnl, from (1.54). With 
these specifications, nn becomes 





Onn = 


1 1 ф=2т (б=т "TEE 1 
SAO ane Onn dl = 1775 J f Ojijn TT sin 0 10 аф = 3 (011 + O22 + И | 
1.56 


The invariant (1.55), therefore, corresponds to three times the average normal stress at any 
flow field point. Since this average normal stress does not depend on any particular direction, 
it defines the mechanical-pressure isotropic scalar field as 








1 
Pmech = —Onn = 3 (01i + 022 + 733) (LDT) 
where the minus signifies that Pmech corresponds to compression while a positive Fan denotes 
a traction. A fluid motion may induce departures from local thermodynamical equilibrium. 
The mechanical pressure defined by (1.57) may not necessarily coincide with the thermody- 


6699 


namical pressure “р”. ‘This thermodynamical pressure certainly contributes to the normal 
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stresses. The stress components о;; are thus expressed as 
бы = —pó; + 05 (1.58) 


where oj; denotes stresses other than pressure, known as deviatoric stresses. From this 
expression, the connection between mechanical and thermodynamical pressure becomes 


Drei p. (1.59) 


where o^ may or may not vanish, depending on the fluid and the flow. This notion is 


amplified in Section 2.1, which presents the Newtonian constitutive relations for the stress 
components. 


1.6 Flow State Variables 


The dynamical state of a flow field is completely described by the density p, mass-specific 
linear momentum V, and total energy e fields, which thus become flow state variables. 
In analogy to the definition of the Eulerian velocity, which equals the mass-specific linear 
momentum, the density and mass-specific total energy, at a location and time, signify the 
density and total energy of that particle that transits by the specified location. 

These state variables correspond to intensive quantities. With dM = pd) denoting 
the elementary particle mass, the corresponding extensive quantities of mass M, linear 
momentum L and total energy E for a fluid volume Q of any size are additively calculated 
as 


m=] ам = | рад, L= | уам = | руа, e=] сам = | pedo (1.60) 
M Q M Q M Q 
Using the mean-value theorem, these integrals lead to the result 
AM — || од = AQ, AL= || oVdQ = РУДО, ДЕ = || редо =pEAQ (1.61) 
AQ AQ Q 


which imply the results 
OM | OL — V OE — 
on ^ on PF? en ^" 
There expressions respectively indicate that p, oV , and pe correspond to the volume-specific 
mass, linear momentum and total energy. Since the volume-specific linear momentum and 
total energy recur in all the equations and analyses in the following chapters, these variables 


receive the following dedicated symbols 


(1.62) 





m = рУ, Е = ре (1.63) 


With respect to m, m; will indicate the it Cartesian component of linear momentum. 
With the given definition of fluid particle, these state variables may not be uniquely 
defined at each location. Naturally, if the fluid particle size continuously shrinks to a math- 
ematical zero, it eventually will contain no molecules and thus the state variables can no 
longer approach unique limits. This issue is resolved via a basic specification. As the fluid 
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particle shrinks, it will achieve a certain threshold size at which the state variables in (1.62) 
approach a definite limit. From this size down, the analysis will rely on reference total parti- 
cle mass, linear momentum and energy that will decrease linearly with the particle volume, 
hence from this size down the volume-specific variables in (1.62) will remain constant and 
equal to the definite limit achieved at the threshold size. In this manner, even when the 
particle volume reaches a mathematical zero, the magnitudes of density and volume specific 
linear momentum and total energy will remain uniquely defined. 





1.7 Fundamental Equations 


The fundamental field equations of Fluid Dynamics emanate from the principles of conser- 
vation of mass, second law of Newtonian mechanics, and first principle of thermodynamics. 
On the basis of these first principles, these equations can all be formulated in both integral 
and differential form using the transport theorem. A systematic method exists to use the 
transport theorem to generate field equations. This method starts with a physical principle 
that governs the time rate of change of an extensive quantity. ‘The physical principle pro- 
vides this rate of change and the transport theorem expresses this rate of change in terms of 
intensive field variables, which will directly lead to the corresponding equations. 








1.7.1 Conservation of Mass: The Continuity Equation 
The principle of conservation of mass simply states: 


e Mass is conserved 





Therefore, the mass encompassed by а fluid volume Q with boundary 0€) each point of which 
flows with a fluid particle, does not change with time. For any two instants of time tı and 
15, this principle leads to 


- 4 aa = | t)dO 1.64 
ы p ano p Em E 


stipulating the invariance of this mass with time. ‘The time rate of change of this mass 
consequently vanishes and with В = M and 6 = 1 the transport theorem yields 


DM Op 
S | ego ф У . паг 1. 
| Dt о Ot T а i о 
ћепсе 
[ Pars 4 V ndr —0 (1.66) 
од m i | 


which is the continuity equation, so named to emphasize the continuity of flowing mass. 
In the following form 


Op 
- | Lan =f pV -ndr 1.67 
о Ot до = 
the continuity equation yields а clear physical significance. For a flowing volume, this equa- 


tion states that the decrease of density within (2 corresponds to a flow of the boundary. For 
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a fixed volume, this equation states that the decrease of density within (2 corresponds to 
mass flowing away from Q across its boundary. 
When the product pV is differentiable, conservation of mass leads to 


| E: + div ov) п =) (1.68) 


No assumption whatsoever constrains 42, which implies that this integral must vanish for 
arbitrarily sized 42. This integral can vanish for arbitrary 42 only when the expression between 
brackets itself vanishes, which leads to the continuity equation in differential form 


др 


| = 1. 
a * div (eV) 0 (1.69) 


Naturally, integrating this equation within a fixed volume and transforming the integral of 
div (pV) through Gauss’ theorem returns (1.67) in its fixed-volume interpretation. 

Expression (1.64) applies for any arbitrary amount of mass, including an infinitesimal 
mass dM. For this elementary mass, the mass conservation principle becomes 


DdM 
a 0 (1.70) 


which mathematically stipulates conservation of the mass of a fluid particle. 


1.7.2 Second Law of Mechanics: The Linear Momentum Equation 


With respect to an inertial reference frame, the second law of Newtonian mechanics states: 


e The total external force on a mass equals the time rate of change of the mass’ absolute 
total linear momentum 


The mathematical form of this principle is 


DL 

F=, L-[ уам = f evan (1.71) 
where F and L respectively denote the total external force and linear momentum. For the 
case of one single particle of mass m, the linear momentum becomes L = mV and (1.71) 
simplifies to the familiar expression К = та where а denotes the inertial acceleration of 
the particle center of mass. For a system of particles, including a continuum, result (1.71) is 
obtained on the basis of the time invariance of mass and the third law of mechanics, or the 
principle of action and reaction. According to this principle sets of internal forces are equal 
and opposite, hence they cancel each other out when the second law of mechanics for single 
particles is integrated over the entire distribution of mass to generate (1.71). 

In terms of the velocity and density fields and using index notation, (1.71) becomes 








D 
Е = = | dQ 1.72 
Dt а ( 
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Figure 1.12: Surface and Body Forces 





where u; and F; respectively denote the #'" Cartesian component of V and F. With reference 
to Figure 1.12 the force component F; results from both body and surface forces in the form 


F =$ "A ГЕ? dQ 1.73 
a + A р ( ) 


where а = [0 |, оуу, and b; respectively denote the total mechanical stress tensor, and 
the i" Cartesian component of surface traction and body force, with n; indicating the j™ 
Cartesian of a locally orthogonal outward pointing unit vector. The time rate of change of 
total linear momentum follows from the transport theorem as 








— | pudQ = dQ ф Vendi 1.74 
pi |," о О T a " И. 
ћепсе 
пи qo + d шата = d отаг + | bipdQ (1.75) 
Ot og E or | 


which corresponds to the linear-momentum equation. The following form of the linear- 
momentum equation 


Opu; 
| oand + о й Жет а NL und (1.76) 


leads to one physical interpretation. For a flowing volume, this equation stipulates that the 
effect of the external surface tractions and body force along with a decrease of internal linear 
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momentum produce an increase of the boundary linear-momentum. For a fixed volume 
this equation states that the boundary surface tractions and body force, coupled with a 
decrease of internal linear momentum generate an outflow of linear momentum across the 
fixed boundary. 

When the stress tensor components o;; and specific momentum flow rate components 
рии; are differentiable, the second law of mechanics generates the equation 


Ори; дри;ғи; до; 
=< ob | da = 1. 
[| 0b ^ Ox; бй | у РМ 














Once again, no assumption whatsoever constrains 42, which implies that this equation will 
hold for arbitrarily sized €). This integral can vanish for arbitrary О only when the expression 
between brackets itself vanishes, which leads to the linear-momentum equation in differential 
form 

Os NR _ Е (1.78) 
Ot Q3 Od 
Logically, integrating this equation within a fixed volume and transforming the integrals of 
both Opu;u;/Ox; and 00;;/Ox;, through Gauss’ theorem, returns (1.76) in its fixed-volume 
interpretation. 

Expression (1.73) can also be written as 


o д9 Q o 


Consequently, the elementary force component dF; can be expressed as 











Оо; 
bip | dQ 1. 
m (1.79) 








Og 
i= У + ђр | dQ l; 
Cod + во) (1.80) 


which provides the total external force component on a fluid particle. 


1.7.3 The First Law of Thermodynamics: 
The Total Energy Equation 


The first law of ‘Thermodynamics states: 
e Total energy can only be varied through heat and work exchanges. 


In ‘Thermodynamics books, the traditional differential form of this principle for a constant- 
mass system reads: 


dE = 60 – Way = 60 +6W (1.81) 


where &, Q, Wy,, and W respectively denote total energy, heat transferred to the system, 
work performed “by” the system, and work performed “on” the system As usual, the dif- 
ferentials of energy, heat and work are indicated differently to emphasize the notion that 
energy € is à process-independent state variable with perfect differential d£, whereas heat 
transferred and work performed are process dependent quantities that are not state variables, 
hence their elementary counterparts 00 and dW аге not perfect differentials. 
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For the derivation of the energy equation, (1.81) is written in the form of a rate of change 





as 


DE 6© OW 

Di 35 b 
where 6Q/dt and 90W/ót respectively denote the amount of heat transferred to and amount 
of work performed on the system per unit time. The total energy € within the flowing fluid 
mass Q results from the integral 


(1.82) 





E= | редо (1.83) 


where “e” denotes the mass-specific total energy. With this expression for €, the statement 
of the first principle of thermodynamics becomes 


D óQ OW 
= | pedo = 5 T 57 (1.84) 








With reference to Figure 1.13 The unit-time amount of heat is expressed as 








Figure 1.13: Heat Transfer and Force Displacement 


dQ об ОО м Е 
a a (ER + абм e3 = fa (г + [фо (185) 


In this expression, g denotes mass-specific unit-time body heating, as induced for instance 
by absorption or radiation. The surface-integral term 47 (—т;) denotes the unit-time and 
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unit-area heat due to temperature gradients and transferred across the surface of €. Тһе 
minus sign in front of n; has the following justification. Both 6Q,/dt and që correspond 
to heat amounts transferred into the system, whereas n; denotes the component of a unit 
vector n pointing away from the system; the expression (—n;) thus provides the component 
of a unit vector pointing into the system; as a result, 47 (—nj) correctly corresponds to a 
heat amount transferred into the system. 

The total unit-time amount of work is expressed as 


OW OW, OW м 
—— D 2 1. 
бї [AG | бї )* Lo ót | (oh 


where ди дИљ /01) and ó,(0W.,4/ót) denote the elementary unit-time work respectively per- 
formed by surface and body forces. These elementary unit-time work contributions emanate 
from basic mechanics principles as follows. The components of the elementary surface and 
body forces (ôF;)r and (0 F;)m are expressed as 














OF; OF; 


(орке 3r = та fof) aM 








= bip dO (1.87) 


With reference to Figure 1.13, the corresponding elementary work contributions, as vector 
dot products of forces and elementary displacements бт; = u;ót, evolve as 





The elementary work and displacement respectively correspond to the unit-time work and 
velocity component in the elementary time interval ót, hence (1.88) becomes 











ир д 
The elementary unit-time work respectively performed by surface and body forces, therefore, 
result as е кор 
and the corresponding total unit-time work in (1.86) is thus expressed as 
oW 


The time rate of change of total energy follows from the transport theorem as 


= | редо = fans | peV · таг (1.92) 





hence expressions (1.84), (1.85), and (1.91) lead to 


Ope 


NY —— dQ +e peV · паг = + uom + |, uj; pdt ф që (—т; yar + |, gpdX (1.93) 
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which corresponds to the energy equation. For a flowing fluid volume, this equation stipulates 
that the unit-time work and heat transfer change the energy inside the volume and on its 
boundaries. For a fixed volume, this equation signifies that the cumulative effect of body 
work and heat transfer in conjunction with work and heat transfer at the boundary induce 
an energy increase inside the volume and an energy outflow across the fixed boundary. 

When the convected energy, unit-time surface work and heat transfer expressions are 
differentiable, the first law of thermodynamics generates the equation 








Ope peu; Oujoy , дф 

—— + — —— + = — pu;b; — pg | dQ = 0 1.94 
As discussed for the continuity and linear- momentum equations, no assumption whatsoever 
constrains О, which implies that this equation will hold for arbitrarily sized €). This integral 
can vanish for arbitrary О only when the expression between brackets itself vanishes which 
leads to the energy equation in differential form 





Ope peu; uisi , дд; | 
ae 20 _ pujbi — pg = 0 1.95 








Again, integrating this equation within a fixed volume and transforming the appropriate 
integrals through Gauss’ theorem returns (1.93) in its fixed-volume interpretation. 
Expressions (1.85) and (1.91) can be collectively expressed as 


0 dW óQ dW F 
Ot ш Ot Ji Ot T Ôt ) paa паг + , 20d T og d ü a Р 











дај ди;с;; 
= —— + 6 ———À ibip | dQ 1.96 
Mi да ^t a, C up (1.96) 
It follows that the elementary unit-time heat transfer and work can be expressed as 
0 dW да |. Quici; 
ô| —+— | = | -—- td ibip | dQ 1.97 
(2-7) | да) 307 Oe, | 0 ud 


which provides the total unit-time heat transfer and work on a fluid particle. 


1.8 Consequences of Mass Conservation 


The principle of mass conservation, hence the continuity equation, directly leads to several 
significant results, including the expression for the substantive derivative. 


1.8.1 Substantive Derivative 


The continuity equation in divergence form inherently contains the substantial derivative for 
all mass-specific flow properties. Consider the extensive property D as expressed in terms of 
the mass specific intensive property 5 


B= |, вам = [ Goan (1.98) 
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Since mass M does not depend upon time, an expression for a total time derivative operator 
evolves from pou that it should provide the derivative of В in the form 
DUM) DE DE 
Dt ет, = А = f. poU oe ae 
where О denotes the flowing fluid volume nee кшш contains the same time-invariant 
amount of mass M. 
On the other hand, the divergence form (1.33) of the transport theorem yields 


mv grads) о + ( 2 е + div (pV) | n = LU +V- grad 3 pdf 


Dt ot 
(1.100) 
where the last equality follows from the continuity equation (1.69). Expressions (1.99) and 
(1.100) provide the same total rate of change of B. Subtracting (1.100) from (1.99), therefore, 
yields 











DE OB 
—— — V. d ge 1.101 
6 (ors gra 0) 0 (1.101) 
This equation must hold for arbitrary M hence €). As a consequence, this equation can only 
vanish for arbitrary О when the expression between brackets vanishes, which yields 


DE OB 
Dt д 


This is the well know the substantive-derivative expression, which, therefore, results as a 
natural consequence of the principle of mass conservation. 





+ У . grad 8 (1.102) 





1.8.2 Substantive-Derivative Form of The Transport Theorem 





With a clearly defined expression for the substantive derivative, (1.99) shows that the trans- 
port theorem can be equivalently cast as 


DB 
—— pdt 1.1 
De -» [^ Mes A Ga) 


1.8.8 Interchange of Differentiation Order for Mass and Time 





From the connection between extensive and intensive quantities 


OB 
B= | вам = = = 1.104 
M : OM А ( ) 
the time rate of change of the mass derivative of B equals 
D {OB DE 
mne КИ ы id 
t ES T ete) 





On the other hand, (1.99) shows that the derivative of B can be expressed as 


DB DB DB д үрвү DB 
Der = sma (br) = Da 


Expressions (1.105) and (1.106) thus sanction the interchange in the order of differentiation 
with respect to mass and time. 


(1.106) 
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1.9 Velocity Divergence 








The divergence of velocity У supplies the specific time rate of change of О. In conjunction 
with the fundamental differential equations (1.69), (1.78), and (1.95), it also leads to the 
equations governing the motion of an elementary fluid particle. 


1.9.1 Physical Significance 


With B set equal to О, the corresponding intensive property 8 equal 1/p and (1.22) and 
(1.33) become 


a= | ao. == - f divv ao = 
Q Dt Q 


== | () 1.4 
Di |. div V d (1.107) 





The mean value theorem provides for the existence of a point 2 within AQ for which the 
integral of div У over ДО in (1.107) becomes 


DAQ 





Conversely, and significantly, given a point x, this theorem stipulates the existence of a ДО, 
encircling 2, for which (1.108) holds true. No restriction constrains the size of AQ. Hence 
(1.108) also applies for an infinitesimal volume dQ, which leads to the differential expression 


DdQ 
Dr = Оу У di) (1.109) 
The limit of (1.108) yields 
= DAQ/Dt . 








The divergence of velocity at a point, therefore, yields the rate of change of a fluid volume 
encircling that point, as this volume indefinitely shrinks. Physically, then, div V provides 
the time rate of change of the volume of a flowing fluid particle per unit volume. 


1.9.2 Equations for a Fluid Particle 
In conjunction with (1.69), (1.78), and (1.95), the result 


1 DAQ 


AQ Di = divV (1.111) 





leads to the equations governing the motion of a fluid particle with volume AQ), depicted in 
Figure 1.14 

The continuity equation (1.69), linear momentum equation (1.78), and energy equation 
(1.95), can be expressed as 





др др | 
| divV = 1.112 
9r on, TP iv 0 ( ) 
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Figure 1.14: Fluid Particle AQ 











Ори; дри; до, 
idiv V = — + pb; ШП 
A йы рибу = 28 + p (1.113) 
Ope Ope дио _ да; 





iv 
OF On; Уа, Ba, 


Substituting the substantive on and (1.111) into each of these equations yields 


+ ригб; + pg (1.114) 


Dp DAQ D(pAQ) D(AM) 











AQ = == SS | 
Di Рр Di =0 = Di Di О (1 115) 
При, DAQ 0c;; 
AK) : = 2 . | AQ 1.11 
pet Pui p (a + ot] (1.116) 
PR D(uAM) (a 
Ui Оту 
=== pb; | AQ 1.11 
Di E Цц ) al 
as well as ag? 
Die AM Ou, 0; 
=| бо —— | AQ ibi NAQ L 
Be = (pi 0) до [гв + SE ы) 





These equations respectively express the conservation of mass, second law of mechanics and 
first law of thermodynamics for the elementary flowing fluid particle AM. 


1.10 Energy Equations 
The differential equation 


Ope  Opeu; _ доц дд | 
= p= = 0 1.119 








governs the evolution of a fluid particle total energy. This section presents the equations 
governing the evolution of total enthalpy, kinetic as well as internal energy, internal enthalpy, 
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temperature and entropy. These equations emanate from the governing equations already 
established and from the thermodynamical definitions of entropy and enthalpy. These equa- 
tions lucidly show how these kinds of energy interact with one another as fluid particles move 
and deform. 


1.10.1 Kinetic Energy Equation 


From (1.8) the time rate of change of kinetic energy for a continuous distribution of mass 
can be cast as 


D 1 
= | рит во = | ðk, (1.120) 


In this expression, 05; апа u; now respectively denote the “itt” Cartesian component of 


the total force acting on the representative fluid particle within €) and particle velocity, 
which corresponds to the velocity of the particle mass center. Upon restating this expression 
through the transport theorem and using (1.80) for Р; lead to the kinetic energy equation 


o 41 o (1 
ha | a (ames) + or (чаш) | а= |, [s 


which yields the following equation in differential form 








Oo 
biu; | dX) 1121 
pr ај (1.121) 





О 1 О 1 Оо]; 





Through (1.146), the kinetic-energy equation in terms of pressure becomes 





o d (1 Әр доз; 
=> | = 01: = | дошшиј in — Ui — pb;u; = 0 1.123 
By virtue of the continuity equation, this result is also cast as 
dgl ð 71 ш Op тш Oot, 
(ач) a (gun) + р p02; d 


Naturally, this equation, or (1.123), is not independent of the governing equations (1.69) 
and (1.78) but can be directly obtained from them. То this end, the following identities 
simplify the derivation of the kinetic-energy equation from (1.69) 


О G ) „ч l u 2P О Е или) „q DP 1,2099 (1.125) 
a, | o5PWW | = Ui ^ о mq. | 59 И) | = Ш — БШШ a 
at \2" Ot 2 at? aa, 2573 dr; 2 at 











Upon summing up these two identities and inserting into the result the continuity equation, 
the following convenient identity emerges 


Ори; дриги; О (5 ) О Е ) 
| | = [йш | =| DU 1.12 
i: ELS ui n ТУИ and 








On the basis of this identity, the product and contraction of the momentum equation compo- 
nents (1.78) with и; identically returns (1.122), which shows that the kinetic-energy directly 
originates from the momentum equation components. 
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Upon inserting into (1.121) the stress tensor decomposition (1.58), and transforming the 
resulting rhs integrals by parts yields the time rate of change of kinetic energy in the form 


j; Otis 
=|; ар 19 = f Q a +P «) d+ p шата = © Әл, -dQ (1.127) 


H Oui 
1j Oz; 








As shown in Section 2.4, the deviatoric stress term с; invariably dissipates kinetic energy. 


1.10.2 Rigid-Motion and Deformation Work 


The total and kinetic energy equations respectively contain the expressions for the volume- 
specific work per unit time of the stress tensor as 


д OW u Ouigu | TA д OWrmu _ г 
дола) Ox; |" бО\ ot } “дт, 














+ рш (1.128) 


where subscript RM indicates rigid motion. The work in the total energy equation is ex- 
panded as 








б (5) 2g, gy OH 1 бй, (1.129) 


50 \ E) “an, “о, 
which obviously incorporates the rigid-motion contribution. The first term in this expansion 
correlates with the work (1.9) of the external force delivered through the molecular motion 
about a fluid particle. The following derivation illustrates this interpretation and clarifies 
the rigid-body origin of the second expression in (1.128). With reference to Figure 1.15, 
consider the elementary work of the representative normal stresses along the т» axis; the 
work of all the shear stresses and remaining normal stresses can be calculated similarly. 
In this model, бо; and и» respectively denote the normal stress and velocity component 
along the x axis at the particle mass center С. As indicated in the figure, the normal 
stress and displacement to the left of С respectively are (соо — 0033/013/23/2) Ат] Ала and 
(us — Ou2/Ox2Ax2/2)dt; the corresponding expressions for the cube face to the right of С 
become (092 + доз / ду Ато/ 2) Ах Ата and (ug + Ou2/Ox2AX2/2)dt. The elementary work 
of these stresses thus becomes 


А Д 
ôW = — [a - 003; ==) Ату Ax3 |“ - iz ==) ot T 





Ox. Jd. 2 дт» Ла. 2 
А А 
+ (on + 222 == | Aa Axa С + 2а == | dt = И рм + 9Wp (1.130) 
T2 T2 


where óWpgrm and dWp respectively indicate rigid-motion and deformation work. 
The elementary work ÂW prm is expressed as 














доо Ax доо Ax 
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Figure 1.15: Stresses оп a Fluid Particle 


and it thus corresponds to the work of the external force 0022/0x%2AQ as the fluid particle 
uniformly displaces by the single displacement u2dt of the particle mass center, which explains 
why this work corresponds to a rigid motion. This work corresponds to the motion of the 
particle mass center. It is this work that thus features in the kinetic-energy equation, for 
this equation governs the kinetic energy of the mass center of each fluid particle. 

The elementary work дИ/р is expressed as 


^ A 
Wp = – (oe d ==) Ar, Ads (- == | бн 
x OX, 2 








0029 Ax Qu» Ax Qu» Qu» 
+ c + Э Lm 2 ==) AT1ÂT3 (+ гта a > ==) др = o» а лове = = oma AN 
(1.132) 


This result corresponds to the first term in expansion (1.129) and it corresponds to the work 
of the normal stresses to the left and right of G in the motion about the particle center of 
mass, which explains why this work corresponds to the deformation of the fluid particle. As 
anticipated towards the end of Section 1.1, this deformation work only affects the kinetic 
energy of the molecular motion about the particle mass center. It is the only work, therefore, 
that can feature in the internal-energy equation. 
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1.10.3 Internal Energy Equation 


The volume specific internal energy pe results from the total energy pe as 


1 1 
рє = pe — 5 puit => de=de+d (олиш) (1.133) 





The corresponding internal energy equation readily follows by subtracting the kinetic-energy 
equation (1.122) from the total energy equation (1.119), which yields 








Ope ди;рє ди; дд? 
=@ы к. ИШҮ СШ | 1.184 
Ot Ox, Ј OL; Ox, Р9 ( ) 
The effect of pressure can be separated from the other stresses by expressing о;; as in (1.146), 
which yields 
Ope  Ouj;pe ди, ди, дд? 
Ot Ox; Par, OE: OL; P3 
This equation no longer contains the work of the body force, but only the deformation work, 
which, therefore, directly affects the particle internal energy. Upon inserting the continuity 
equation into the internal energy equation, the resulting equation is 


Оє Оє ди; „дш | да; | 
кш ASA L3 2g = = 1.1 
Р E TM x) "0з, ij 02, = Ox; P3 i ( 36) 














The substantive rate of change of the mass specific internal energy e, therefore, results 
from the isotropic expansion work of pressure, the deformation work of the stresses Cin: 
the conduction of heat даў /Ox; and the heat source pg. From the continuity equation, 
ди;/дх; = —Dp/pDt; upon inserting this result into the internal energy equation, the new 


form is 5 
De pDp y О ЈЕ 
=f а I 1.137 
Dt p Dt É Обе -Or ш ) 


which simplifies the derivation of the internal enthalpy, temperature and entropy equations. 





1.10.4 Entropy Equation 


The right-hand side of (1.137) corresponds to dissipative effects per unit time, which can 
thus be related to the unit-time variation of the mass-specific entropy s. With a specific 
volume v = 1/p, the classical thermodynamics differential of internal energy є in terms of 
entropy s is expressed as 


de = Таз — pdv = Таз + = dp (1.138) 
p 


which may constitute a definition for ds. Significantly, this expression only involves the 
reversible work of pressure p, which implies that the effect of the deformation work of the 
deviatoric stress is taken into account through entropy. Тһе usefulness of an entropy vari- 
able s fundamentally results from the second law of thermodynamics, which constrains the 
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variations of s, as amplified in Section 2.4. In substantive-derivative form, expression (1.138) 
becomes р D р 
є pDp 8 
ee ин ы T 1.139 
Dt ор | Dt 99) 


and a comparison of this result with (1.137) leads to the following dimensionally-consistent 
entropy equation 





Ds Os Os Ou; дд? 
pT = = ot (o euis) SC — о + рд (1.140) 
This equation indicates that changes in entropy are induced by deformation work, heat 
transfer and heat generation. On the other hand, entropy remains unaffected by the expan- 
sion work by pressure, which is therefore regarded as reversible work. The entropy of fluid 
particles, therefore, does not change in the absence of deviatoric-stress deformation work, 
heat conduction, and heat generation. Conversely, substantial increases of entropy emerge 
when any or all of these three contributions are of considerable magnitude, as takes place, 
for instance, across a shock wave. 

The entropy equation can be written differently by adding to it a “zero” in the form of 
the continuity equation multiplied by T's. The resulting form becomes 


Ops | дијрв 1 | „дш дау ) 


Ot | Ox; T\ “дт; Oz; 


Next, integrate this equation over a fluid volume О and transform the integral of the entropy 
expression through the transport theorem. This sequence yields 


D I du; Ош 
a T | Ege. о 1.142 
Dt h” oT С 0d. On; T D 


where the lhs integral denotes the total entropy of the fluid within €). This equation can be 
recast by transforming the heat conduction term through Gauss’ theorem. ‘This transforma- 


tion leads to 
ди; 1 ОТ 1 
= ао — а= паг 1.14 
5; fsa = [7 (oi ) о Т? дт; Ox, 1 ae uno 


which allows determining some basic constraints on “ transport properties, based on the 
second law of thermodynamics, as shown in Section 2.4. 
From the very definition of entropy variation, the lhs of (1.142) may also be expressed as 


D OD tot 
=d g= | 1.144 
Dt [ pad о T | ) 


where 06: denotes all the heat mechanisms that can change entropy. Upon comparing this 
equation with (1.142) shows that the total heat for a fluid particle is expressed as 
y Oui дај 

c! mu з dQ 1.145 
jos, Ox, 08 Cun 
which shows that the deviatoric-stress зы work contributes to the total heat that 
varies entropy, although, as shown in the derivation of the total energy equation in Sec- 
tion 1.7.3, this work physically originates separately from any external heating. 








(1.141) 
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1.10.5 Total Enthalpy Equation 


The effect of pressure is separated from the other stresses through decomposition (1.58) 
because the work of pressure is reversible. Repeated here for convenience, this decomposition 
is 





oi; = —pó; + 05 (1.146) 
Once this decomposition is inserted into (1.119), the resulting equation becomes 
Ope " Opeu; " дир Owy | Og; 








The mass specific total enthalpy is defined as 


DH ре Рр ррр 
Dt "Dt Dt pDt 








{Ге = odH = pde + dp — Сар, р (1.148) 
0 0 


With this definition, (1.147) becomes 


Ope | Opu;H дшо | Oq; . 
—— — —-— — pub; — — 0 1.149 








The definition of enthalpy also leads to the equality 


Ope oH др Ор oH Opu; Op 
cuc ш = i 
Ot "Ot да Ot at dx; ðt Dos) 





where the second form follows from the continuity equation. ‘The elimination of the time 
partial derivative of pe between (1.147) and (1.150) leads to the total enthalpy equation in 
the form 





DH др uoh дд 
_ 0 Ы, 1.151 
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А solution of this equation is presented in Section 1.11 











р 


1.10.6 Internal Enthalpy and Temperature Equations 
The internal enthalpy, or just enthalpy, ^^" is defined as 


p 


h-6--— ~ 
р 


d 
= аһ= 6+ = – = ар (1.152) 
p p 


which leads to the substantive-derivative expression 


Dh Dp De pDp 


NC p 1.153 
Dt Dt "Di pDt D 
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The enthalpy equation, therefore, follows from (1.137) and (1.153) as 


Dh Dp „дш Og; | 
= — — 1.154 
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For a homogeneous fluid, a thermodynamic state variable depends on only two other state 
variables. Enthalpy, can thus be conceived as depending on temperature Т and pressure p. 
The substantive derivative of enthalpy can thus be expressed as 


Dh (dh\ DT (ову Dp рт (Ову Dp 
_ нее 11 
Dt (ar). Dt ^ ean Di? Dt (Z) Dt о 

















where c, denotes the constant pressure specific heat, which by definition equals the partial 
derivative of enthalpy with respect to temperature, holding pressure constant. On the basis of 
this expression for the substantive derivative of enthalpy, the temperature equation emerges 
from the enthalpy equation as 


DT Oh Dp Ou, OG. 
= ee и 1.1 
Pep” (^ ean | Dt "985, Ox; |? ee 





Section 4.2 shows the conditions under which the expression containing the substantive 
derivative of pressure becomes negligible. 


1.11 Special Solutions of the Internal-Energy, 
Enthalpy, and Momentum Equations 


This section presents special exact solutions of the multi-dimensional internal-energy, total- 
enthalpy and momentum equations. ‘These solutions arise from either isentropic- or adiabatic- 
flow conditions, or both, and remain valid for both general equilibrium gases and, in partic- 
ular, perfect gases. 


1.11.1  Isentropic Solution of the Internal Energy Equation 


The internal-energy equation can also accrue by inserting the total energy equation into 
the kinetic-energy equation. The resulting partial- and substantive-derivative forms of the 
resulting internal-energy equation become 





Ope | дрешу ди; „ди; | | 
_ gh —! – об = 1.157 
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De pDp jg ОШ даг | 
=O — —= + 1.158 
РР p Dt VOS. Or; id ) 
which imply that internal energy is not conserved across a normal shock. 
Under conditions of negligible deformation work, heat conduction, and heat generation, 


this equation simplifies to 





De  pDp 
——-——z-0 1.159 
PDE p Dt | ) 
and from the entropy equation (1.140), these conditions yield Ds/Dt = 0. This situation, 
therefore, corresponds to an isentropic flow, which thus results from both an adiabatic flow, 


дш ү — 
ды) — 





Е 
e — pg) = 0 and an inviscid flow (с 
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For an equilibrium gas, the internal energy є only depends upon two other thermodynamic 
variables, like pressure p and density p, hence є = e(p, p). The general solution of the internal- 
energy equation thus emerges as p = p(p). This result accrues by expressing the substantive 


derivative of € as 
De | Oe Dp дер 














— = — — 1.160 
Dt OpDt | OpLDt 
Moreover, the substantive derivative of pressure can be expressed as 
Dp _ »Dp/p Dp 
—— = мее —— 1.161 
Di? pt Dt oe 
With these two results, the terminal form of the internal-energy equation becomes 
1 | де " =| 
1 Dp/p | др дру Dp 
— (1.162) 
p/p Dt „ де Dt 
Р Өр 
р 
where every term only depends upon р and р. The solution of this equation is thus 
p = p(p) (1.163) 


For a perfect gas, an explicit form for this general solution emerges from specific equations 
of state. These equations are expressed as 





Cp d Cy 1 p ed р 
— ‚ >=, = -= GIT, e= == 
R ai е po dw Oed p 

(1.164) 
where R, cy, Cp, and у = c,/c, respectively denote the gas constant, constant-volume as well 
as constant-pressure specific heats, and specific-heat ratio. 


With these expressions, equation (1.162) becomes 


1 Ррјо _y=1Dp 
p/p Dt p Dt 


рО. eeu 





(1.165) 


with solution 


In (2) =(y—1)Inp+constant = £ = constant (1.166) 
p p 


This well-known expression, therefore, naturally arises as an exact solution of the unsteady 
multi-dimensional internal-energy equation under isentropic-flow conditions. 


1.11.2 Adiabatic- and Inviscid-Flow Solution 
of the Total-Enthalpy Equation 


The total enthalpy Н = (pe+p)/p satisfies a governing equation that is conveniently repeated 
here in partial- and substantive-derivative forms 
Ope  OpHu; дшо | Oq; 


aad —! — pu;b; — pg = 0 1.167 
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In the absence of body-force and deviatoric-stress work, as well as heat conduction and 

generation, the partial-derivative form of this equation remains in divergence form. Total 

enthalpy, therefore, remains conserved across a shock wave. When the flow is also steady, 
hence Op/Ot = 0, the total-enthalpy equation becomes 


UNE (1.169) 
PD | 


which shows that the total enthalpy remains constant for every fluid particle and thus 
throughout the flow field. With Ho denoting the stagnation total enthalpy, the solution 
of (1.169) becomes 





+ pu;bi + pg (1.168) 





Ran = Soo ee (1.170) 
00 р 
which applies for both general equilibrium as well as particular perfect gases. 
For a perfect gas, from (1.133), (1.164), the total energy pe directly relates to pressure 


as pe = p/(y — 1) + pu;u;/2. With this expression, solution (1.170) specializes as 





y Po y p. il 
Y-lpo 7—1р 2 Made 


With (1.164), this expression becomes 
1 
opem + jui (1.172) 


This result, which is known as a solution of the 1-D or quasi-1D Euler equations, thus solves 
the multi-dimensional steady total-enthalpy equation. 


1.11.3 Isentropic Solution of the Momentum Equation 


The steady non-conservation form of the momentum equations connects the flow rotation 
with the flow enthalpy and entropy. The momentum equation in this form shows that its 
isentropic solution is an irrotational flow. 

The rotation within a flow corresponds to the “curl” of the velocity vector V. Vector 
analysis connects this rotation with the gradient of the kinetic energy as 





1 
V x curlV = grad (;V V) — (У · grad) У (1.173) 


With this equivalence, curlV features in the momentum equation (1.78). In vector and 
pressure-gradient form, this equation becomes 
OV 1 1 
E + (V · grad) У + -gradp — –фуа" — b = 0 (1.174) 
p p 


Result (1.173) transforms (1.174) into 


V 1 1 1 
~ — V x curlV + grad (3V v) + —gradp — -diva" — b = 0 (1.175) 
p p 
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The inner, (“dot”), product of this equation with the arbitrary displacement vector dæ yields 


= dx — (V x curlV) -dz +d, (;v V) xs dP (газа! + p) "dass (1.176) 
ot 2 р p 
where d, indicates a variation in the arbitrary direction of da within the flow field. When da 
denotes a streamline displacement, dæ = V dt, this equation coincides with the kinetic-energy 
equation (1.124), because (V x curlV) У = 0, since (V x силу) remains perpendicular 
to both V and curlV. 

For an arbitrary displacement dz, the variations of pressure and kinetic energy within 
(1.176) depend on the variations of total enthalpy and entropy, as obtained from the differ- 
entials of total enthalpy as well as total and internal energy 





dH = де+ Ф Р 
р 
1 1 dap 
de = de+d(3V:V) => d,H-Td,s=d, (vov) + E (1.177) 
p 
de = Tds+ nl 
Equation (1.176) thus becomes 
OV Lu 
"a dx — (V x силу) - dæ +а,Н —Td,s — | -divo + b | - ах (1,178) 
0 


For а flow that is steady, iso-enthalpic, isentropic, and devoid of deviatoric stresses and body 
forces, therefore, this equation yields (V x curlV) - dæ = 0; since dæ is arbitrary and V is 
not the zero vector, it follows that 

curlV = 0 (1.179) 


This theorem of Crocco’s thus reveals that when the flow is steady, devoid of body forces, 
inviscid, adiabatic, and without shocks, it is irrotational. Since curl(graddé) = 0, in an 
irrotational flow the velocity vector can thus be expressed as the gradient of a single scalar 
function @ 





У = gradó (1.180) 


an expression that leads to the development of potential flow. 
Consider next the line integration of (1.176) between any two flow-field points a, and 


то, which yields 
22 1 1 
Гео) (е 
xı P 2 2 2 1 


— | (v x curlV) · dx — Ad dag + ( dive + ) | ва) (1.181) 
21 р 








For a flow that is steady and inviscid, with a body force that is only due to gravity, this 
result becomes 


c2 d 1 1 22 
| ot ar (;V V) — (3V v) + 922 — 921 = | (У x силу) - dx (1.182) 
21 p 2 1 vl 


40 Governing Equations of Fluid Mechanics 





When da denotes a displacement along a streamline, dx = Vdt, this equation provides 
Bernoulli's theorem 





(СУ . v) + 921 = | дер T (БУ . v) 920 (1.183) 
2 | 21 p 2 2 
where x, and a denote any two points along this streamline. This result, therefore, corre- 
sponds to an exact solution of the kinetic-energy equation. 

With reference to (1.182), when the flow is irrotational, this theorem applies for any two 
arbitrary points x; and 25 within the flow field. For an adiabatic flow of a perfect gas, hence 
D1/ pi = ро/ра, this equation can be exactly integrated, which yields 





nn (zv | V) dong esce ы (БУ | V) + 929 (1.184) 
фри Аа 1 geld XE 2 

Under the stated conditions, therefore, this result, which is а known solution of the 1-D 

or quasi-1-D Euler equations, thus solves the contraction of the steady multi-dimensional 

Euler equations. In the absence of body forces, in particular, this results coincides with the 

constant-enthalpy solution developed in the previous section. 


Chapter 2 


Constitutive and State Equations 


This chapter presents the constitutive and state equations for a perfect gas and a liquid. 
Included are also temperature-dependent transport coefficients as well as their limits, which 
originate from the second law of thermodynamics. 





2.1 Navier-Stokes Stress Tensor 


This section presents the relations between stresses and derivatives of velocity components 
for the so-called Newtonian fluids. Stresses arise when a state of relative motion exists 
among layers of fluid. With reference to the simple one-dimensional velocity distribution in 
Figure 2.1, Newton thus postulated a linear relation between the shear stress с» and the 
velocity gradient Ou; /длә in the form 


Qui 


— 21 
s; (2.1) 


012 — 
where the coefficient of dynamic viscosity и depends on the specific fluid. This relation 
remains consistent with a vanishing shear stress when the fluid is in equilibrium or uniform 
motion, because in this case Qu4/Ox» = 0. From (2.1), the expression o»; = “Ou2/0x, would 
result; the symmetry condition 95, = сә, however, must also hold. Additionally, the stresses 
must vanish when the fluid undergoes uniform rotation with constant angular velocity w, 
because no relative motion among layers of fluid will exist in this type of motion. In this 
case, the fluid velocity is V = w x r = w x (леу + те; + тзез), where ej, 1 < j € 3, 
denotes the unit vector in the positive direction of the x; axis. For this velocity, the vanishing 
combinations of velocity component derivatives are (Qu;/Ox; + Ou,;/Ox;). For an isotropic 
fluid, и does not depend on any direction and thus one generalization of (2.1) emerges as 


ди; ди; 











which yields o;; = ду, returns (2.1) for ug = 0, and vanishes under both rotation and uniform 
translation. For the normal stresses, (2.2) also predicts a reasonable dependence on the rate 
of elongation ди; /дт; along the x; axis, but does not yet include any dependence on local 
pressure p, which affects normal stresses. 
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Figure 2.1: One-Dimensional Velocity Profile 


Because of the fluid flow itself, the local mechanical pressure Pmech may not necessarily 
coincide with the equilibrium thermodynamic pressure p, but may be lower in proportion to 
the local fluid particle expansion limag.o(D(AQ) /Dt)/AQ, hence 

A Ou, 
Pmech =P — Па JIM лору = PT ТОУ = р Mea (2.3) 
where ns denotes a coefficient of bulk viscosity. On the other hand, the mechanical pressure 
is related to the normal stresses through (1.57), hence 





Ош 
ii = —3Pmech = —3 Зв = 2.4 
с Pmecn = — др + ЗТ (2.4) 
a scalar expression. A further generalization of (2.2) thus follows as 
ди; ди; ; 
„= б“ 2.9 
0:3 а (Se e SE) ев ( ) 


with “с” a scalar function to be determined such that c;; from this expression returns (2.4). 
Under this condition, (2.5) becomes the Navier-Stokes expression 
Ou; ди; Оше .; 2 

75 + 2j As, др AE -3H + Тв (2.6) 
where A denotes the second coefficient of viscosity. ‘The bulk viscosity 7, plays а role in 
explaining some observed attenuation of acoustic waves, which cannot be attributed to ther- 
mal and shear- stress effects alone. For monatomic gases 7, vanishes, while for other fluids 
it remains somewhat irrelevant in ordinary fluid mechanics. In these cases, Stokes’ hypoth- 
esis applies, for which А = -2p. This hypothesis corresponds to a relaxation time that 
exceeds that of a typical fluid mechanics time, so that any local departures from equilibrium 
pressure virtually instantaneously lead to another thermodynamic equilibrium state, so that 
the mechanical pressure is essentially equal to the local thermodynamic pressure and from 
(2.3) Pmech = p. Based on a phenomenological approach, the constitutive relations (2.6) 
predict results that agree with experimental results for fluids with relatively simple molecu- 
lar structures, like that of air and water for instance; this agreement provides the physical 
justification for (2.6). When (2.6) accurately predicts the viscous stresses within a fluid, 
such a fluid is called a Newtonian fluid. 
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2.2 Heat Conduction Law 


The governing equations (1.69), (1.78), and (1.95) involve density p, velocity components u;, 
] € 1 € 3, and total volume specific energy e, which can collectively correspond to five state 
variables. Additionally, the governing equations involve pressure p, through (2.6), and the 
heat flux vector components g , 1 <1 <3. These components are cast in terms of static 
temperature through Fourier’s heat conduction law 


OT 
Ox; 





qi =—k (2.7) 





where the negative sign indicates that heat flows from regions of high temperature into 
regions of lower temperature. In this expression, “k” denotes the coefficient of thermal 
conductivity. 





2.3 ‘Transport and 
Thermo-Mechanical Properties 


Figure 2.2 presents the variation of both u/uo and k/ko for water. 
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Figure 2.2: Variations of Water Viscosity and ‘Thermal Conductivity 





For increasing temperature, the coefficient of dynamic viscosity и moderately decreases in 
liquids, but increases in gases. ‘This coefficient decreases in liquids because, for increasing 
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temperature, cohesive forces weaken, hence the liquid more readily flows; in gases, this 

coefficient increases, because in this case the frequency and intensity of molecular collisions 

increase with increasing temperature, which increases shear stress and heat conduction. 
For water и and k may be expressed through the relations 











1+8 k T 
f=, Š =1+0.6584 (= – 1] 
Ho 2 (=) ko То 
0 
_3 kg a J 
Ty = 273.15K, uo = 1.787 x 10 °—, kop = 5.6 х 10 —— (2.8) 
ms msk 


lor:2vo. ДОК ОР = по ДОК, 
For air, и and Ё can be expressed through Sutherland’s relations as 


Relay 1.4041 ж, 1.41 
Ho \To/ 0.4041 + 2’ ko Уб/ 0410 x 


k 
Ty =273.15K, jig = 1.7161 x 1075-8. ky = 2.3360 x 1072 
ms 








— (2.9) 


The relation for и/ џи remains independent of pressure for Т < 3,000K and the relation for 
k/ko remains valid for T < 2, 000K, approximately corresponding to the temperature range 
at which molecular oxygen does not dissociate. Figure 2.3 presents the variation of both 





Figure 2.3: Variations of Air Viscosity and Thermal Conductivity 
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и/ шо and k/ko for air, over a temperature range corresponding to 273.15K < Т < 3, 000K. 
The variations for these non-dimensional coefficients are virtually indistinguishable within 
the scale of the graph. 

Select thermo-mechanical properties for air and water feature in the following table. 
These properties correspond to a reference pressure of 1 atmosphere and a reference temper- 
ature of 20° Celsius. 








Table 2.1: Thermo-Mechanical Properties of Air and Water 





p(Kg/m*) n(Ns/m') k(W/mK) c(JK/Kg) 8(1/K) 
Air 1.2 18.000 x 1076 26.3 x 10? 1,007 D 














Water 998 1.003 x 10-7? 613 x 1073 4. 179 076.15 1079 





2.4 Second-Law Constraints on Transport Coefficients 


The second law of thermodynamics imposes simple constraints on bulk viscosity ng, viscosity 
и and thermal conductivity k. The entropy of the entire universe or, more modestly, of an 
adiabatic system can never decrease. Тће time rate of change of the entropy of an adiabatic 
fluid mass, therefore, can only be non-negative. From (1.143), the rate of entropy change is 
expressed as 


5; |, - [ + (4:22 + i) 0- ELE 0- f xa (2.10) 


For an adiabatic system, the integrals of heat generation pg and heat flux q* -n will vanish; 
consequently, only the deformation-work and heat-conduction integrals remain in (2.10). 
From (2.6) and (2.7), the deformation work and heat conduction respectively become 
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Ox; Tj Ox; OX. 
The expression multiplying 4/2, in (2.11), and the rhs of (2.12) correspond to sums of 
squares. Inserting both (2.11) and (2.12) into the form of (2.10) for an adiabatic system 


yields 
D Ou; Ou;  20ш 7 {дш дш 20u, 
A = Шы. с | gO 
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and 














46 Constitutive and State Equations 








2 
1B Ош К ОТ ОТ 

— | | aa dX) 2.19 

+ f, T (55) E oT? 02; 02; C. 

Hence, the total entropy of the fluid within Q will not decrease when u, k, and лв are all 


non-negative. With these constraints on the coefficients of viscosity, the deformation work 
in the time rate of change of kinetic energy (1.127) 
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always provides a negative contribution, which corresponds to a dissipative effect on kinetic 
energy. 





2.5 Equations of State 


From a mathematical standpoint, (2.7) expresses three variables through one, temperature. 
In order to have the same number of variables as governing equations, both Т and p have 
to be expressed in terms of density p, linear-momentum m, and total energy Е, the state 
variables in the governing equations. 

For a homogeneous fluid, any state variable can be expressed in terms of other two inde- 
pendent thermodynamic variables. In fluid mechanics, two convenient independent thermo- 
dynamic variables are density p and mass-specific internal energy e, because p results from 
the continuity equation and є follows from e as 








1 Е | 
є=е— шшщ = 57 359 (E tma +) (2.15) 
which indicates that the internal energy є equals the total energy decreased by the mass- 
specific particle kinetic energy. 
The expressions for p and T' thus follow as 


p=p(p,6), T — T(p,t) (2.16) 





hence = » 
MiMi MiMi 
p = р(р, €) =» („= ШУ: | , T —T(pc) =T („= — 722 | 
the first expression is known as the equation of state, whereas the second equation corre- 
sponds to an internal-energy temperature equation. 
Applying the chain rule to the first expression in (2.17) leads to the following expressions 
for the Jacobian partial derivatives of pressure 


(2) - (2) + (2) EB = (2) + (2) (тт в) (2.18) 
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The partial derivatives of Т follow from these results by replacing p with T. These results 
also show that the derivatives of pressure with respect to m;, 1 < i < 3, and E linearly 
depend upon one another as 








Op | Mi (| 
+ — (= =0 (2.21) 
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hence 
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as obtained by expressing the derivatives of p with respect to та, то, m3 and Е in terms of 
the thermodynamic derivative of p with respect to е, from the first expression in (2.17). In 
the following sections, for simplicity, the abridged notation 


Op Op Op Op Op 
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will denote the Jacobian derivatives of pressure. 

The expressions for a thermally and calorically perfect gas for (2.15) and (2.16) follow 
from the equation of state and internal energy equation as 
Cy a 1 p wed D 
oot X at 7 Lcx ww = Gem 

(2.24) 

where ср, Cy, T, R and y, as stated in the previous chapter, respectively denote the constant- 
pressure specific heat, the constant-volume specific heat, static temperature, gas constant 
and specific-heat ratio, with y = 1.4 for perfect air. The elimination of Т from these two 
expressions, along with (2.15), leads to the following familiar expressions for the equation of 
state for p. 





p=phi, eeu. 
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With this equation of state, the corresponding Jacobian derivatives of pressure become 
та T m? gs m2 


TI; 





which satisfy (2.22). 


2.6 Speed of Sound 


The speed of sound results from an isentropic variation of pressure with respect to density. 
On the basis of p — p(p, e(p, s)), the expression for the square of the speed of sound is 


СЕСЕ УЕ 
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Expressions (1.139) and (1.138) imply the partial derivatives of € 


де де р 
= „| ==" | == 2:2 
(5, | (52), p _ 


The square of the speed of sound thus becomes 


Op p (Op 
Жек, + был 2.2 
и a p? E о 


By virtue of the Jacobian derivatives of pressure (2.18)-(2.20), this expression can be 


recast as 
О О E qom 
др ТЕ дЕ p,m P p ua 


E+ 1 
= „+ (£52 - S (mi +3 +m) | (2.30) 
which corresponds to the square of the isentropic component of all the eigenvalues of the 
Euler inviscid flux vector. This result, in particular, allows expressing the mass-specific total 
enthalpy H as 
2 2 
E с (lc-p.M')—p с? — 
Н HP ( E ) p S U (2.31) 
р Pr Py 
where М = ||u||/c denotes the Mach number. From (2.30), the perfect-gas speed of sound 
can be expressed as 

















Бев "тт (2.32) 
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directly in terms of the dependent variables. 





2.7 Isentropic Constraint on 
Derivatives of Density and Energy 


The previous chapter showed that for an isentropic flow, the general solution of the time- 
dependent multi-dimensional internal-energy equation expresses pressure only as a function 
of density, hence p = p(p). This solution leads to a useful constraint among the derivatives 
of density о and total energy E. This constraint emerges from the following components 
of the pressure gradient. In terms of the derivatives of p, m;, E, the itt component of the 
gradient of pressure becomes 
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Following (2.31), the Jacobian derivative of pressure with respect to density can be expressed 


as 
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With this result, (2.33) becomes 
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Since p = p(p), for an isentropic flow, the first term at the right-hand side of this result 
coincides with the left-hand side. This recognition, leads to the constraint 
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which by virtue of the second expression in (2.31), becomes 
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For a perfect gas, both sides of (2.37) equal For an acoustic field, the compo- 


Li 
nents m; of linear momentum become НИК ж. a 2.37) specializes to 
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State Equations for Reacting Air 


The chemical dissociations within reacting air absorb energy and thus lead to lower static 
temperatures, higher static densities, and different shock-wave positions in comparison to 
perfect-air predictions. ‘These effects must therefore be modeled accurately for reliable Euler 
and Navier-Stokes CFD investigation of aerothermodynamic and high-temperature flows. 

This chapter presents a computationally efficient solution procedure of an exact thermo- 
dynamic model of a five-species, electrically-neutral and chemically reacting air. The model 
involves an explicit pressure equation of state coupled to a non-linear system of six chemical- 
equilibrium thermodynamic equations for five mass fractions and temperature. The resulting 
equations then revert to the familiar perfect-gas expressions in the appropriate temperature 
and pressure ranges. The developed solution procedure remains valid for any exponential 
form of the equilibrium constants and, without introducing spurious solutions, succeeds in 
algebraically reducing this six-equation system to a two-equation system for nitric-oxide 
mass fraction and temperature, which are then numerically determined through a rapidly 
converging Newton’s method solution. The remaining mass fractions and then pressure are 
explicitly calculated using this solution and the thermodynamic and Jacobian derivatives 
of pressure and temperature are exactly determined through an analytical differentiation of 
the model chemical-equilibrium equations. This procedure is employed in Chapter 17 to 
calculate a chemically-reacting hypersonic flow. 

Classical equilibrium thermodynamics for homogeneous fluids shows that any one ther- 
modynamic variable depends on only two other thermodynamic variables. For CFD ap- 
plications, the selected two thermodynamic variables are density and mass specific internal 
energy, for these variables are directly available from the continuity and volume-specific total 
energy equations in the Euler and Navier-Stokes systems. In the equilibrium thermodynamic 
system, therefore, density and mass-specific internal energy become assigned parameters at 
each grid point. The procedure can also be used with any other two independent ther- 
modynamic variables and this chapter presents а method and results that correspond to 
calculations with pressure and temperature as independent variables. 

The neutral air in the procedure encompasses perfect air and consists of a mixture of 
five non-ionized species: nitric oxide NO and molecular as well as atomic oxygen О» and О 
and nitrogen № and №. Air-equivalent molecular masses are also developed to account for 
the effect of carbon dioxide, argon, and the other inert noble gases within atmospheric air, 
without having to involve variable mass fractions of these species within the calculations. 
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The choice of neutral air is justified by the fact that only negligible traces of electrons and 
hence ionic species exist within equilibrium air for temperatures up to about 9,000 K. Each 
species independently behaves as a perfect-gas for which the familiar perfect-gas law applies. 
The mixture pressure equation of state is then obtained through Dalton’s law as a sum of 
species partial pressures. ‘The mixture mass-specific internal energy results from the sum 
of translational and rotational kinetic energies, potential vibrational energy, and formation 
energy, all at the single equilibrium static temperature. Two additional equations correspond 
to the conservation of species mass and the mole ratio of oxygen and nitrogen nuclei. The 
law of mass action provides the completing three equations, which express the equilibrium of 
any three linearly independent chemical reactions for the five species in equilibrium air. ‘The 
equilibrium thermodynamic equations are then made non-dimensional by way of a versatile 
single reference state that makes the procedure uniformly applicable to flows ranging from 
shock-tube flows with zero initial velocity, to aerothermodynamic flows with supersonic / 
hypersonic free stream Mach numbers. 

Over а temperature range of more than 10,000 K and pressure and density ranges cor- 
responding to an increase in altitude of 30,000 m, slightly greater than 98,000 ft, above sea 
level, the procedure converges in two or three iterations. Agreeing with independently pub- 
lished results, |7, 163], the predicted distributions of pressure and temperature, as well as 
their partial derivatives, mass fractions, specific heats, and speed of sound remain continu- 
ous, smooth and physically meaningful, and this chapter details all the thermodynamic and 
chemical parameters and equations and their partial derivatives for immediate reproduction 
of the procedure and results. 














3.1 Thermo-Chemical Equations 





The equations in this section will represent equilibrium, electrically-neutral and chemically- 
reacting dry air. This type of air encompasses perfect air and consists of a mixture of five 
non-ionized species: nitric oxide NO and molecular as well as atomic oxygen О» and О and 
nitrogen № and №. In the following derivations, subscript 2, 1 < ? < 5, indicates the five 
ordered species О, N, NO, О», and №. ‘The molecular mass of species ? is indicated with 
М;. Owing to the species that compose this dry-air model, the species molecular masses 
satisfy the constraints Ma = Mı + М, М, = 2M,, and Ms = 2M». Numerical values for 
these masses are presented in Section 3.1.6 





3.1.1 Species Masses and Moles 


The mass ОМ and number of moles M of mixture species within a fluid particle satisfy the 
fundamental relations : - 
6M =>У ом, М=> N (3.1) 
i=1 i=1 
where ОМ; апа Л; denote the mass and number of moles of species i. The first statement 
in (3.1) connotes conservation of mass, whereas the second emerges from the atomic, hence 
discrete, nature of species. The two statements in (3.1) establish constraints between the 
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total mixture density р and species densities p;, 1 < 7 < 5. These densities are defined as 
ЛМ _ ом, 
sy? бу 


where dV denotes the volume occupied by the mixture. The first statement in (3.1) thus 
yields 





p= (3.2) 


= YA (3.3) 


which corresponds to conservation of mass in terms of densities. 
The masses 0M and ё М; can also be expressed in terms of number of moles and molecular 
masses as 








ОМ = ММ, 6M; = ММ, (3.4) 
The second expression in (3.1) and (3.2) thus lead to 
5 
p Pi 
— = (9:9) 
M 2. M; 
3.1.2 Mass and Mole Fractions 
The mass and mole fractions of species ? are defined as 
Pi Л; 
=. (3.6 





From (3.3) and the second expression in (3.1), therefore, the mass and mole fractions satisfy 
the equations 





5 5 
Уйа » x el (9.7) 
i=1 i=1 
From the definition of mass fraction, result (3.5) becomes 
Е 
= : 3.8 


which provides the mixture molecular mass in terms of species molecular masses and mass 
fractions. 

The mass and mole fraction of species 7 can be expressed in terms of each other. Without 
any implied summation on an underlined repeated subscript index, the definition of mole 
fraction and (3.2) yield 
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which provides each mole fraction in terms of the mass fractions. Upon multiplying this 
expression by M; and summing over the model five species, the following result emerges 





y ХУМ, = ам _ 1 =M = = : (3.10) 
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With this result, (3.9) leads to 














ХМ; 
Ү; = = (341) 
gel Xj М; 
which expresses each mass fraction in terms of the mole fractions. 
3.1.3 Pressure, Internal- Energy, Mass-Fraction Equations 
Each species 2 independently behaves as a perfect gas with individual EOS 
pi pi] p Y; 
‚ = RT— = RoT— = RoT 12 
p= RT, КОГ Rr (3.12) 





where R and p; respectively denote the universal gas constant and partial pressure of species 
i. For a mixture of perfect species, Dalton's pressure mixing law leads to the mixture pressure 
equation of state as 





9 5 ү. р 
= pe RE “R T 9:15 
р 2р р 2. М "M (3.13) 
The acceptance of Dalton’s law thus implies that the mixture EOS has the right-most form 
indicated in (3.13). On the other hand, if this form of EOS is posited, then Dalton’s law 
deductively follows from (3.5). 

The mixture mass-specific internal energy є results from the sum of translational and 
rotational kinetic energies, potential vibrational energy, and formation energy, all at the 

equilibrium static temperature T', 








С 5 утеум; 3 
= ТУ Xt т), И 14 
| 2, Cn e? exp (02/7) 1 + 25 i (3.14) 


The second term at the right hand side of (3.14) relies upon the rigid-rotor harmonic os- 
cillator model, which implies the perfect gas equation of state for each species, which in 
turn is consistent with Dalton’s pressure mixing rule. Therefore, the contributions from the 
ground electronic state are properly modeled for МО, О», and №. In (3.14), с,, denotes the 
translational/rotational-mode contributions to the i” species constant-volume specific heat, 
while 0° and h? are the vibrational temperature and formation enthalpy at 0 K; specific nu- 
merical data for these quantities appear in Section 3.1.6. Тће constant-volume specific heat 
c, then follows from (3.14) through the derivative c, = (0c/OT'),, as amplified in Section 3.9. 
А gas is thermally perfect when M in (3.13) remains constant, hence in the absence of chem- 
ical reactions. А gas is calorically perfect when c, remains constant, hence in the absence 
of both chemical reactions and vibrational effects. It is possible for a gas, therefore, to be 
thermally perfect and calorically not perfect, which happens, for instance, in the absence of 
chemical reactions when vibrational modes become significant. 

Unlike a formulation in terms of mole fractions, a formulation of equations (3.13)-(3.14) 
in terms of mass fractions simplifies analysis because the expressions for pressure and in- 
ternal energy are linear with respect to the mass fractions. Considering that both p and 
є are available at each grid point from the governing equations (1.69), (1.78), (1.95) and 
the internal-energy expression (2.15), equations (3.13)-(3.14) will directly allow the deter- 
mination of static temperature T and pressure p for the given thermodynamic state (p, є). 
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Fundamental to this determination are the five variable mass fractions Y;, 1 < 1 < 5, for 
which five additional equations are needed. 

One equation corresponds to conservation of species mass (3.3), which results in the 
mass-fraction conservation equation in (3.7), repeated here for convenience 





>, Y e (3.15) 


Another equation corresponds to the conservation of the mole proportion 21/79 between 
oxygen and nitrogen nuclei. In terms of mole fractions, the conservation of this proportion is 
expressed as 79( X + Хз + 2X4) = 21(Xs + Хз + 2X5), which, by virtue of (3.9), corresponds 
to the following equation in terms of mass fractions 











1 (XXX) 1 (MH, % 5%) 
= 2 
л (м, * (з? 


I 3.16 
мм М, M: Ms ^ Mg Dum 


The law of mass action provides 3 further equations, which express the equilibrium of 
any 3 linearly independent chemical reactions for the five species in equilibrium air. The fol- 
lowing chemical reactions, two dissociations and one recombination, lead to computationally 
convenient mass-action equations 





090. ANON. ОЪ 2V0 (3.17) 


In terms of partial pressures, the mass-action equations for reactions (3.17) are 


2 2 2 
Pi рә Рз 
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pa i( ) Ds »( ) рар5 з( ) ( ) 


and according to statistical thermodynamics, the partial-pressure equilibrium functions k;(T) 
only depend on the static temperature T; the stoichiometric coefficients in (3.17) then become 
the exponents in (3.18). Replacing the partial pressure p; using (3.12), yields the mass- 
fraction law of mass action 


у“ Mrk(T MiK(T 














= = 3.19 
Y, | M4 RTP 2 р pug 
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where K;(T), 1 € i < 3, represent the mass-fraction equilibrium functions, which are tra- 
ditionally cast as exponential relations, as exemplified in Section 3.1.7. According to the 
dimensions of terms in (3.19)- (3.21), the SI units of K;(T) and K3(T) are kg-mol m ?, 
whereas K3(T) remains dimensionless. The following analytical developments will remain 
valid for any exponential form of these equilibrium functions. 
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3.1.4 Perfect-Air Equations 


Atmospheric dry air consists of a mixture of oxygen, nitrogen, carbon dioxide, and argon, 
in addition to traces of other noble gases. ‘The proportions of the chief air constituents are 
summarized in Table 1 


Table I. Composition of Atmospheric Dry Air 





species molecular mass mole fraction mass fraction 
oxygen Os 31.99880 kg ke-mol7! 0.20950 0.231447 
nitrogen No 28.01348 Ке kg-mol ! 0.78080 0.755163 
argon Ar 39.94800 kg kg-mol7? 0.00930 0.012827 
carbon dioxide CO, 44.00980 kg kg-mol ^! 0.00030 0.000456 





Argon and carbon dioxide feature within atmospheric air with negligible mole fractions, yet 
their molecular masses are greater than those of oxygen and nitrogen to the extent that they 
contribute about 0.4% of the total molecular mass of non-reacting atmospheric air Mair. This 
molecular mass is calculated as 





= R вене 
Ма = У X;M; = = = 28.9644827716 kg kg-mol-! 
f=) Psc 
Pse = 1.225 kg m7? , Ti, = 288.15 К, рь = 101, 325.024 Ра (3.22) 





where n, denotes the total number of atmospheric air species, and psc, Pse and Ты denote 
standard-condition density, temperature, and pressure. 

Reported calculations of high-temperature air flows model air as a mixture of oxygen, 
nitrogen, and nitric oxide, in their various forms. In non-reacting conditions, the mole 
fractions of oxygen and nitrogen in this mixture respectively become 0.21 and 0.79; this 
model, therefore, accepts the presence of 1.18% more nitrogen moles than there are within 
atmospheric air. The determination of pressure, temperature or density from the perfect 
gas law (3.13) with these mole fractions approximate the corresponding data of standard 
atmosphere with an error of about 0.4%. 

In atmospheric air, carbon dioxide is present in minute amounts in comparison to oxygen 
and nitrogen, while argon and the other noble gases in air remain inert towards all other 
elements. ‘The essential effect of carbon dioxide, argon and the other noble gases in air, 
accordingly, is to catalyze the chemical reactions of oxygen and nitrogen through collisions 
and make air heavier than a mixture of only oxygen and nitrogen, reacting or not. This 
situation is mathematically reflected in the following pressure and internal energy equations, 
expressed similarly to (3.13) and (3.14), but in terms of mole fractions from (3.11) and 
accounting for all inert air species 
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where Gi, hi, сь, and Мод respectively denote the constant coefficients within c,, and A, 
detailed in Section 3.1.6, and the contribution to the translation / rotational specific heat 
and molecular mass of the other species besides nitric oxide and atomic and molecular oxygen 
and nitrogen. The effect of the presence of other chemicals within air, besides oxygen and 
nitrogen, can thus be modeled by establishing air-equivalent molecular masses for oxygen 
and nitrogen so that the molecular mass of a non-reacting mixture with mole ratio 21/79 of 
these two species equals the molecular mass of non-reacting air, hence 








0.21M, gn 0.79 M; = Mair (3.24) 


where M, and Ms respectively denote the air-equivalent molecular masses of oxygen and 
nitrogen. Тһе second constraint to determine both M4 and Ms is chosen to be preservation 
of the mass-fraction ratio 


Y?" Y; ХМ 0.79M; 
Ys Y, ХМ, 021M 











— 3.26279010234 (3.25) 


where Y?" and Y?" are listed in Table I. The errors induced by the 21/79 mole ratio are 
summarized in Table II for both non-equivalent and equivalent masses 


Table II. Errors Induced by the 21/79 Mole Ratio 


variable non air-equivalent  air-equivalent 








ЕСЕ 0.24% 0.24% 
Pen 1.18% 1.18% 
Yai 0.64% 1.36% 
Yos 1.5896 1.36% 
Mas -0.39% 0.00% 

R 0.39% 0.00% 
Cos. 0.39% 0.00% 
Css 0.39% 0.00% 

У 0.00% 0.00% 








where R, Cui бр and y respectively denote the specific, not universal, gas constant, 
constant-volume and constant-pressure specific heats of non-reacting air, and specific heat 
ratio. With the air-equivalent masses M4 and Ms, equation of state (3.13) for non-reacting 
conditions exactly yields the pressure and temperature of non-reacting atmospheric air. 

Consider, accordingly, perfect air as a mixture of thermally and calorically perfect oxygen 
and nitrogen with constant chemical composition, hence constant mass fractions. From the 
works of Boyle, Mariotte, Charles, Gay-Lussac, and Joule, the EOS and ТЕ for a perfect 
gas are 








R 
pT = Врт, є= оТ 4e (3.26) 


алт 


p= 


The term €? vanishes for standard-condition perfect air; for high-temperature perfect air, it 
corresponds to the energy from the formation enthalpies of atomic oxygen and nitrogen, the 
high-temperature conditions where molecular oxygen and nitrogen completely dissociate. 
These equations result from (3.13)-(3.14) for a constant chemical composition and in the 
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absence of vibrational effects. ‘The parameters R and с, are constant and related by Mayer’s 
equality ср — c, = R, where c, indicates the constant-pressure specific heat. ‘Through the 
ratio у = cj,/c,, Mayer's equality then becomes у — 1 = R/c,. From this equality and 
(2.15), the elimination of T' from (3.26) leads to the following forms of standard-condition 
perfect-gas EOS and TE 


pety-1p eil (E-Z љт). Pe (3.27) 


two well known expressions in CFD. 
From (3.14), the temperature equation for standard-condition and high-temperature per- 
fect air becomes 
е="Т (бы +00), с=Т (о У 40,5) +e (3.28) 


Since the RHS of the TE in (3.26) and (3.28) equal one another, the expressions for the 
constant-volume specific heat for standard-condition and high-temperature perfect air be- 
come 

Соар ~ быа + С Ci. ~ бу Yi + Со Vo (3.29) 





For the reference perfect-air mole fractions Ху = Xə = Хз = 0, X, = 021, X; = 
0.79, for standard-condition molecular air, and Хз = X4, = X; = 0, X; = 0.21, Хо = 
0.79, for high- temperature atomic air, along with air-equivalent masses and the chemical 
and thermodynamic constants in Section 3.1.6, the corresponding numerical values of mass 
fractions, molecular or atomic mass Мәх, gas constant R, constant-volume and constant- 
pressure specific heats ср, and с. , and specific heat ratio are 





Table IIT. Perfect- Air Parameters 





molecular atomic 
Үл | 0.23459 0.23459 
Ys» 0.76541 0.76541 


Mair 28.96448 kg ke-mol7! 14.48224 kg kg-mol ! 
R 28705294 Jkg ! K! 3 57410588 ЈК! КУ! 
Cy, . (17.032236 J kg | K ! 86115883 ЈК! K7! 
Ср 1004.68530 J Ке“! K ! 1435.26471 Ј ке! КУ! 
y 5 3 
The numerical value of the molecular-air constant R equals the one that is used in classical 
gas dynamics and the values of molecular с,. and ср. correspond to those of air at about 
300 K. Not surprisingly, the numerical values for А, Co i., Ср, for atomic air are greater than 
the corresponding values for molecular air. Atomic oxygen and nitrogen are less massive 
than their molecular counterparts, hence their kinetic energy more readily increases when 
temperature increases. 


3.1.5 Non-dimensional Reacting-Air Equations of State 


The system of equations (3.13)-(3.14) and (3.19)-(3.21) are made non-dimensional by way of 
a versatile single reference state that makes this system uniformly applicable to conditions 
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ranging from flows with a specified fixed initial state with zero velocity, typical of shock- 
tube flows, to flows with an identifiable free stream state, typical of supersonic/hypersonic 
aerothermodynamic flows. 

For an available free stream state with representative constant density Poo, pressure Poo, 
temperature Ты, and Mach number M», the reference molecular mass, density, mass-specific 
energy (speed squared), pressure and temperature are expressed as 
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where c2, denotes the square of the free-stream speed of sound. When the free-stream air 
behaves as a standard-condition perfect air, then у% = 7/5 and when po, Po and Ty 
already satisfy the perfect-gas law, then the reference molecular mass M, corresponds to the 
air molecular mass. Otherwise it simply represents a scaling factor by which to divide the 
species molecular masses. 

For a typical shock-tube initial state with representative constant pressure pœ, temper- 
ature Т, and density pæ the reference variables are 











als 
u, = 1 
Po 
Pr = Poo 
1 
U* = (RIM То рам (ту M Ta M === (3.32) 
Yoo 
Pr = pues M pe 
T = cq ees T (3:33) 


where узо is calculated as in (3.30). Heed that for M2, = 1/yæ, this reference state formally 
coincides with (3.30)-(3.31). Therefore, by setting Mæ equal to either the free-stream Mach 
number or 1/7.., depending on the flow class, a unique set of non-dimensional equations of 
state emerges for both reference sets (3.30)-(3.31) and (3.32)-(3.33) 

With definitions (3.30)-(3.31) and (3.32)-(3.33), the reference pressure, density, and tem- 
perature then satisfy the perfect gas law. For high Mach numbers they constitute sizable 
constants that conveniently scale down the large pressure, density and temperature across 
a normal shock, like the stagnation-streamline normal section of supersonic and hypersonic 
aerodynamic-flow bow shocks. 
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Using either the reference states (3.30)-(3.31) or (3.32)-(3.33), the non-dimensional den- 
sity, mass-specific internal energy, pressure and temperature are then expressed as 











a P ~ € € 2. p p T T T 
= ca € = — = ———MH—————————— = == _ == SSS ја = 
р 0 Ul о Ма (R/M) Те ' р. YooM2 Poo’ Т. ЧЫМ Те 
(3.34) 
The corresponding non-dimensional pressure equation is 
~_ р з у МО RT AN 2. Y, uus. di 
p-————— = = ОГ —— = рт = (9:99) 
py м RIM) ym (Муму 7 M 


where М, = M;/M,. It follows that with this non-dimensionalization, the universal gas 
constant R no longer appears in this non-dimensional equation of state. The non-dimensional 
energy equation is 


T 5 
6 = no === 2 бури 
Yo MA, (R/M,)T. T. 2- 
ум; h? 
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which becomes 
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and the universal gas constant R no longer multiplies any term in this equation. Further- 
more, as indicated in Section 3.1.6, the magnitude of the non-dimensional specific heat с, , 
characteristic vibrational temperature 0". and formation enthalpy ho decrease with respect 
to their dimensional values. 

Since the mass fractions Y; are already dimensionless variables, the non-dimensional 
species conservation equations are 


2 1íYX Үз; ,,Y 1n Ys |, Y 
x desde == + == eas = tx UE) (3.39) 
il ЛАМ М; М) OM Ms М; 


The non-dimensional mass-action equations are then 








and is simplified as 
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where К, 1 € i < 3, denote the non-dimensional equilibrium functions, as exemplified in 
Section 3.1.7. 


3.1.6 Chemical and Thermodynamics Parameters 





The molecular masses for the chosen five species are 
Му“ = 15.99940 kg kg-mol ! , Му" = 14.00674 kg kg-mol7! 


Му“ = 30.00614 kg kg-mol! , Му“ = 31.99880 kg kg-mol ! , Му“ = 28.01348 kg kg-mol ! 
(3.43) 
where superscript “na” signifies non air-equivalent masses. The corresponding air-equivalent 
masses are 
М, = 16.17791 Ке kg-mol ! , Mə = 14.03149 kg kg-mol ! 


Мз = 30.20940 kg kg-mol ! , My = 32.35582 kg kg-mol ! , Ms = 28.06298 kg kg-mol7! 
(3.44) 
Both non equivalent and equivalent masses satisfy the constraints Ma = М+М, M4 = 2M, 
and Ms = 2M». 
In SI units, the universal gas constant is 


R = 8,314.34 J kg-mol-! К^! (3.45) 


For the selected five species, the vibrational temperatures in (3.14) are expressed as 





6? —2,740K, 62 = 2,270 К, 62 = 3,390 К (3.46) 


апа the formation enthalpies are 


R R R 
h? = 2 2446—- J Ко“! А0 = 27.830 — J Ко“1. A9 = 10.797.780— J Ко“! 


(3.47) 
Further, each c,, in (3.14) is determined as 
SR З Л. 
„=== J kg КУ! „=== J ket К! 
са = о; 4 ® лш. 
5R 5R 5R 
v === J kg К! vu = == Ј Ке! ы, 5 = > Ј Ке! КУ! 3.48 
C 3 2 Мз J & ’ C 4 2 M4 & ’ C 5 2 Ms & ( ) 


These expressions result from the kinetic theory of gases dictating that a mono-atomic gas, 
like O, possesses three independent energy absorption mechanisms (degrees of freedom), 
which correspond to the translation kinetic energy of the motion along three mutually per- 
pendicular directions; a diatomic gas, like №, has five such degrees, three of translation 
and two of rotation about two mutually perpendicular axes that are orthogonal to the axis 
through the molecule nuclei. 

The non-dimensional form of the internal energy equations (3.38) thus originates from 
the following expressions 

- 3 1 3.4 9 4 o 5 1 


Cy, = Cy» Съз Соја = па а Сре — Lu (3.49) 


Aa Aa RM RN 
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for each specific heat, 


x 2,740 z 2,270 z 3, 390 
»_ _2 TUNE ду = — 3.50 
Кар а" а go 9 сам о uw 











for each vibrational temperature, and 
~ 29, 682.446 ~ 56, 627.830 ~ 10, 797.780 
ho — , aen hs = : —, hr сЕ (3:01) 


for each formation enthalpy, which collectively indicate that either (3.30)-(3.31) or (3.32)- 
(3.33) can significantly scale down these parameters. 


3.1.7 Chemical Equilibrium Functions 





While the procedure developed to solve system (3.35), (3.38)-(3.42) is valid for any expo- 
nential form of equilibrium functions K;(T), i = 1,2,3, the numerical results presented in 
Section 3.11 were generated using the following specific expressions for K;(T) from |155, 156] 








K;(T) = ехр (А 2" + АЗ + Да“ + Ала + Aio) ; 2 = log (| (3.52) 


10, 000 

т) 
where Aj; denote constant coefficients that also ensure a smooth asymptotic convergence 
of the equilibrium-air system (3.35), (3.38)-(3.42) to either a standard-condition perfect gas 
equation of state, at lower temperatures, or a high-temperature equation of state, at higher 
temperatures. 

According to (3.19)-(3.21), this asymptotic convergence is achieved when K;(T), i = 
1,2,3 approach zero at lower temperatures, since Yi, У, and Уз vanish in this temperature 
range. Furthermore, Kı(T) and K2(T) have to increase monotonically at higher temper- 
atures, since Y4 and Y; vanish at these temperatures. Conversely, K3(T) has to remain 
bounded at higher temperatures as a sufficient condition for attaining from (3.21) a vanish- 
ing Уз. The corresponding coefficients А;; for these equilibrium functions are 





Table IV. Coefficients for Equilibrium Functions (49) 
1 Ад Aig Аг Ain Aio 
1 - 0.466031 - 1.78672 - 1.24877 - 5.15926 + 2.97975 
2 - 1.007340 - 2.74128 - 2.93912 - 11.0496 - 2.06856 
3 -0.196317 - 0.42724 - 0.86667 - 1.65356 + 0.61473 








Heed that the coefficients Аб, ? = 1,2, in this table result by adding log(1,000) to those 
in [155, 156], which corresponds to a change of units from mol cm ? to kg-mol m^?. The 
equilibrium functions in (3.52) are compactly expressed as 


КГ) = exp (Gi(T)) (3.53) 
Consequently, the derivative of K;(T) with respect to Т is cast as 


dK;(T) 
dT 











dG(T) _ dGi 


= exp (G(T) E = Кит (3.54) 
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Expressions (3.40)-(3.41) feature the non-dimensional equilibrium functions ККТ ) согте- 
sponding to (3.52). These non-dimensional equilibrium functions depend upon T by ex- 
pressing the variable 2 in (3.52) as 


~| 


. 10,000 . | 10, 000 ) (= x) T 10, 000 


exp(Z) = ^m Yoo МЕ Tx p T Yoo Ма Тео de 


where T' can be made substantially smaller than 10,000. 


3.2 Algebraic Solution 





Dropping the tildes for simplicity, yet remembering that all variables in the following expres- 
sions are non-dimensional ones, the non-dimensional equations of state are 





5 
Y; 
d (3.56) 
2. Mi 
с 5 ҮМ, 3 
| 2. о y ep(&/T)-1* 24 i (3.57) 


5 
У у =1 (3.58) 
i—1 








x (пат +?) = по (па "та 725) (3.59) 
21M, М М) 79 М Ma М; | 
Y? _ м кит) со 
Ү; 2 р | 
y; _ МКТ) (3.61) 
Y; 2 р | 
Y? M3 
= „5 KT 3.62 
ҮҮ М.М» x) е 





The five mass fractions Y;, 1 < i < 5 and static temperature T can then be theoretically 
obtained by solving the non-linear system of the last six equations given above and practically 
determined through a numerical iterative procedure, which for CFD applications can become 
a daunting proposition if such a 6x6 system required even a few iterations at each of hundreds 
of thousands of grid points. In the following developments, however, the four variable mass 
fractions Y;, 2 = 1,2,4,5, of the six variables in this 6 x 6 system are explicitly expressed 
algebraically in terms of only two variables: nitric-oxide mass fraction Y3 and temperature 
T. The complete solution of system (3.56)-(3.62) is then obtained from the solution for these 
two variables of a far less daunting 2 x 2 system. The selection of the specific relations leading 
to this system was predicated on the elimination of the non-physical spurious solutions that 
can solve a non-linear algebraic system of equations. ‘This criterion ensured that the resulting 
equations only possess a physically meaningful solution. 


64 State Equations for Reacting Air 





The two mass fractions Y, and У in the two linear equations (3.58)-(3.59) can be explicitly 
solved in terms of Уз, Үз, and Ys. The expression for Y; results by summing (3.59) to the 
product of (3.58) and 1/(79M2); Ys then follows from (3.58). This sequence of operations 
yields the expressions 


0.21M, М, 
О жо ^^ = у 3.63 
i 0.21M,+0.79M, Мз ~ (3.63) 
0.79M M 
Ү = : Ier (3.64) 





0.21M; +0.79M> M3 


For conciseness, these two expressions are then cast as 


Yi = о — 013¥3 — Ya (3.65) 
Yo = ооо — аозуз — Y; (3.66) 


where the constants ало, 043, 029, and обоз follow from inspection of (3.63)-(3.64). 
The explicit relations for Y4 and Y; result from inserting (3.65) and (3.66) into (3.60) and 
(3.61) respectively. This operation yields the quadratic equations 





Mı Kı(T 

r => (ou — адзуз + a) YA (ало m олз Уз)“ = 0 (3.677) 
Ma K>(T 

ys e (on — a93Y3 + = » 9 Ys + (a20 — соз Уз)“ = 0 (3.68) 


which remain valid for any form of the equilibrium function K;(T), i = 1,2, and intrinsically 
depend upon Y3. Of the two mathematical solutions for each of (3.67) and (3.68), the solution 
devoid of physical significance is discarded and the physically meaningful solutions are then 
established as 











M, Kı(T) ( Mi K(T M; Ki(T)\\"? 
Y, = оло — олз + — Т) = (T) оло — одзуз + — uf) (3.69) 
2 2p 2 0 2 4p 











М» Kə(T Ms; КТ LT PE CO Cape aa 
Y5 = aj ову 4 21) = 2 EXT) ао о Уу ЧК i) (3.70) 
2 2р 2 p 2 4p 


According to the algebraic sign of the coefficients in (3.69)-(3.70), Ү and Y; are positive if 
so are the expressions ар — Qi3Y13, t = 1,2, since Ky and K are intrinsically positive. Given 
the definition of the coefficients оло, 043, Q29, 023 in (3.65)-(3.66), this condition is always 
met since Уз remains below one. For increasing temperature, furthermore, both Y4 and Y; 
from (3.69)-(3.70) consistently approach zero, as physically correct, owing to the monotonic 
increase of AK, and Ко. Finally, at lower temperatures, Ку, Kə and Уз approach zero. Hence, 
Ү and Y; from (3.69)-(3.70) converge to their respective perfect-gas numerical values in 
Table III, while from (3.63)-(3.64) both Y; and У; vanish. 
By virtue of (3.69)-(3.70), Ү and У; are functionally expressed as 











Y, = Ya (Үз(р, є), T(p,e), p), Ys = Ys (Ys(o. e), T (p, €), p) (3.71) 
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and the functional relations for Y; and У; from (3.63)-(3.64) are then 


Y, = Yi (¥3(p, є), Ya (Үз(р, є), T(o,), р)), Yo = Yo (Үз(р, є), Ys (Ys(o, e), T(o, e), p)) (3.72) 


which show that these four mass fractions explicitly depend upon р and є as well as Уз 
and T. For the thermodynamic state (p, є), existing at each grid node from (1.69), (1.78), 
(1.95), and (1.95), along with the associated Уз and T, therefore, both У and Y; are directly 
obtained from (3.69)-(3.70), which then allows determining both Yı and Y> from (3.63)- 
(3.64). The corresponding pressure is then determined from (3.56). A complete solution for 
the non-linear 6- equation system (3.57)-(3.62), is thus obtained when both Y3 and T' are 
determined. 


3.3 . Calculation of У and T 


The two equations that remain to be solved for system (3.57)-(3.62) are the nitric-oxide mass- 
action equation (3.62) and the mass-specific internal energy equation (3.57). The solution 
for T' and Y3 is thus determined by solving the two-equation system 


рит = Y-M (Ек (m) -o (3.73) 
100, £3; = F3 3 М; Ms 3 = . 
E ~ Y;0? /M; 
Y T) = e—T v Y; — — — Yh = q4 
Р(р,е, 3) ) € 2с, У o E/T) —1 Уи 0 (3.74) 


with У, i = 1,2,4, 5 expressed ма (3.65)-(3.66) and (3.69)-(3.70). For a positive ther- 
modynamic state (р, є), each term in (3.73)-(3.74), is a non-positive monotone function of 
temperature Т and nitric oxide mass fraction Уз. Furthermore, the square root expression in 
(3.73) is also a non-negative monotone function of T'. Therefore, a solution of system (3.73)- 
(3.74) with positive Үз and Т exists and is unique. This solution is numerically determined 
by solving this system through Newton’s method 


3.3.1 Numerical Solution 


In system (3.73)-(3.74), the thermodynamic state (p, є) is known and fixed at each grid point. 
For the auxiliary variable Q = {Y3,7}", therefore, this system is cast as 


F(p,€,Q) = F(p, €, Ys, T) =! ‚б, |- 0 (3.75) 


The Newton’s algorithm to solve this system is 


00), 
where superscript i denotes the iteration index. The initial estimate Q? at a grid node can 
coincide with the value of Q at an adjacent grid point where this system has already been 


—1 


QH = Q – 2°} (3.76) 
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solved. If no solution for Q is available at an adjacent node, as is typical when (3.73)- 
(3.74) is solved at the first grid node, then an initial estimate for Q° can correspond to 
a perfect-gas low Т and consequently Уз = 0. These two selections are consistent with 
each other because Кз, Y; and Y$ approach zero at lower temperatures, which leads to a 
vanishing Y3, as a solution of (3.73). Under the same low-temperature conditions, equation 
(3.74) then asymptotically converges to the corresponding perfect gas expressions. With 
symmetrized fı and f» with respect to the f axis, that is f;(—Y3,-T) = fi(¥3,7) and 
fo(—Y3, -T) = fo(¥3, T), the absolute value of both УЗ and T", at the end of each iteration, 
will equally lead to the solution of (3.73)-(3.74). Iteration (3.76) is cast in closed form, since 
the 2 x 2 Jacobian is analytically determined in the following section. Hence, evaluating 
(3.76) is relatively inexpensive, leads to a quadratically convergent process, and directly 
yields Уз and T. 


3.3.2 Iteration Partial Derivatives 


For a given flow state q = {p, m, EY", and hence for a fixed (p, є), equations (3.73)-(3.74) 
are functionally cast as 


fi (9 Үз. Уа (а, T p) 5 Y aT p) 1) 0 (3.77) 
fa (e, T, Y (Vs, Ya (Va, T, p)) Yo (Va, Ys (Ya T, )) Ya, Ya (Yo, T, p) , Ys (Ys, T, p)) =0 (3.78) 


Therefore, the partial derivatives in the Jacobian matrix in (3.76) are expressed as 


| e 

дРА | | \a%s),, ' [07], 

(a3). = | борү" (oV. ps 
OY; aT OT КА 


where subscripts denote the variables held constant in the partial differentiation. Тһе partial 
derivatives in (3.79) are thus determined by application of the chain rule to (3.73)-(3.74), 
which yields the unabridged forms 


(ол) (му ‚(шу (28) 
OY3 q,T дуз @,Ya, 8 T OY, q,Y3,Ys,T дҮз gT 














+ E3 | EJ (3.80) 
q Y3,Y4 ‚Т gr 
OT а, УЗ OT q,Y4,Y5,Ys OY, q,Y3,Y5 ‚Г OT q,Y3 
+ E3 | eJ (3.81) 
q,Y3,Y4, T а, Уз 
OY; qt OY; q, Yi,Yo,Y4,Ys VA oy) ОО irae СИ OY; gr 
OY» q,Y1,Y3,Y4,Y5, T дуз 4 T 
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" E3 (55) 
OY, q,Y1,Y2,Y3,Y5,T дуз q,T 
Y: 
+ E3 (55) (3.82) 
OY; q, Y1,Y2,Y3,Y4,T дҮЗ ЊЕ 
(32) - (32) " E3 (52) 
OT q,¥3 OT q,Y1,Y2,Y3,Y4,Y5 oy) а,Үз,Үз,ҮА,ҮБ,Г OT q,Y3 
" E3 (52) 
ду; PAAR COR OT q,¥3 
„ (2) (2) 
OY, q,Y1,Yo,Y3, Yn, T OT q,Ya 


м) (or) 
9f Ec (3.83) 
C qnis Y aV OT а, УЗ 


Despite their deceptive complexity, these expressions become peculiarly simple, as detailed 
next, 
The Jacobian partial derivatives (3.80)-(3.83) depend upon the four derivatives 


5. Oa (8), (5 
к, CL: (3.84) 
| дуз q,T OT q,Ya OY gr OT q,Y3 


which are directly computed by differentiating the mass-action equations (3.60)-(3.61) and 
mass- fraction equations (3.65)-(3.66) and then solving for the required derivatives. With 
such a procedure, these derivatives become 








дуа а 20лзҮл OY, — Үүд асл (3.85) 

jar +2, \OT) y, Yi+2¥4 ат | 
and 

дҮ» __ 2023 5 дҮ» TD ҮҮ5 dG2 (3.86) 

OYa] v DRA a 0+2 dT | 


These simple expressions depend upon the mass fractions Yi, Y4, Yə and Y; and never become 
indeterminate. ‘This is because the denominators constantly remain positive since Y; and У, 
as well as У; and Y; never vanish simultaneously. 

With these results, the four partial derivatives 


x) (т), (о) (т) 
ү E 3.87 
Gm) (22) (ae) (Эт), asm 
originate from differentiating (3.65)-(3.66) as 
ду; 23 E E3 саз ул 
(ли), ~ (ж) (аи е CS 


s „ш ee - 
77 P ду), МӘТ) Yi2Yi dT | 
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д5 23 F3 E ооз 

ӘҮ; = lo! tial ley! = lov 3.90 
(5) qt Es Ys OY; Ya OY3 qT Y5 + 2Y; ( ) 
eJ _ (су) (52) __ БҮ; а Bon 

OT } ys OYs/y, МОТ Л ay, Yot2¥5 dT | 


Consequently, the expressions for the partial derivatives (3.80)-(3.83) of fı and fo with 
respect to Y3 and T' become 


О), Toc 2013Y. Y= fi 2023: 
(E) =: - 3 (- we) – = (- 2) 









































Се 2Y4 ВЕКА 2Ү5 Ур РУБ 
i 3 Q23 ) | 
+ B-A) ear ee к 
Of _ _ Ys-hdos Ys-h( | YiYa dGi| Ys hh (/— YoYs 46 
П 2. ur "332 X Т 2Y X Yo 2Y; dT 
= (Ys — Л). га ES 12 Q6 605 (3.93) 
2 Yi-2Y. dT Y2+2Y; dT dT | 
73 05 / M3 0 
—— = = те = —h 
Gan sary 
Y Q923 У: 
T joy 21341 T 0 2312 
+ ( Со Е UE. cu б» +h) ар 
+ (те, _ G/M 2033Y4. 
TON exp (0/7) — 1) Yı + 2Y 
М, 20193 У: 
Те, A 5 2345 94 
i " TES n за Pg 
N L L oy, cy “O/M O/T?) exp (67/7) 
OT } ay, = а (exp (02/7) — 1) 
— (Te, +h} T'es, + he 
(Te, + Уу йат” (Ten + ha) v ae ат 
+ (Te ___0О/М \ Ху ас 
der exp (62 /T) — 1/ Y; + 29, dT 
0° /Ms YY; ас 
ЕЕЕ с | 
У | on + сс) Y> + 2Y; dT Gi 


With these analytical partial derivatives, the procedure for determining temperature, 
and the five mass fractions is theoretically complete. Therefore, a practical implementa- 
tion utilizes expressions (3.69)-(3.70) and (3.65)-(3.66) to compute Y;, i Z 3, for a given 
state (р, є) at each grid point and associated (ҮЗ, Т). All of these variables are then em- 
ployed to evaluate functions (3.73)-(3.74) and all the corresponding partial derivatives for 
the Newton’s-algorithm determination of Уз and T. The computational results discussed 
in Section 3.11 indicate that this procedure quadratically converges, in two or three itera- 
tions, and directly yields temperature and the five mass fractions. Pressure is then explicitly 
computed using (3.56). 
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3.4 Partial Derivatives of T, у, Yo, Ys, Үз, Y; 

with Respect to p and є 
From the EOS (3.56), the thermodynamic and Jacobian partial derivatives of pressure depend 
on the partial derivatives of temperature Т and mass fractions Y;, 1 < 4 < 5 with respect 
to p and e. This section presents these derivatives. The derivatives of Y3 and T' are exactly 


determined from differentiating system (3.75). The derivatives of Y1, Yo, Үз, Ys then follow 
from differentiating their defining expressions. 


3.4.1 Derivatives of Т and уз 
Considering that Q = Q(p, є), the differential of both sides of expression (3.75) yields 


BOGBO 62.) 20 


This constitutes a linear combination of the linen independent differentials dp and de, 
which holds true if and only if their coefficients independently vanish, which defines the two 


linear systems 
==] —1 
OF OF У (50) (22) 
— —— , — | = – || — —— 3.97 
(89) py€ | др ) се | дє р JQ р,є дє Q;p | | 


E 


The Jacobian in both of these expressions is invariant and coincides with that in (3.76) at 
convergence. Systems (3.97) thus directly supply the partial derivatives 


(ap). Ce), (ав) (а), г 


Systems (3.97) depend on the partial derivatives 


(2) | Ез (3.99) 
Ор Q.e де Qp 





























which are expressed as 


ЕЗ _ Un (52) + (92) (52) (3.100) 
др Те OY, У Ys, T др Y3,T oY; a,¥3,Ya,T Op Y3,T 
ү »^" 
E Үз,Г,р 
‚ Ж in L а“ P 
др Ys,T,e OY, а,Үз,Үз,Үз,УБ,Т' О ду» УУ Ya Ys, др Y3,T 
+ (за) (hs + (32) sss (ар), 22 
OY, q,Y1,Y2,Y3,Y5, T OY; Q,Y1,Yo,Y3, Ya, T Op Ya 


(5) z (22) —1 (3.103) 
де У Тр Vis Ко Кака ка Ер 
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These relationships depend on the partial derivatives 








24 (58) — 
| ‚497 (3.104) 
(or q, Yj, T OY; q,Y;T 
and 
(22) eJ (5) (22) (3.105) 
др Ya T др Y3,T Op “wr Op Y3,T | 


At convergence of (3.76), the derivatives of f; and f» in (3.104) directly follow from the 
corresponding ones within (3.92)-(3.93), after setting fı = 0 and }» = 0. The derivatives 
of Y4 and Y; in (3.105) are obtained from directly differentiating the mass-action equations 
(3.60)-(3.61). With this procedure, the mass-fraction derivatives (3.105) become 


(22) _1 NY, (22) _1 VY; (3.106) 
др ут ЮҮ +24 удрјут PY+2Y; | 





Тһе partial derivatives of Y; and У then directly follow from differentiating the mass-fraction 
equations (3.65)- (3.66) as 


(э) __1 hn (22) _ Yo¥s (3 107) 
дрјут PIPA \ Op p Ya + 2Ys | 


With expressions (3.106)-(3.107), the partial derivatives of f; and f» become 








О 1 NY: ] YoY: 
(5) == == = (3.108) 
OP J у те 2p Yı +2Y4 2р0 + 2Y; 
О 
(22. = 0.0 (3.109) 
дє тр 
др 0 ҮҮ 0 ҮЗҮ» 
—— Te, th + (Ге, +h 
(22) - es ( b 
Te | ФМ \1 ҮҮ, 
va t exp (02/T) — 1 EM 
02 /M YoY: 
T dE 5/Ms = (3.110) 
exp (62/T) — 1 re 
(22) = 10 (3.111) 
Oc Тр 


3.4.2 Derivatives of Yi, Yo, Y4, Y; 


Once the derivatives of T and Уз with respect to p and є have been calculated, the partial 


derivatives ay 3i ae a 
4 4 5 5 
—— — ——- ——- 112 
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can then be exactly determined. Given the functional relations (3.71)-(3.72) for Y;, i 4 3, 





these derivatives are expressed as 

OY) _ (OX (Y (0X 

ODE. C Ova oT Op OT руу» 
(a), = (зе), (5) (в 3) 
де А OY; T OT У 
96), = s) oo) Gar)... Gr) 
Op}. T OT руу» 
(a), = (ж Ge), * Fors Goo 
де А т А OF Ys 


дҮ, 

2), + C) 
YT 

OY: 

+ (2) 
Ver 
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Q 
Dra 
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3 
> 
an 


(3.113) 
(3.114) 
(3.115) 


(3.116) 


where the partial derivatives of Уд and Y; with respect to Уз and T are detailed in Sec- 





tion 3.4.1. Hence, expressions (3.112) become 

















дуд) _ — 2олзуд (OY3 YiY, dG, (OT 1 NY, 
EJ a (92) — Yi 4 2Y, dT (2) рҮ, + 2Ү; 
OY _ _ газу (ðY; им dG, (ƏT 
5). Е ко к, dT el, 
OYs _  20»3Ys [01 Буг dG», (OT 1 YoYs 
c3 +215 t3 c rdc) p Ys + 2Y5 
oY; Е 20әзҮѕ / OY3 У аб (OT 
eJ  Y»42Y; (22 Eri 


With these expressions, along with (3.65)-(3.66) the partial derivatives 


др). де 2 др). де ), 
are developed as 


am) _ _(a%) _ „(86 
Op). др 7 9p J, 


(o -азу (ду Үү dG, (OT\ 1 ҮҮ, 
С Yi - 2Ya nm гасе рҮ + 2Y% 
ду, 
(ae), = = 
ду; 
(9) 





оу (0v 
де “R де А 


u —o1aYi (25) YY, ас (Z) 








Y; + 2Y4 V де Ү – 2Y, dT V де 


p 
ү — (905 
D» 23 др), 


|| 


(3.117) 
(3.118) 
(3.119) 
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3.5 Pressure and its Thermodynamic Derivatives 


With the calculated temperature and mass fractions, pressure is readily calculated via the 


EOS 





(3.126) 





The thermodynamic derivatives of pressure are then exactly determined by differentiating 


this EOS in the form 
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which shows dependence on the thermodynamic derivatives of both 7' and mass fractions Y;, 
] < 1 < 5, with respect to p and є. 





3.6 Jacobian Partial Derivatives 
of Pressure and Temperature 


The convergence of implicit Euler and Navier-Stokes CFD algorithms also depends upon 
accurate and continuous Jacobians of pressure with respect to the state variable q. Implicit 
Navier-Stokes CFD algorithms also require accurate and continuous Jacobians of tempera- 
ture with respect to q. This section exactly determines these derivatives. 

Using (2.15), an application of the chain rule to the EOS p = р(р, е(д)), leads to the 
partial derivatives of pressure with respect to the flow variable q = {p,m, E}" as 
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Тһе corresponding Jacobian partial derivatives of Т are directly obtained by replacing 
p with T in (3.129)-(3.131). As noted in Section 3.2, equations (3.65)-(3.66), (3.69)-(3.70), 
and (3.73)-(3.74) asymptotically approach perfect-gas expressions. Therefore (3.129)-(3.131) 
will converge for low temperatures to perfect-gas partial derivatives. In any case, these 
Jacobian derivatives depend on the thermodynamic derivatives (22), апа Gar Similarly, 


the Jacobian partial derivatives of Т depend on the thermodynamic derivatives (2) and 


D 


3.7 Derivatives of p and Y; with Respect to р, Т, 
Derivatives of р with Respect to р and 7, and 
Derivatives of Т with Respect to p and p 


These derivatives are established in terms of the thermodynamic derivatives of pressure and 
temperature. The expressions for the differentials of р = р(р, є) and T = T (p, є) are 


Op Op 
= G i 142 
dp (52) Фр + (а) n (3.132) 
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T= = .l 
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Similarly, the expression for the differential of p = p(p, Т) is 


Op Op 
p= (2). dp E dT (3.134) 


Replacing in this expression the differential of T' via (3.133) yields 


н (a), Ct), Ge) (2) (E), m 


This equation has to coincide with (3.132), hence the required derivatives of pressure become 


2-00 00-000, om 


The partial derivatives of the mass fractions Y;, 1 < 1 < 5, as well as any other thermo- 
dynamic variable, with respect to T and p can be obtained similarly to the derivative of 
pressure with respect to T and p. Following the procedure that generated these pressure 
derivatives, therefore, the derivatives of all Y;'s, 1 < i < 5, with respect to T and p become 
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Op 
The differential of pressure (3.132) also allows determining relationships between the 
derivatives of pressure and those of density. The expression for the differential of p = p(p, Т) 


is expressed as 
dp = EJ dT + (2) dp (3.138) 
р др Т 


Upon substituting for ар in (3.134) with this differential, the following linear combination 


(3), (8), (0,800) је ве 


Considering that the differentials dp and dT are linearly independent in such a combination, 
this combination can vanish if and only if its coefficients vanish, which yields 
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The expression for the differential of T = Т(р, р) is expressed as 
Т Г 
а= 2 Фр + 0 ар (3.141) 
др), р/а, 


Replacing in this expression the differential of р via (3.132) yields 
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This equation has to coincide with (3.133), hence the required derivatives of temperature 
become 
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A comparison of these findings with (3.136), in particular, reiterates the general result 


(2) = (2), 


3.8 Thermodynamic Properties 
with p and 7 as Independent Variables 


where the partial derivatives (25) and (25) have already been determined in Section 3.4. 








The procedure described in Sections 3.2-3.4 generates the thermodynamic properties of air 
with density and internal energy as independent variables. ‘This set of independent variables 
is eminently suited for CFD applications, for, as indicated in Section 3.1.3, these variables 
are readily available from the dependent state variable q in the Euler and Navier-Stokes 
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conservation law systems. The same procedure, however, can also deliver thermodynamic 
properties for any other set of independent variables because the procedure also delivers 
partial derivatives. This section presents a rapidly converging Newton’s method to use 
the procedure in Sections 3.2-3.4 to generate thermodynamic properties with p and T as 
independent variables. The method can also be swiftly modified to generate thermodynamic 
properties for any other set of independent thermodynamic variables. 

The procedure in Sections 3.2-3.4 delivers the functions p = p(p, є), T = T (p, є) and their 
partial derivatives with respect to p and e. Repeated here for convenience, the expressions 
for the differentials of p = p(p,c) and Т = T'(p,€) are 


dp — Ор dp + a de, dT = а ар + zd de (3.144) 
др). де А др), де А 


Upon setting the differentials in these expressions equal to first-order variations and solving 
for the variations Ap and Ae, the following expressions emerge 
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The variations Ap and Ae remain well defined since the denominator in these results never 
vanishes. Set all the variations in these results equal to the expressions 














Ap—py—p, AT-—Ty—T', Ар= р – р, Аеш ее (3.146) 


In these expressions, ро and Tọ denote prescribed pressure and temperature; р‘ and T’ 
correspond to the pressure and temperature the procedure delivers in relation to ø and e. 
Hence р! and є! calculated through (3.145) represent the refinements on p and e as р' and 
T* respectively converge toward po and To. Since the expressions in (3.145) correspond to 
Newton’s method on the system of functions p(p, є) ^ ро = 0 and T (p, є) — То = 0, the method 
has been found to converge quadratically in two or three iterations, provided that the initial 
estimate for p and є lie within the range of convergence and the absolute value of р^! and 
et! are used in each cycle, following the indications in Section 3.3. With the procedure 
described in Sections 3.2-3.4 encapsulated in a subroutine, the iteration corresponding to 
equations (3.145) finds its realization with two or three calls to such a subroutine. At 
convergence, Ap — 0, Де — 0, and p! — ро, T* — To, hence the procedure effectively 
provides thermodynamic properties for prescribed p and T. 

















3.9 Specific Heats 


The mixture specific heat at constant volume c, evolves from the derivative of the internal 
energy e with respect to temperature. The specific heat at constant pressure c, follows in 
terms of c,. 
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3.9.1 Specific Heat c, 
The differential of є = e(p, Т) is expressed as 


Qe Qe 
ає = |— | а — | dT 3.147 
| b | T ч t | 
p 
Upon inserting this result into (3.133), the following linear combination emerges 
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Considering that the differentials dp and dT are linearly independent in such a combination, 
this combination can vanish if and only if its coefficients vanish, which yields 


GL. (0) ев 


By definition, с, is expressed as 
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5 | =) (3.150) 

р 
This specific heat is thus obtained in terms of the derivative of temperature as 

py 

v = | —— Dol 

o= (Z) (3.151) 
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which derivative is calculated as detailed in Section 3.4. 


3.9.2 Specific Heat cp 


The determination of this specific heat in terms of c, requires the partial derivatives of 
internal energy € and entropy s, both with respect to p at constant temperature. From 
(1.138) the differential of € is expressed as 


de = Tds — pdv = Tds + P dp (9.152) 
p 





where s and v respectively denote entropy and specific volume. This expression thus implies 


the partial derivatives of є 
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The differential of s = з(р, Т) equals 
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Upon substitution of this ds into (3.152), the following differential of є is obtained 
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This differential has to coincide with (3.147) which yields 
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Furthermore, substituting for dp in (3.147) with differential (3.138) yields 


OEE e 


which for є = e(T, p) leads to the following derivative of є 
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To determine the derivative of entropy with respect to density consider Helmholtz func- 
tion He and its differential 


Н. =є- Тѕз = Ан, = іє – а(Тѕ) = ар — sdT (3.159) 
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Since He = Не(р,Т) is a function of state, its mixed second-order derivatives must equal 
each other whenever H, is differentiable, hence 


O^. ӘН, д д 1 (9 
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which provides the derivative of s in terms of the derivative of p, determined in Section 3.7; 
incidentally, this result is one of Maxwell ’s thermodynamic equations, but cast in terms of 
density. 


With derivatives (3.158) and (3.160), the expression for с, follows from its definition as 
the derivative of enthalpy h as 
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This result can then be expressed in terms of the derivatives of only one thermodynamic 
variable as : 
8 
T d (22), 
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where the second result follows from the second expression in (3.140). The ratio of specific 
heats then follows as 


кн [| _,__ 70), _ Е 
e T rA A), (D, 00, | 


In the absence of chemical reactions, М = constant and the derivatives of pressure from 
(3.13) reduce (3.162) to the well known result 


бр =x. (3.164) 


M 
3.10 Speed of Sound 


The square of the speed of sound calculated from р = p(p, є(р, s)) is expressed as 
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where the final step derives from (3.153). By virtue of the Jacobian derivatives of pressure 
(3.129)-(3.131), this expression becomes 
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which coincides with the square of the isotropic component of all the eigenvalues of the 
inviscid flux vector, as determined in Chapters 13, 17. 
The speed of sound, is calculated via 


Ор р (Ор 
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_ [ОР PH 1 
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for the thermodynamic derivatives of pressure are determined as shown in Section 3.5. 

This expression for the square of speed of sound can also be expressed in terms of the 
specific heat ratio y using the pressure derivatives (3.136) and the following equality from 
the second expression in (3.162) 
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The expression for the square of the speed of sound thus becomes 
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where the EOS (3.13), with R = R/M, contributed the expression for the derivative of 
pressure with respect to p. In the presence of chemical reactions, therefore, the speed of 
sound differs from the “frozen” speed of sound yyRT. In the absence of chemical reactions 
R = constant and with T = Т(е) and (3.13) for EOS, the additional terms beyond 7RT in 
(3.169) vanish and the speed of sound then coincides with РТ. 








3.11 Computational Results 





The procedure detailed in this chapter has generated the thermodynamic properties of equi- 
librium air using as independent thermodynamic variables both density and internal energy, 
suitable for CFD applications, and pressure and temperature, following the developments in 
Section 3.8. The results are generated for the pressure and density ranges that correspond 
to an increase of altitude in standard atmosphere of 30,000 m, slightly over 98,000 ft, above 
sea level. Table V summarizes the reference pressure and density 











Table V. Reference Density and Pressure 





altitude (km ) density (kg m^? ) pressure ( Ра) 





30 0.0184 1196.968507 
24 0.0469 2971.756296 
18 0.1216 1565.246266 
12 0.3119 19399.475779 
6 0.6601 47217.594506 
0 1.2250 101325.024000 





The symbols б and рь in the following discussion denote sea-level density and pressure. 

An electrically neutral five-species model for air remains accurate for temperatures up to 
about 9,000 K. The temperature range used for the results in this section, however, reaches 
over 10,000 K, in order to verify that at high temperatures the procedure yields results that 
correspond to a perfect gas of fully dissociated, hence atomic, species. 

All variables in this section remain dimensional and are arranged in non-dimensional 
groupings. The results are presented in sets of isochors for pressure and sets of isobars for 
mass and mole fractions, mixture molecular mass, temperature, thermodynamic derivatives 
of pressure and temperature, constant-volume and constant-pressure specific heats, specific 
heat ratio, and sound speed squared. 

Figures 3.1-3.2 present the distributions versus temperature of species mass and mole 
fractions. At p = 1 atm, the dissociation of molecular oxygen begins above 2,000 K and is 
virtually complete above 4,000 K; the dissociation of molecular nitrogen begins above 4,000 
К, when that of oxygen completes, and is virtually complete over 9,000 K; nitric oxide begins 
to form at about 2,000 K; its mole fraction increases, reaches a peak at about 3,500 K and 
then decreases. These features and all the p = 1 atm curves virtually coincide with the 
results reported in [7]. This reference, also confirms the correctness of the shift of the mole 
fraction curves observed in the figure. A decrease in pressure favors dissociations; they can 
thus initiate at comparatively lower temperatures, which explains the shift to the left of the 
mass and mole fraction curves. 
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Figure 3.1: Mass Fractions У; versus Temperature 
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Figure 3.2: Mole Fractions Х; versus ‘Temperature 


These curves show a rapid decrease of No. This effect is due to the formation of NO, 
which requires nitrogen atoms. As dictated by conservation of mass, a relative minimum 
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in № mass fraction, for Т < 4,000 К, corresponds to a maximum in NO mass fraction. 
The mass fraction of O increases monotonically, whereas the mole fraction decreases from 
a relative maximum for Т < 5,000 К. Since a mole fraction is the ratio of species moles 
and mixture moles, this decrease of O mole fraction is not so much due to a decrease in 
the number of atoms and molecules of oxygen, but rather to a drastic increase of the total 
number of mixture moles due to the rapid dissociation of molecular nitrogen. The results 
reported in [163] then indicate that electrons and ionic species are virtually absent, for their 
mole fractions are less than 0.008 for Т < 9,000К, and p = 0.01 atm; even smaller mole 
fractions of these charged species are present at higher pressure. This observation justifies 
the selection of an electrically neutral reacting-air model for this temperature range. 

Figure 3.3 presents the variation of mixture molecular mass, which directly correlates 
with the variations of mass and mole fractions 
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Figure 3.3: Molecular Mass versus Temperature 








The decrease in this mass for rising temperature is expected because as temperature 
increases several atomic species join the existing molecular species, the number of moles, 
accordingly, increases, and hence less massive particles are present within each mixture mole. 
The variation of № mole fraction reflects the variation of molecular mass for Т < 4,000 
K, for Nə is the dominant species in this temperature range. As temperature increases, 
the chemical dissociations are complete and the ratio M/M,;, approaches 1/2, because air 
becomes a mixture of atomic oxygen and nitrogen, the molecular mass of which is half that 
of their molecular counterparts. 

For the various density levels in Table V, Figures 3.4-3.5 show the variation of pressure 
versus internal energy and temperature. 
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Figure 3.5: Pressure versus Temperature 
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Pressure is charted versus є because from the first EOS in (3.27), pressure linearly in- 
creases with є. This representation clearly shows the difference between perfect- and reacting- 
air predictions. For a given density, the chart illustrates the incorrect high pressure predic- 
tions of the perfect-gas model, which become wholly unrealistic as € increases. This notice- 
able discrepancy between perfect- and reacting-air predictions originates in the significance 
of internal energy. In a perfect gas, the internal energy is due to rotation and translation 
kinetic energy, which determines species collision intensity, hence pressure. Within a re- 
acting gas, on the other hand, internal energy also encompasses vibrational and formation 
energy, hence only a portion of є contributes to the pressure-causing molecular kinetic en- 
ergy, which corresponds to a reduction in both pressure and pressure increase in comparison 
to the perfect-gas case. As e increases further, the curves tend to approach straight lines, 
because at completion of the chemical reactions, the equilibrium air begins to behave for a 
certain range of temperature as a perfect gas of atomic oxygen and nitrogen, corresponding 
to the first EOS in (3.27) with y — 5/3. 

At low temperature, when the mixture molecular mass decreases only modestly, see Fig- 
ure 3.3, pressure is observed to increase linearly with temperature. This correct trend follows 
the EOS (3.13), which, with approximately constant M, leads to pressure remaining directly 
proportional to temperature. As temperature increases, the molecular mass decreases, as 
illustrated in Figure 3.3. As а consequence, pressure increases more rapidly versus tem- 
perature in the reacting than in the non-reacting case. Mechanically, more species, hence 
particles, that are less massive and faster contribute to particle collisions, which increases 
pressure in comparison to the non-reacting case. smooth. 

Figures 3.6-3.7 present the variations of thermodynamic partial derivatives of pressure 
(22), апа Gay versus temperature. ‘The kinetic-theory interpretation of pressure as colli- 
sional variation of linear momentum explains these variations. Concerning the variation of 
the constant-density derivative R as temperature increases the mixture species possess 




















де 
greater kinetic energy, hence this derivative is positive. An increase in temperature with 
constant pressure, however, leads to a decrease in density, hence fewer particles collide, pres- 
sure increases less rapidly and (2), decreases as temperature increases. In the presence of 





chemical reactions, on the other hand, more particles collide hence this derivative is greater 
than in the perfect-gas case. 

For a fixed e, as temperature increases, an increase in mixture density corresponds to more 
species involved in collisions, which explains the increase in (2) for both the non-reacting 
and reacting cases. This thermodynamic derivative varies linearly for low temperature, 
because for a perfect gas, hence from (3.27), this derivative equals e, which from (3.26) 
increases linearly with temperature. As temperature increases, the reacting-air values of 
this derivative are greater than those for a perfect-air, because the chemical reactions lead 
to more colliding species than in the perfect-air case. For both derivatives, a dissociation- 
favoring decrease in pressure then further reduces the increase in molecular kinetic energy and 
increases the number of colliding species, which explains the observed respective variations 
of these derivatives with respect to pressure. As temperature increases further, the chemical 
dissociations are complete, the mixture becomes a perfect gas of atomic species and the 
isochors converge to a single straight line. This line corresponds to the derivative of the first 
expression in (3.27), but with y = 5/3, rather than the smaller у = 7/5 which explains the 
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Figure 3.6: = (2) versus Temperature 
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steeper slope of the atomic-air line versus that for molecular air. Observe that for both these 
thermodynamic derivatives, the procedure has generated continuous and smooth distribu- 
tions. 

Figure 3.8 shows the variation of temperature versus non-dimensional specific volume 
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Figure 3.8: Temperature versus Specific Volume 


Temperature is plotted versus specific volume 1/(р/ рь) because from the second EOS in 
(3.27), temperature increases linearly with 1/(p/p.) for a perfect gas. This representation 
clearly shows the difference between perfect- and reacting-air temperature predictions. For a 
given density, hence specific volume, the chart illustrates the well known incorrect high tem- 
perature predictions of the perfect-gas model, which become totally unrealistic as 1/(p/ pss) 
increases. This discrepancy results from the mechanism of specific volume increase. In the 
non- reacting case, the specific volume increases in direct proportion to a rise in molecular 
kinetic energy, hence a rise in temperature. In the reacting case, for a given temperature, 
specific volume rapidly increases because the atomic species that emerge from the chemical 
dissociations occupy larger spaces when they translate freely than when they remain bound 
within molecules. As temperature increases further, the curves tend to approach straight 
lines, because at completion of the chemical reactions involved, the equilibrium air begins 
to behave for a certain range of temperature as perfect gas of atomic oxygen and nitrogen. 
Overall, the temperature distributions in the figure remain continuous and smooth. 

Another clear indication of the significant differences between perfect- and reacting-air 
behavior is provided by Figure 3.9, which correlates with Figure 3.8 and presents the variation 
of temperature versus internal energy є. For low energies, no chemical reactions occur nor 
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are the vibrational modes fully excited. Consequently, temperature remains independent of 
pressure and increases linearly with internal energy in this range. This correct trend follows 
the perfect-gas TE in (3.26), which shows both independence from pressure and a constant 
specific heat for the constant slope in the curve. Temperature is a measure of the molecular 
kinetic-energy mode. Hence, further increases in energy, accompanied by chemical reactions, 
reduce the rise in temperature, in comparison to the perfect-air case, because only part of the 
internal energy raises molecular kinetic energy, while the rest triggers chemical reactions, and 
the larger є the greater the discrepancy between perfect-air and reacting-air predictions. As 
the graphs show, the rise in temperature is further retarded by a decrease in pressure, which 
increases the rate of dissociations and thus further reduces the increase in molecular kinetic 
energy. For continuing increase of internal-energy, the curves then indicate a diminishing 
dependence on pressure and concurrent convergence towards a single straight line. ‘This 
convergence results from completion of the chemical reactions, hence the equilibrium-air 
behaves for a certain range of energies as a perfect-gas of atomic oxygen and nitrogen with 
pressure-independent constant specific heat, hence the constant slope in the corresponding 
curve. 
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Figures 3.10-3.11 present the thermodynamic partial derivatives of temperature (22) 


and (2£) versus temperature. For low temperatures, (2£) has to vanish, for temperature 
де р Op 2 є 


remains constant for fixed є, according to the perfect-air TE in (3.26). 
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Figure 3.10: 22 (57) versus Temperature 
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As temperature increases, the presence of chemical dissociations induce a strong depen- 
dence of Т and (2) on р because an increase in mixture density provides for more atoms 
in the mixture that become free from molecular bonds and travel faster than molecules 
because they are less massive. The number and intensity of particle collisions, therefore, 
increases, impact linear momentum is exchanged more rapidly, and kinetic energy and tem- 
perature increase more swiftly than in the non-reacting case. This effect is accentuated by 
a dissociation-favoring pressure decrease. As temperature increases further, however, the 
dependence of (92), on Т rapidly decreases because at completion of the chemical reactions, 











no additional atomic particles emerge within the mixture and internal energy no longer de- 
pends on density, but only on temperature. For constant е, it thus follows that (57) ~ (), 
in these conditions. | 

The variation of (је versus T directly correlates with the variation of Т versus є and 





mole fractions versus Т. Even before chemical dissociations begin, this derivative is seen to 
decrease, as determined by the non-linear increase of the vibrational energy, which equals 
kinetic energy at equilibrium. Therefore, temperature, a measure of one mode of molecular 
energy among the translational, rotational and vibrational modes, increases less rapidly 
than е, the sum of all the molecular energy modes. As the chemical reactions progress, they 
от 


require increasing amounts of energy that will not be present as kinetic energy, hence (22 
р 





decreases further. 
When the peak in nitric oxide mass fraction is reached, an increase in internal energy 
contributes to a proportional increase in molecular kinetic energy, which explains the increase 
от 


in (22) until a state where a further increase in temperature initiates the dissociation of 
р 


molecular nitrogen. ‘This dissociation will then require increasing amounts of energy that 
will not be present as kinetic energy, hence (52) begins to decrease again. As the chemical 
р 


де 
dissociations near completion, an increase in є induces a proportional increase in molecular 
kinetic energy, which explains the renewed increase in or) . A thermodynamic state is 
р 


then reached where the reactions are complete, the mixture begins to behave as а perfect air, 
within an appropriate range of 7’, and thus (22) becomes equal to a constant, corresponding 

р 
to the inverse of a constant specific-heat. It is important to observe that for both derivatives, 
the procedure generated smooth results. 


Figures 3.12-3.13 present the variations of the specific heats с, and c, versus temperature. 





These variations directly correlate with the variation of (22) and with each other, following 
р 


(3.162). At low temperature, the mixture behaves as a perfect gas of molecular oxygen and 
nitrogen. From (3.48)-(3.49) and (3.164), therefore, c,/(R/Mair) and c)/(R/Mair) approach 
their respective perfect-gas magnitudes of 5/2 and 7/2. Before any chemical reactions, 
pressure does not influence c, and c,, but as temperature increases, c, and c, rise above 
corresponding perfect-gas magnitudes because the internal energy experiences an increase 
in both kinetic energy, contributing perfect-gas magnitudes for these specific heats, and 
vibrational energy. With the onset of chemical reactions, the rate of change of Y3 initially 
increases with temperature, while internal energy and enthalpy rapidly increase through NO 
formation enthalpy, which leads to the observed rapid rise in с, and cp. 
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Figure 3.12: Specific Heat c, versus Temperature 
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Figure 3.13: Specific Heat с, versus Temperature 
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When the NO mass fraction decreases with temperature, so does the corresponding 
formation-enthalpy contribution to internal energy and enthalpy. Consequently both c, and 
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cy decrease, but remain greater than perfect gas levels owing to vibrational energy modes and 
the increasing contribution of atomic-oxygen formation enthalpy. As temperature increases 
further, the mass and mole fraction of N rapidly rise, hence the internal energy significantly 
increases due to the increasing contribution from the formation enthalpy of N. A decrease 
in pressure favors the mixture chemical reactions and it thereby accentuates the effects of 
NO and № formation-enthalpy contributions to internal energy, which intensifies the rises in 
c, and ср. For Т < 9,000 К, hence in the virtual absence of electrons and ionic species, the 
distribution of c,/ (А/М) agrees with the one reported in |7]. For higher temperatures, the 
mass fraction of N increases less rapidly until it reaches a constant plateau. Accordingly, 
c, and ср begin to decrease and a further temperature rise merely increases atomic kinetic 
energy. The mixture thus behaves as а non-reacting gas that consists of atomic oxygen and 
nitrogen. The atomic mass of this mixture equals half of Mair, and from (3.48)-(3.49) and 
(3.164), c,/(./ Ma) and c,/(R/Mair) approach their respective perfect-gas magnitudes of З 
and 5. 

Figures 3.14-3.15 show the variation of specific heat ratio y and non-dimensional sound 


speed squared c?/(p/ p). 
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Figure 3.14: Specific Heat Ratio y versus Temperature 


Without any chemical reactions or vibrational-energy effects, both ^; and c?/(p/p) equal 
the molecular perfect-gas magnitude of 7/5. From the first expression in (3.163), y equals 
the product of the derivative of enthalpy with respect to temperature and the derivative of 
temperature with respect to internal energy. ‘The variation of у, therefore, directly correlates 
with the variation of CF portrayed in Figure 3.11. 
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Figure 3.15: Sound Speed Squared versus Temperature 


In the absence of chemical reactions, all terms beyond yRT vanish in expression (3.169) 
for the square of the speed of sound. In these conditions, therefore, у and c?/(p/p) = c?/(RT) 
equal each other, as Figures 3.14-3.15 indicate. When the mixture chemical reactions take 
place, expression (3.169) shows that c?/(p/p) no longer coincides with y, as the charts indi- 
cate. For T' < 9,000 К, hence in the virtual absence of electrons and ionic species, the dis- 
tribution of c?/(p/p) agrees with the one reported in [7]. When the reactions are completed, 
y and c?/(p/p) coincide with each other again and approach the perfect-gas magnitude of 
5/3, following expressions from (3.48)-(3.49) and (3.164). 





3.12 Performance Summary 





The procedure detailed in this chapter directly generates pressure, and temperature, as 
well as their thermodynamic and Jacobian partial derivatives, mass and mole fractions, 
molecular mass, specific heats and speed of sound for a five-species neutral equilibrium air. 
This procedure algebraically reduces the six-equation chemical- equilibrium thermodynamic 
system and explicitly expresses four variables in terms of nitric-oxide mass fraction and 
temperature. These two variables are then numerically determined by solving the internal- 
energy and nitric-oxide mass-action equations through a Newton’s method solution, which 
is observed to converge rapidly in two to three iterations. The procedure then exactly 
determines the partial derivatives of pressure, temperature and mass fractions analytically. 

All of the computational results over a temperature range of more than 10,000 K and 
pressure range corresponding to an increase in altitude of 30,000 m, about 98,000 ft, above 
sea level, remain physically meaningful. Independently published results are available for 
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mole fractions, constant-volume specific-heat and speed of sound and the distributions of 
these variables predicted by the procedure agree with these independent results. Тһе ther- 
modynamic properties so generated, including the critical thermodynamic partial derivatives 
of pressure and temperature are then observed to remain continuous and smooth. These re- 
sults, accordingly, support the procedure as an attractive alternative both to generate the 
thermodynamic properties of electrically neutral chemically reacting equilibrium air and to 
incorporate these properties directly and efficiently within Euler and Navier-Stokes CFD 
algorithms. 











Chapter 4 


Euler and Navier Stokes Systems 


This chapter specializes the fundamental governing equations for the case of compress- 
ible and incompressible flows of Newtonian fluids and then establishes corresponding non- 
dimensional forms. This chapter also clarifies the subtle yet important difference between 
the incompressible- and compressible-flow temperature equations. 

The governing equations in differential form 




















Op | дри; _ 0 
Ot Ox. i 
Opu;  O(puj;u; + pó;) доз; Е 
27 + ^m - — Ox; — pbi = 0 (4.1) 
Ope  Auj(pe+p)) Buoy дај - 
Ot = On ОД; 7 Ox, puibi pg 





show the separate effects of pressure and deviatoric stress. This non-linear time dependent 
partial differential system in the independent variables (t, x4, £2, x3) and dependent variables 
(p, ри, рих, риз, pe) provides 5 equations for three-dimensional flows and 4 equations for two- 
dimensional flows. 

The Euler equations derive from this system when the contributions from deviatoric 
stress of; and heat conduction q; components can be neglected. The corresponding flow 
is an “inviscid” flow. In this case, the only additional equation to close the system is an 
equation of state that relates pressure p to density р and energy е. 

The Navier Stokes equations, instead, emerge from this system upon specification of 
constitutive relations for oj, and q! in addition to an equation of state for pressure, as all 
presented in Chapters 2-3. 

System (4.1) presents the governing equations in the so-called conservation form. In the 
absence of the source term for body forces and heat generation, this system is abridged as 


NES NE 
Ot Ór; - 








0 1<1<3 (4.2) 


In integral form, system (4.2) is expressed as 


zu qn олу О = 4. 
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This equation can be transformed through Gauss’ theorem, which for a steady flow leads to 


Ель аг = 0 4.4 
+ 327?) (4.4) 


This result stipulates the absence of any net “flow” of the quantity F across the boundary 
OX? of О, which corresponds to conservation of this quantity. In CFD, the conservation form 
of the equations leads to accurate calculations of shock-wave position and strength. ‘The 
arrays д and Fi, 1 <7 < 3, are defined as 


р pui 
pui бшш + p — 011 
да=, P% >, БЕ = рио — 051 
риз ризиј — 031 
ре и (pe + p) — щоб + 41 
pu pus 


T T 
ријиг — 012 ријиз — 013 


F^ = pau» Tp 059 F} = ригиз — 053 (4.5) 


n n 
ризиг — 05» ризиз + p — 033 


F 


ио (pe + p) — uita + qs 3 


из (pe + p) — ос» + да 


The following chapters amplify on this conservation concept for specific flows. 

The so-called “non-conservation form" of the governing equations follow from subtract- 
ing the continuity equation from the momentum and total energy equations. With this 
transformation, system (4.1) becomes 




















др др ди; 
ME EE UU ed) 
Ot ЕЈ uj Qs T Pos; 
Qu; Ou; др дор 
де де дир дщо дд? i 
РӨ „рш On; = Ox, Qs i OL; pe P3 


These equations are said to be in non-conservation form only and simply because they do 
not directly lead to (4.4). It goes without saying, they still express conservation of mass and 
energy and the second law of mechanics. 
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4.1 Compressible Flows 


Expansion, compression, and shock waves can all emerge within compressible flows. ‘The 
conservation form of the equations will lead to accurate calculations of these flows, which is 
the form of the equations used for a CFD investigation of compressible flows. 


4.1.1 Conservation Form 


The time derivative terms in the momentum and energy equations in (4.1) contain products 
of variables; these variables are replaced by the volume-specific linear momentum and total 
energy in order to generate a single variable within each of these partial derivatives, which 
in turn will permit more convenient calculations. The volume-specific linear momentum 
components and total energy are defined as 


т; = рш, Е = ре (4.7) 


In particular, the velocity components become derived variables as linear momentum com- 
ponents per unit density. A certain balance emerges in the governing equations with the 
introduction of these variables because density itself is a volume specific quantity, mass in 
this case. 

In terms of volume specific mass, linear momentum components and total energy, the 
Navier-Stokes system thus becomes 








Op От, u 0 

Ot OL; i 

8t дт; (m, + po; ES st) = 90; =U (4.8) 
OE д (m; mi; 
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and the Euler system obtains by neglecting the deviatoric stress components o7; and heat 
conduction term 47. 

From (2.6) and (2.7) the constitutive equations for stress tensor and heat conduction 
terms are expressed as 


uo (Se ale тоо Отијр p ӘТ 
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Stokes’ hypothesis is practically always used and consequently the bulk viscosity 7, is set to 
zero. The pressure and temperature state equations in terms of volume - specific variables 
are expressed as 





р=р(р,є) = p С : (x — zm.) ) , T=T(p,) =T С > | = zm.) ) (4.10) 


p p 


as shown in Chapters 2-3. 
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In abridged notation, the Navier-Stokes system becomes 


да | Of; Of; 
wh NM AULA PNE m 4.11 


where the arrays q, f;, /;, 1 € 7 € 3, and Фф are defined as 
J? 43 


p m; 0 0 
та т + po; o; pfi 
quee USE. qe Pu T pó; T 05; ‚ ф= p^ 
ma ms + pó; 05; pfs 
E » (Е + p) о +4 ттар, + pg 


(4.12) 
The so-called inviscid flux array with components f; depends on the state array q only, hence 
f; = f;(q). In many gas dynamics applications, the magnitude of the source term ф remains 
negligible in comparison to the other terms in the governing equations and is thus stricken 
out of the equations. 


4.1.2  Non-Dimensional System 


Computationally convenient non-dimensional forms of the governing equations emerge from 
а set of reference variables for the Cartesian coordinates zj, 1 < 7 < n, with n the number 
of flow dimensions, and the dependent variables of density p and volume-specific linear 
momentum components m;, 1 < j < n, and total energy E. The reference time rests on a 
reference length and a reference velocity, which in turn depends on the reference pressure 
and density. With these specifications, the non-dimensional Euler equations, retain the 
same form as their dimensional counterparts, whereas the non-dimensional Navier-Stokes 
equations display the Reynolds, Prandtl, and Eckert numbers. 
Consider the following reference length, density, pressure, and temperature 




















L; Pre; Pre; Ie (4.13) 


Depending on the flow investigated, these parameters can correspond to a dominant geomet- 
ric dimension as well as free-stream or stagnation conditions. On the basis of their respective 
dimensions, the corresponding reference parameters for speed, time, and volume-specific to- 
tal energy obtain as 





2. Pr L 
Vie m pu tre = та, Five = Pre; (4.14) 
With a tilde ^^" denoting a non-dimensional variable, corresponding dimensional and 


dimensionless variables depend upon one another through (4.13)-(4.14) as follows 


pe P qj = Lx 
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p= Pre? , Mj = Pre Veni; E = ЕЁ (4.15) 
These specifications lead to the following form of the compressible Navier-Stokes equations 


Pre Vie Op PreVre Om; 
L Ф L Oi; 

px V2 OM; " О О (Sim " Pre OPO ШИ дб , 
L д L д; ') L 0%; LD дй; 

реМедЁ | peVe O (т B«g)-' нуз д (= ә) бод | k 2. _ 
LÀ 00 L др 12 05; | І? 03; \ ko OF; 





= 0 


























(4.16) 
The following non-dimensional groups of reference parameters are rearranged as 
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The reference parameters multiplying the second-order derivatives of temperature in (4.16) 
become 
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where “Ес”, “Рт”, and “Re” respectively denote the Eckert, Prandtl, and Reynolds numbers. 
With these numbers, the non-dimensional compressible Navier-Stokes equations become 
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With a reference speed expressed in terms reference of pressure and density, the local 
Mach number *M" for а perfect gas becomes 





М= = EE ПРИ ИН (4.18) 


velo (YIP/P)/ Vse — (Job/ oM у mel Pre YB/0 


which directly depends on non-dimensional variables. Since the reference volume-specific 
total energy coincides with the reference pressure, the non-dimensional perfect-gas equation 
of state becomes 
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where “у = сру/ су“ denotes the specific-heat ratio. Since the specific heats and gas constant 
R are related by Mayer’s equality c, — с, = R, the non-dimensional ratio c,/R depends on 
ү only as c,/ А = y/(y — 1). Like the reference speed У, the reference temperature Т too 
can depend upon the reference density and pressure. In this case: 














а ү? V2R R = | 
= E Se a (4.20) 
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4.1.3 Variational Formulation 


In the variational weighted formulation introduced in Chapter 7, the Navier-Stokes equations 
are conveniently expressed as 
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where the tilde has been nampa! for simplicity, even Hon all variables in these statements 
remain non dimensional. The surface integrals in these results arise from a transformation of 
the corresponding domain integrals through Gauss’ theorem. ‘These surface integrals provide 
quite a convenient setting to enforce physically meaningful boundary conditions on surface 
linear momentum flux mjn;, traction components (pô; — of; /Re)n; and heat flux OT/On. 
The boundary conditions that must be enforced on these m can thus be directly 
inserted into the corresponding surface integrals in these variational equations. Additional 
boundary conditions, of course, constrain q on appropriate facets of the total boundary, as 
detailed in Chapters 13, 17. 


4.2 Low Speed and Incompressible Flows 


The flow of gases too can be characterized as incompressible when the flow speed does 
not exceed about 30% of the speed of sound. The difference between an incompressible 
fluid and an incompressible flow is the following. In an incompressible fluid, like a liquid, 
e.g. water, the density practically remains constant irrespective of the state of motion. 
An incompressible flow involves the motion of either a liquid or a gas within which the 
variations of density are negligible in comparison to gradients of velocity in the continuity 
and momentum equations. In this sense it is possible to speak of incompressible flows of 
highly compressible fluids like gases. 
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4.2.1 Continuity Equation 





The continuity equation in system (4.1) can be expressed as 





=0 (4.24) 





The case of each fluid particle maintaining practically invariant density implies 


Dp Qu; 
— у) = —=0 4.25 





As a result, if the fluid particle density does not change, the divergence of velocity vanishes, 
which, with reference to Section 1.9, signifies that the volume of the particle will not change, 
as expected. The vanishing of the substantive derivative of density does not directly imply, 
however, that the density field is a uniform constant. In fact, this field can vary with both 
time and space while possessing a vanishing substantive derivative. 


4.2.2 Momentum Equation 


The non-conservation momentum equation in system (4.6) 


ди; + q 2'i " др Е дот; 
Р Ot Р ’ On; Ox; Ох; 














applies for any flow, compressible or incompressible. ‘The form for incompressible flows 
results from the following specifications. 

With a vanishing velocity divergence Qu;/Ox;, the constitutive expressions for the devi- 
atoric stress components from (2.6) become 


Ou; Qu; 
а 4.2 
oh = и (Se + =) (427) 








Since the velocity divergence vanishes, the specific numerical value of the bulk viscosity ns 
no longer matters in an incompressible flow, for it multiplies the velocity divergence, which 
vanishes and thus no longer features in the deviatoric stress. Within an incompressible 
flow and with reference to Chapter 2, as a consequence of a vanishing velocity divergence, 
mechanical and thermodynamical pressure always equal each other. 

If variations of density are induced by temperature gradients, the p multiplying the 
body force is left to vary, whereas the p multiplying the substantial derivative of velocity 
is set to а constant, for its slight variations would not induce substantial changes in the 
velocity gradients. This specification corresponds to Bousinnesq's approximation, in which 
the density multiplying the body force is expressed as 





~ С ы __1 (др 
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where bre denotes the coefficient of thermal expansion. The momentum equation for an 
incompressible flow in this case becomes 
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where p, denotes a reference constant density. The insertion of (4.28) into the moment 
equation yields 
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Let b; denote the it component of a constant body-force vector. In this case, a “potential” 
pressure “Р” exists, which satisfies the expressions 





OP 10 
= zb == Pa hae о (4.31) 


Ox; po OX, fo fo 








the latter expression applying when the body force is the weight, with “g” denoting the 
acceleration of gravity parallel to the тз axis. With this potential pressure, the momentum 
equation becomes 
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The conservation form of the momentum equation for incompressible flow arises by adding 
to (4.29) u;Qu;/Ox; = 0, which yields 
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Әл a) + fre (T — T,) db; =0 (4.33) 


4.2.3 Temperature Equation 


The derivation of the temperature equation for incompressible flows presents an interesting 
riddle. The straightforward insertion of the incompressibility condition into the internal- 


energy equation 
= a Е ИНИ, (4.34) 

p Dt Ox 7 Ox 7 
leads to а temperature equation that is correct for liquids, but quite incorrect for gases, 
because such a direct substitution would neglect the important temperature variations that 

result from a density change, however minute. 

While in a liquid, density remains practically constant under temperature variations, in 
a gas, density readily varies under temperature changes. In the incompressible flow of a 
gas, slight density variations minimally affect the linear momentum of a fluid particle, but 
significantly affect its temperature. A temperature equation for deriving the corresponding 
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correct equation for the incompressible flow of both liquids and gases is the following equation 
(1.156) that accounts for the variation of temperature due to density changes 


D1 Oh Dp Qu; Og; | 
на ај | ыт ET Lu а | 
P^» Dt (^ (S) ) Dt 79 Оту. Of, id on 





This equation applies for both compressible and incompressible flows and does not explicitly 
contain any density gradients; the velocity divergence only implicitly features within с. The 
determination of an incompressible-flow temperature equation for liquids and gases from this 
equation thus amounts to a characterization of these fluids through the substantive derivative 
of pressure and the thermodynamic derivatives of enthalpy A. 

For а homogeneous fluid, а thermodynamic state variable depends on only two other 
independent state variables. Internal energy and enthalpy can thus be expressed in terms of 
pressure and temperature as follows 


e = «(Т,р(р,Т)), h—h(T,p(p,T)) = (TZ, p(p,T)) + 





р 
pp, T) 


By definition, the specific heats at constant specific-volume, hence constant density, and 


constant pressure are 
Qe Oh 
v= , = 4. 
i (ar). P (ar). НИ 


where the subscripts p and p signify derivatives calculated respectively at constant density 
and constant pressure. The substantive derivatives of є and h can thus be expressed as 
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The connection between c, and c, and the partial derivative of enthalpy with respect to 
pressure originate from (4.36) and (4.37) as 


| B ; (ar) 5.) 9 (+) r3 (+) 
с. = Cy + T d | = + – — 4.39 
i (5). E а p^ Vor : OD OD AUD P P МООЛ» 699) 


Liquids 





(4.36) 











(4.38) 











For a liquid, p ^ constant, hence (4.38) and (4.39) become 
De | DT Dh Рт 1рр 


Di DE De” Ре D 


Oh 1 
Q5 e E dex 4.4] 
ean (4.41) 


(ә) 1) 2-0 аа 


(4.40) 


which imply 
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Gases 


For a sufficiently dilute gas, the internal energy є practically remains independent of density 
hence (4.38) and (4.39) become 


De рт Dh РТ C аср 
T 


Dt ‘Dt’ Dt ?pt p p2\ap Dt 


р (др 23 1 р (2) 
E eee. eue 4.44 


It follows, that both liquids and gases posses the same substantive derivative of internal 
energy e. For either a dilute or perfect gas, when the local flow speed is lower than the speed 
of sound, pressure variations on a fluid particle are negligible in determining its temperature 
in comparison to density variations; in this case Dp/ Dt ~ 0, which implies 


(ә) -:) 2a ia 


Certainly, this model does not imply that pressure would remain a constant throughout the 
flow field. The perfect gas model with p = pRT then simplifies these expressions to 


Dh _ DT =. +R 9h 
D р e | Op 


Equation for Liquids and Gases 








(4.43) 





= 0 (4.46) 


Т 


With results (4.42), (4.45), (2.7) and (4.27) the temperature equation (4.35) for the incom- 
pressible flow of both liquids and gases becomes 


Ср | — + и | = 
PP? Vat ог) да; до) '? "Ox; (да) Om; 
The specific heat с, instead of cp would appear in a temperature equation which originates 
from inserting both the incompressibility condition and the first of (4.40) or (4.43) into the 
internal-energy equation (4.34). While this is correct for a liquid, for с, = cy, it is not for a 
gas, as indicated by (4.41) and (4.44). 
The conservation form of the temperature equation for incompressible flows arises by 
adding to (4.47) рс,Гди/дх; = 0, which yields 
OT дит ka д (k OT g u ди; [ ди; М ди; 
Ot Qs i роот X A, OF, Of: Oti 
With a constant reference temperature 7, and for an incompressible flow, the following 
expressions all vanish 








(4.48) 
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OT, _ 0 ди; OT, _ 
дї ' ^ "Om; ду; |— 
The subtraction of these expressions from the temperature equation leads to the following 
energy equation, which depends on the temperature variation AT' = T — T, 
OAT | OujAT ko д 92) = ġ и дщ (o 3 _% 
Ot O25 pos Oty s OF; Ола ОЮ 





= (). 





0 (4.49) 
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4.2.4 Governing System 





The Navier-Stokes system for incompressible flows can thus be expressed as 


о 
Ox, 
Ou; диш OP Ho O [и (Ou; ди; 

– —— | — SUNT om 
Ot Ox; Ot; pi, 00; (4 E = Ox; + Bre (AT) : (4.51) 
OAT г ди; АТ Е Кы О (i | Е д Ho p ди; (o 23 _9 


—— = + 
Ot Os басова Xs. O95 Cy Peep а а ООК 


= 0 





























In contrast with its compressible-flow counterpart, the continuity equation in this system 
does not contain any partial derivative with respect to time. This particular feature calls for 
special numerical methods for solving this system computationally. 


4.2.5 Non-Dimensional System 


Computationally convenient non-dimensional forms of the incompressible-flow Navier-Stokes 
equations emerge from a set of reference variables for the Cartesian coordinates 7;, 1 <j < n, 
and the dependent variables of pressure p, velocity components u;, 1 < j < n, and temper- 
ature variation AT'. The reference time rests on a reference length and a reference velocity, 
which in turn depends on the reference pressure and density. With these specifications, the 
non-dimensional Euler equations, retain the same form as their dimensional counterparts, 
whereas the non-dimensional Navier-Stokes equations display the Reynolds, Prandtl, and 
Eckert numbers, as well as the Grashof or Rayleigh numbers for thermally induced flows. 
Consider the following reference length, density, pressure, and temperature variation 




















L, ре, Ре АТ (4.52) 


Depending on the flow investigated, these parameters can correspond to a dominant geomet- 
ric dimension as well as free-stream or stagnation conditions. On the basis of their respective 
dimensions, the corresponding reference parameters for speed, time, and volume-specific to- 
tal energy become 





Pre L 
Ve, dom 4.53 
TU "и" Кај 
With a tilde “~” denoting a non-dimensional variable, corresponding dimensional and 


dimensionless variables depend upon one another through (4.52)-(4.53) as follows 
c= lal, 1; = Li; 


pegup = Ки APSATLAT (4.54) 
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On the basis of these expressions, the incompressible Navier-Stokes equations become 
Meu; _ 

І 05 — 

V2 ош У2 00,0; рь OP Veto д [и [дй дй, ке 
—°-——-+—= — — SUNT LogAT =0 
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L Ot L д2; 
(АТ) ko д (kOATY үги ди (Ot; ду y 
I? рс, 0%; Vk, OF; 12 pC, дї; 105) О) – 
(4.55) 
The following non-dimensional groups of reference parameters are rearranged as 
L MWe __ Ио _ 1 
V2 pnl? б Кє 
L __ LO (AT ый a 1 L p? Bre(AT) reg __ Gr 
yg OTe = йа ы T Re Me Re 
TEM pele й 
L (AT). k; Е fo _ 1 
ИМААТ). L бе dHgpWb Pre 
D Vip VS np Ес 








у (АТ re 12 pep (АТ), ср ы Бе 


where “Ае”, “Gr”, “Pr”, and “Ec” respectively denote the Reynolds, Grashof, Prandtl, and 
Eckert numbers. With these numbers, the incompressible Navier-Stokes system becomes 





08, 
_ - -Ar ue 
Oi ^ 8X, О Бед, (4 5 С э) URS G к 
ONT | OUT 1 ð (kOATY Ect; (0% | 057 _ Е 
Ot OF; PrRe 05, Vk, OF; Re 0%; \0%; д) — 


= 0 




















The Rayleigh number “Ra” can replace the Grashof number in the momentum equations as 


Gr Е Ва 
Re PrRe? 





Ва= Серт => (457) 





By the same token, the Eckert number in the energy equation can be expressed in terms 
of either the Grashof or Rayleigh number, through the reference temperature variation, as 


follows 13728 (AT) у 
Pote reg H 

Gr = (AT). = = 

из AT, 13 02 8,9 
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He Re(AT)reCp Re CpGrp? 
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For temperature-driven flows, where no established inlet or outlet pressure and velocity 
exist, dimensional analysis reveals that 


Pmax = f (уг 


pgL 











(4.58) 








| BD (AT), У (4.59) 





which leads to the following reference pressure and speed 


Pre = pgL => Vie = L = \|/ д1, (4.60) 
ү р 


The Reynolds number, in this case, becomes 


PVL _ руд}, 
kes x 





т у (4.61) 
and the ratio Gr/Re? thus simplifies as 

Gr 1 І?р2В(АТ),„9 Ба АЕ ја pL V gL ° 

сы eR) 4D. (60) 





which provides the order of magnitude for such a ratio. 


4.2.6 Variational Formulation 


In the variational weighted formulation, the incompressible-flow Navier-Stokes equations are 
conveniently expressed as 











pe u;d( — +. wujnjdl = 0 (4.63) 
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Ou; Gr gi ðw us 
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where the tilde has been dropped for simplicity, even though all variables in these statements 
remain non dimensional. The surface integrals in these results arise from a transformation 
of the corresponding domain integrals through Gauss’ theorem. For w = 1, the continuity- 
equation integral statement becomes 


$ У .таг=0 (4.66) 
99 


which corresponds to a global mass conservation statement. As in the compressible-flow 
counterparts, these surface integrals provide quite a convenient setting to enforce physi- 
cally meaningful boundary conditions on surface velocity flux u;n;, traction components 
(põ: — of /Re)n; and heat flux OAT/On. Boundary conditions that must be enforced on 
these quantities can thus directly inserted into the corresponding surface integrals in these 
variational equations. Additional boundary conditions, of course, constrain u; and AT' on 
appropriate facets of the total boundary, as detailed in Chapters 11, 15. 


Chapter 5 


Quasi One-Dimensional 
and Free-Surface Equations 


The quasi-one-dimensional and free-surface sets of equations correspond to simplified forms 
of the Euler and incompressible Navier-Stokes equations. Both of these sets emerge from the 
application of Reynolds’ transport theorem to integral definitions of mass, linear momentum 
as well as total energy, and subsequent introduction of averages for density, linear momentum, 
and total energy. ‘This chapter presents these averages and then derives the corresponding 
governing equations for the two cases of quasi-one-dimensional gas dynamics and free-surface 
open-channel flows. Progressing beyond the ideal isentropic specifications, these equations 
also model the presence of wall friction, heat as well as mass transfer, and mechanical shaft 
work. 











5.1 Area Averages 


The quantity of mass of an amount of fluid within a volume О € R? results from the integral 
M = || pdQ (5.1) 
Q 
With reference to Figure 5.1, this integral becomes 


f p= [^ de | paa = |" ЂА dx (5.2) 


where p denotes the area averaged density. Similarly, ^m" and *E" denote the area averaged 
volume-specific linear momentum and total energy. These three averages are defined as 

















| || с | 
p=—| pdA т= | А Е=- | Бал | 
p zj eda, m g |, "4 4 J, £1 (5.9) 
The average speed is then based on the average linear momentum and density as 
= || updA 
qe 4 (5.4) 
р 


__ј ода 
А 


which corresponds to a “mass averaged” speed. With a suitable variation of ^A = A(x)”, 
the area- and mass-averaged speeds remain accurate representations of each other. 
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5.2 Quasi One-Dimensional Euler Equations 


The quasi-one-dimensional Euler equations evolve from the principles of mass conservation, 
2^4 law of mechanics, and first principle of thermodynamics as Reynolds’ transport theorem 
is applied to integral expressions for mass, linear momentum, and total energy. Referring to 
Figure 5.1, the following derivations dispense with the overbars of averages, for simplicity, 
even though all dependent variables represent averaged quantities. 








Figure 5.1: Quasi-One-Dimensional Duct 


5.2.1 Continuity Equation 





In a nozzle flow, the presence of both mass transfer through a side opening and longitudinal 
variation of duct cross-sectional area will induce two additional source terms in the one- 
dimensional continuity equation. Figure 5.2 illustrates the transfer of mass to a nozzle flow 
through a side opening of width 6. This mass is transferred with density p, and a velocity 
u,, at an angle 0 with respect to the direction perpendicular to the nozzle x-axis, a velocity 
on a plane that contains the x-axis; the corresponding mass flow rate per unit length mẹ will 
be positive when mass is added to the nozzle flow. 











Figure 5.2: Fluid in Nozzle and Side Opening 
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The mass M of an amount of fluid that flows in the nozzle and through the side opening 
will not change as a result of the flow, which implies 


DM D 
Dt Dt |, pue p 





where Y denotes the instantaneous volume occupied by the fluid. With respect to a reference 
frame attached to the nozzle, Reynolds' transport theorem transforms this statement into 


fea adv d pu-ndl —0 (5.6) 





where n denotes the outward pointing unit vector, perpendicular to every fluid-surface facet, 
and OV = An ША, U Au U Ap, with A, and A, respectively denoting the area of the lateral 
solid surface of the duct and the area of the lateral surface of the amount of fluid flowing 
through the side opening. Although for clarity Figure 5.2 shows a finite volume of fluid 
through the opening, for the purpose of deriving the equations for the nozzle flow it suffices to 
consider an infinitesimal volume of transferred mass because all the corresponding equations 
only depend on rates of mass transfer. For a moderate curvature of the duct and using 
cross-sectional area averaged variables, the area average of result (5.6) is expressed as 








out 


[7 Op y dr — puA|. + puA| 


паг = 0 5.7 
Е Ot NA n ( ) 


where А = A(x) denotes the time-independent cross sectional area of the flow converging- 
diverging duct. With reference to Figure 5.2, the mass-transfer integral is transformed as 





A pu "таг = ie p,u, cos(£ — Ө)Ьав = || ај 
Tin cos € 
Tout Tout OA sin@ 
= [ "(opu Б) (сове +t in 8) йк = — | j pas dz 5.8 
| (p, u,b) (соѕ an © sin 0) dx Ж ть [s D IUE (5.8) 





where the integrand expression corresponds to the rate of mass per unit length transferred 
to the nozzle flow, m, = p,u,b denotes the mass flow rate per unit length in the direction of 











u,, and tang = ue is expressed in terms of the gradient of the cross-sectional area A owing 
to ihe expression oe E oer") — = 3A 3,. Accordingly, the expression between parenthesis 


multiplying m, in this TS, identically reduces to unity for u, perpendicular to the z-axis. 
With this result, statement (5.7) is further developed as 











Zout OpA Lout OpuA Tout | OA sin0 
4 | dx — 6 | de = | 
/ oap Et) ој, nm [s joe =; г = 0 (5.9) 


This expression remains unaltered for arbitrary intervals (£m, ом). This recognition leads 
to the equation 








Ot Ox ш А дт А (5.10) 


which corresponds to the continuity equation for flows in а variable-cross section duct with 
mass transfer. 


ðp pu puOA mm 94 OA siné 
От 2/7 A 
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5.2.2 Generalized Linear-Momentum Equation 


With reference to Figure 5.1, the generalized quasi-one-dimensional linear-momentum equa- 
tion arises from the second law of Newtonian mechanics as 


d(Muce) 


D 
== | dy = F, 5.11 
dt Dt Ју(ђ di 





In this expression, Fẹ denotes the total external force on the fluid within V, while M, ucc, 
and OY respectively denote the mass of the flowing amount of fluid, the x-axis component 
of the velocity of its center of gravity, and the surface that entirely envelops a nozzle-shaped 
mass of fluid flowing in the x-direction. 

Using Reynolds’ transport theorem, the substantive derivative of the integral of pu in 
(5.11) becomes 





D дри 
_ | дри nd 12 
5; feu [ at ду + $ puu ne le) 


With reference to Figures 5.2-5.1, reflecting developments (5.6)-(5.9) and employing cross- 
sectional area averaged variables, the area average of this integral statement is expressed 


as 
[даг ри? А NEA p, (u,),u,:ndl = 


zout Opu A Tout дри | Tout yn? OA sind 

dx + | 0 | 7: ~ cos + — dx 5.13 

А Ot x Ox Ох 2/7 i) 

The total external force Ё, in the Mom — from surface es gravity, and the 

action of any mechanical shaft interacting with the flow. This total force is thus expressed 
as 








+ pu^ A 


in 











in 


Р, = 1 таг + | TE | edt (5.14) 
оу Q Zin 


where 01;;, ду, and fmz respectively denote the multi-dimensional traction in the zı = x 
direction, the x-component of the acceleration of gravity, and the shaft force per unit length. 
The stress tensor component c;;n;, 1 < j < 3, is decomposed as оу; = —(р)ьд} 4-715, with б} 
and ту; respectively denoting the Kronecker delta and shear-stress tensor components. With 
reference to (p),, this term indicates the nozzle-wall pressure, which equals the mass-transfer 
pressure p,, at the side opening, and a circumferentially continuous duct-flow pressure P, at 
all other wall locations; this pressure is indicated with a capital letter to distinguish it from 
the area averaged pressure p. The surface-traction force thus becomes 


$, о таг = $ (руб праг + $, Ty njdl (5.15) 











Pressure-Gradient Force 





The contribution to Fy from pressure is expressed as 
1 1 1 
$ „(руб C7nj)dT = [| sa, PCT + J, nj (7n; dT 


Е }, ж | (py — Р) 8 (–прат (5.16) 
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With reference to Figures 5.2-5.1 and results (5.6)-(5.9), the surface integral of (py — P) is 
expressed as 


Tout 


f, (m - Ру –пуаг = | "Драх (5.17) 
b Lin 
with Р) aA 
р — 
A и, 
(Aph, = = x s 
where p denotes the area average of P. The effect of boundary-layer growth may be modelled 
by adding to 6(Ap),, а term of the form —f(x)(1 — 7)pA/L, where f(x) depends on duct 
inlet conditions and shape, and L and 7 respectively denote duct length and efficiency, with 
0.8 < п < 1.0, [79]. In respect of the integral of P, this is expressed as 


O(Pó1) Tout ОР 
-nad c4 qo a, E _ 
$, Рӧ;(=п;)аг [ дл, dQ a | 3, АЧХ, т ==, (5.19) 


Pla, без) (5.18) 











which depends on the average pressure gradient 


ОР _ 
= = Н | A- LÍ “адат = T P rdr (5.20) 


With reference to Figure 5.3, p in this result indicates a circumferentially averaged pressure. 





Figure 5.3: Velocity and Normal Vectors on Cross-Sectional Plane 


By virtue of Leibnitz’s theorem for the differentiation of an integral, the derivative of the 
area average P of pressure becomes 


О(Р) Of2 [R. _д'2 R 
on 7 =] та xi | par} + 
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J R Әр 2N ðR 
— = EA ubl 21 
(тв) | 0 Ox rar а (тв) 5, ^ R)R p) 


From this result, the correlation between OP/Ox and O(P)/Ox becomes 


ОР О(Р) 10A[2 ү ЕЕ 

ar ee a Zl Pe, r)rdr – Ple, R) (5.22) 
For a small 0A/Ozx, or a small др/дт, or both, the expression between brackets becomes 
negligible and this average pressure gradient can be accurately represented by the gradient 
of the average pressure as 








ӘР (P) 

дл Ox’ 

Denoting with у = с/с, the ratio of specific heats, the static pressure p in the linear- 
momentum equation is expressed by way of the equation of state 





_ 1 
Р=р= = | PaA (5.23) 


p=(y-)(B- 2) (5.24) 


2p 


Shear-Stress Force 


With implied summation on repeated subscript indices, the expression Tijn; denotes the 
x-axis component of the shear surface traction on a surface facet with outward pointing unit 
vector n with components ту, 1 < j < 3. The contribution to Ру from this traction becomes 


$ Ting = $0) аА, (5.25) 


with (7), indicating the x-axis component of the shear surface traction on the lateral surface, 
with area Aw, of the fluid in the nozzle, as shown in Figure 5.1. With т, denoting а 
circumferentially averaged wall shear stress, the shear-stress force integral becomes 


ф (T). dA = 1 Ge cos £) 27r ds = | cos £) 2arv dz? + dr? = 
Aw 








Lout d 2 Tout 
| (Ty cos E) 2774 |1 + (=) dr = | (Ty cos £) nr 1 + tan? £ dz = 
Lin Xx Lin 
| T cos £) 2 a 5 d (5.26) 
т” тт = Пт | 
Tin cos € Tin 


On the basis of Darcy’s friction factor “f,” and the corresponding correlation between the 
wall shear stress and the flow specific kinetic energy, the expression 27r7,, becomes 
Qrr? 4A f, pulul 4A A pulu| 
20T Ty = ть = — Тео, Те = 2 = тру 5:20 
r D a > D 0 2 ( ) 
where и in this expression signifies the average flow velocity component relative to the duct 
walls and D denotes the hydraulic radius of the duct. ‘This result thus models the wall 
shear-stress force on the flow. 
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Force of Gravity 


The gravitational contribution to А, results from the component of the gravitational force 
along the x-axis as 


|| pg, dQ = [e904 dx (5.28) 
Q Lin 


Mechanical-Work Force 


Whenever an exchange of work takes place between a flow and a mechanical system, a 
corresponding force, hence a force per unit length ја; develops that also depends on the 
system stage efficiency. Because of this correlation, it is convenient to express this force in 
terms of the originating work w,, per unit mass of flowing fluid per unit length of duct so that 
the shaft-work contributions to both the linear-momentum and energy equations depend on 
the single originating work w,,. Following thermodynamics usage, w,, will be positive or 
negative depending on whether the work is performed by or on the fluid system, for any 
direction of the flow velocity. In terms of wm, the work exchanged with the flow per unit 
time per unit length of duct may be expressed as 





Wm = р|и| Ашу, (5.29) 


which depends on the flow speed |u| so that it is the algebraic sign of wm that determines 
whether work is performed by or on the system. These work specifications correspond to 
a force that is respectively opposite or concurrent with the flow direction. Based on these 
considerations, the algebraic sign of fmz will have to depend on the sign of both wm and и. 
The work ùm may then be expressed in terms of the force component ја; as 





Wm = —X fau (5.30) 


where x correlates with the system stage efficiency, with О С x 2g, <lory=1/n, > 1 
respectively for a compressor or а turbine, with ne, n, denoting the corresponding efficiencies. 
The minus sign in (5.30) is included so that a negative component ја; both corresponds 
to a positive ш, and generates a force that opposes a flow in the positive x-direction. For 
instance, when the flow progresses in this direction, hence и > 0, and performs work on a 
mechanical shaft, hence wm > 0, fmz must then be negative so that the corresponding work 
from (5.30) remains positive as in (5.29). By comparing (5.29) and (5.30), the force fine is 
expressed in terms of wm as 

Sma = —xpsgn(u) Ашу (5.31) 


a force that opposes or favors the flow for all combinations of flow directions and work. 


Governing Equation 


Since (5.11) applies for arbitrary intervals (£in, Zou) and in view of (5.12), (5.17), (5.19), 
(5.23), (5.27), (5.28), as well as (5.31), the corresponding differential equation is expressed 


as 
дри д " ри? дА _ 
a + ar P +P) + А бр” 
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pulu| (Ар), та OA sin@ 
Ка — = ‚д2 
Ta ЈЕ + pg« — Xp segn(u)wWm + 4 + кл sin 0 | cos 0 + DNI (5:32) 


which corresponds to the generalized linear-momentum equation. 


5.2.3 Energy Equation 


This section determines the energy equation with specific source terms that correspond to 
shaft work and mass as well as energy transferred to the flow. ‘The general energy equation 
arises from the first principle of thermodynamics as 





d£ D [ pn», 9Q 9w 


ud Md = с 28 33 
dt | Dt Ју ot ot (9:99) 





where €, ©, and W respectively denote the fluid-system total energy as well as heat trans- 
ferred to the system and work performed by the system, both positive following thermody- 
namics specifications. 

Through Reynolds’ transport theorem and reflecting developments (5.12)-(5.13), the sub- 
stantive derivative of the integral of E in (5.33) is transformed into 


D дЕ 

= | Еау = | 200+ Bund 5.34 

D |, v Ot » У Она) 
Using cross-sectional area averaged variables, the area average of this expression becomes 
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The total work is expressed as 


Ox 2 TA 


in 





А . 
ть (соке + ж, ) dx (5.95) 
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W  0Y. | OW , ôW, 
ôt ót ôt ôt 
where dW, /ót, Wm /ó0t and дуу,/дЕ indicate the work per unit time respectively due to the 


effect of the pressure gradient as well as shear stress, mechanical shaft, and gravitational 
force. 








(5.36) 





Pressure and Shear-Stress Work 


With U;, 1 < < 3, denoting the components of a circumferentially continuous flow velocity 
with U; = u; = 0, on OV \ Љ, and Оп; = 0, on Ay, the work per unit time dW, /ôt is 
expressed as 
OW, Р 
— 5 = $ „@®ьбиш(=п,) аг + $, TijUinlj аг 


= aV\ Ay P5jU;(—n5) dl + J, (—рьб + ту) шту аг 
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= $, P6:U,(—n;) dU = J. (ръб + ту) UT аг (5.97) 


With reference to Figures 5.2- 5.1 and results (5.6)-(5.9), the work per unit time along Ар is 


expressed as 
OA sind ) _|т 


i u Tout p 
A (pð; E Tij) (ui), т; аг = J. U Ax A/A b 


this work will vanish in the absence of any mass transfer. In this expression, Tw, and w, 
respectively indicate the shear stress at the mass-transfer side opening and the corresponding 
work, per unit mass per unit duct length, expressed as 








1 ло) dx (5.38) 
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b A 0 
= Fo. Psy — u, sin ĝ)|u —u,sin0|, ш = T (sne = A | (5.39) 


As was stipulated for pressure in the previous section, the capital letter U denotes in this 
section the multi-dimensional velocity component, whereas the unsubscripted lower case u 
indicates an average velocity component. With these specifications the work per unit time 
of pressure P becomes 


_  A(PU;) ү, (r9 OP), qr д(риА) 
[ада | 020) до – fi APO даљ = ре AMA quay 
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The last equality is proven beginning with the expression for the average divergence 
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By virtue of Leibnitz’s theorem for the differentiation of an integral and with reference to 
Figure 5.3, the divergence of the area average {PU;} is cast as 
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From this result, the correlation between Е OPU,;/Ox; ) and AO(PU;)/Ox; becomes 
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O(PU,A) 2n 
У PU . 4 
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In this expression, with reference to Figure 5.3, U 4 and the unit vector тд respectively 
denote the vector components, on а plane A, of velocity U and outward-pointing normal 
vector n, with plane and spatial vectors correlated as 





U = (12: + Од 





2 
к= E ; + тд A + А2, TA = 22 + 23 — R?(b(x2, са), т) = 0 (5.44) 
Ox, Оф 


where 2 denotes the unit vector in the positive direction of the x-axis. The component of 
velocity U - n in the direction of the outward-pointing normal vector n vanishes on the 
lateral surfaces of the duct in Figure 5.1, because of the no-penetration boundary condition 


for U on the surface of the duct. Because of this condition, the terminal correlation between 
A( OPU;/0x; ) and AO(PU;)/Ox; exactly becomes 


4 (625 \ | APTA) 
OL; Ox 





(5.45) 


This result is further simplified using the area-averaged pressure discussed in the previous 
section, which implies a pressure-averaged speed и as follows 


|, PUdA 


f Paa PdA 


This pressure-averaged speed generally differs from the mass-averaged speed in Section 5.1. 
The variation of A = A(x) must, therefore, allow these two average velocities to remain 
accurate representations of each other. Under the same conditions, the average of the speed 
squared and the square of the average speed also accurately represent each other. For a 
perfect gas: р = pRT’, where T indicates a mass-averaged temperature; hence, the pressure- 
and mass-averaged speeds can remain accurate representations of each other when T inap- 
preciably varies over А. 


PUA= | РОФА = аА > ( J PdA) и = |, PUdA > uz (5.46) 
A 














Work of Gravity 
With reference to the work due to the force of gravity, this is expressed as 


m 





= |, gapda == J” g,mA dx (5.47) 


where the minus sign indicates work performed on the flow. 
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Mechanical Shaft Work 


The shaft work is directly expressed as 


Ó T Tout Tout 
ve = б Же = || о|и| Aw, dx (5.48) 


in 


where Ùm and Wm respectively indicate the work per unit time per unit duct length and the 
work per unit mass of flow per unit duct length. In this expression, Ùm depends not on u 
but on the absolute value |u| of и so that independently of the flow direction, hence sign of 
u, this work will correctly contribute to a decrease or increase of total energy € in (5.33) 
depending on whether the work is performed by or on the flow. 


Heat Transfer 


The total exchanged heat is cast as 











dO OQ ДӨ, Tout 

"=> dA [= dy = | d 5.49 

ôt Ja 6 |; Th bel, m (549) 
where the heats transferred to the system ne ©? i т апа 8, respectively denote heat per 








unit time and unit surface, heat per unit time and unit volume, and corresponding heating 
per unit time and unit length of duct. 

The connection between s, and Rayleigh heating is established by developing the general- 
ized energy equation from (5.33) for a steady flow and comparing the result with the energy 
equation of the classical Rayleigh flow, a non-adiabatic flow with vanishing mass transfer as 
well as shaft work. In this classical kind of flow, the steady-state energy equation may be 
expressed as 


2 dà 
sgn(u)d (оТ) = sgn(u)d (sr = =) = 40 = m = grdx (5.50) 








where ср, 7o, Г, g and ду respectively denote the constant-pressure specific heat, stagnation 
temperature, static temperature, the energy transferred per unit mass and the energy trans- 
ferred per unit mass per unit length of duct; the sign of и enters this expression so that for a 
positive g, i.e. heating, the stagnation enthalpy с. То increases or decreases along the positive 
x-axis depending on whether the flow progresses in the positive or negative x-direction. 

In the absence of mass transfer and shaft as well as gravity work, the energy equation 
from (5.33), in view of (5.35) and (5.40), is expressed as 


pe | 9uA(E +p) ) d 


= Tout | 1 
a 3s x J soda: (5.51) 


in 


The specialization of this equation for Rayleigh flow requires equation (5.10), which in steady 
differential form becomes d(puA) = 0, and the following expressions: Е = pe + pu?/2, 
є = cyl’, p = pRT, where є, сь, and R = c, — c, denote internal energy, constant-volume 
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specific heat, and gas constant. With these expressions, the differential steady-flow form of 
equation (5.51) becomes 


E E 2 
a (pua =E) =, => doan ae (emet) = 
0 0 0 


2 2 
(оиА) а (sr + RT + 2j = (puA) d (sr + =) = әй (5.52) 

Comparing this result with (5.50) thus shows that фт and 8, are connected as 
в, = (а! Аја (5.53) 


In this expression, s, depends not on и but on the absolute value |u| of и so that indepen- 
dently of the flow direction, hence sign of u, this heat-transfer term will correctly contribute 
to an increase or decrease of total energy E in (5.33) depending on whether the flow is heated 
or cooled. 


Governing Equation 


Since (5.33) applies for arbitrary intervals (£in, Со) and in view of (5.35), (5.38), (5.40), 
(5.47), (5.48), (5.49), as well as (5.53), the associated differential equation is expressed 
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Ot Ox A Ox 
| ^ E+p| т А sind 
T т т : T 0 0.94 
+plu] (gr = Wm) + pug p wr + 5 3 cos + == ТА (5.54) 





which corresponds to the generalized energy equation. 


5.2.4 Compressible-Flow System 





The governing equations are made non-dimensional via the reference pressure P,e, reference 
density p,e, reference speed ш, = 1/Dret/ Pret, duct length L, reference time t,e = L/u,., and 
reference cross-sectional throat area A,, typically the straight-duct area or, for a nozzle, the 
upstream sonic-flow area. 

With subscript “dim” denoting a dimensional variable, the non-dimensional mass-transfer 
rate, duct diameter, width of mass-transfer port, total energy, shaft as well as shear-stress 
work, and heat transfer terms in these equations correlate with dimensional counterparts as 











rem Г(ть)а D (D ја — 2 (A) aim 
У о а Ax ' V А, ут А, 
L b dim E dim L m,T jdim L x,T /dim 
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where 1» synthetically stands for wm and w,. The total mass transfer mp is then defined 


as 
DINER дА (4/ A,./ L) sin 0 
= 0 5.56 
Ins = Mp [co “Р T Д ( ) 


With these specifications апа s = sgn(m), the non-dimensional generalized Euler system 





om mOA m 

















becomes 
Ot Or Адт A 
Әт Р Ә (та mom т? дА _ 
Ot Ox\ p Р рА дт _ 
тт b(Ap),, | Ту. 
НЕ у. „у. SA IT Lc т, : 0 
fp 20D /A.]L + 092 — 8X Um + ——, + bo, À (5.50) 
дЕ Of (E+p) к ж 
Ot Ox р pA Ox . 
Ir, E+p| ть 
Wr + Р 2 





+ тј (gr d Wm) + Mgr — b 
b 





With respect to an inertial reference frame, the generalized quasi-1D Euler conservation 
(5.58) 


да | Of(q) T 





law system becomes 
ES z 
OF 


Ot 


where the independent variable (x,t) varies in the domain D = О x fto, T], О = (та, Сон]. 
This system consists of the continuity, linear-momentum and total-energy equations, with 


arrays of dependent variables q = q(x,t), f = f(q) and ¢ = $(x,q) defined as 


p m 
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The fluid and its thermodynamic state transferred to the nozzle flow may generally differ 
from the nozzle fluid and local thermodynamic conditions, so that the transferred fluid pres- 
sure p,, density p,, and enthalpy ((Е + p)/p), may not coincide with the local state. The 
results discussed in this book, however, correspond to equality of fluids and thermodynamic 
conditions with negligible shear-stress work. The resulting generalized system (5.57) is com- 
putationally solved using a Galilean invariant formulation for conservation - law systems with 
a source term, with computational results that reflect the available independently derived 
analytical solutions. 


5.2.5 Incompressible-Flow System 


Using the previous reference variables for incompressible flows, the governing non-dimensional 
system becomes 
да , Of(@) 


М 
а." Ox 





ооо 
=>, М=|0 10 (5.60) 
001 


and system (5.60) consists of the continuity, linear-momentum, and energy equations. For a 
constant density р, the arrays q = q(z,t), f = f(q) and ф = ф(х, 4) are then defined as 
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b 








where p now stands for a constant reference density, whereas u, p and E respectively denote 
the area averaged speed, static pressure and volume-specific total energy. No completing 
equation of state for pressure is needed, for the first two governing equations yield both p 
and u. With these two dependent variables, the third equation provides the distribution of 
energy. Thermodynamically expressed as 


2 
pu 
pem 2 pc 2 





(5.62) 


with “с” the specific heat, the total energy Ё in this expression leads to the temperature 
within the flow. The constraint on the kinetic energy limits the maximum amount of the 
combination of work and heat that can be extracted from the system. 
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5.3 Open-Channel Configuration 


The following developments relate to the open-channel flows that occur over a variously 
shaped channel bed, as illustrated in Figure 5.4. This figure shows the vertically measured 
free-surface height h = h(x, y, t) and contoured-channel bathymetry b(x, у, t); h also depends 
upon time because of the flow, whereas b may depend upon time due to seismic events. The 
figure also shows the outward pointing unit vectors n, and ть, respectively normal to the 
free surface and channel bed, vectors that are needed in subsequent derivations. These unit 
vectors may be expressed in terms of the constant surface functions F, and Fy, respectively 
describing the free surface and channel bed, as 


«0b h), ðb. ab. 
“да ~ Bu 40^ On да * 
n, = — “>">, = _ 622 _____ (5.63) 


Ab+h)\? (ab+h)\? _ ab\? (у 
ADAM (2978) 1 о 
Ox Ото дат Ото 
where 2, 7, k respectively denote the unit vectors in the positive x, у, z directions. The 
following derivations will also use the convenient equivalences: x = ту, y = 22, Z = 13. 
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Figure 5.4: Channel Bed and Free Surface 
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With reference to this figure, the connection between the element of surface area аГ and 
its projection dA onto the xy plane is expressed as 





аг 
ПАГ cosa =d п. A - - (5.64) 
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The 2 component of velocity of a free-surface fluid particle is then expressed as 
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These two results are employed in the derivation of the quasi-one-dimensional open-channel 
flow equations in Section 5.4. 


5.9.1 Depth Averages 





Open-channel free-surface flows are practically investigated by way of averaged dependent 
variables in the generalized continuity, linear- momentum, energy and species governing equa- 
tions. Figure 5.5 depicts a fluid region of depth “h”. With reference to this figure, the amount 
of mass within the region may be expressed as 





b+h 
M = | paa = | dA | раг = | phdA (5.66) 
Q A b A 





where p denotes the depth-averaged density, which remains constant for incompressible flows. 





Similarly, pu and E denote the depth-averaged volume-specific linear momentum vector and 
total energy. These averages are defined as 


1 b+h 


The average velocity is then based on the average linear momentum vector and density as 





] pb+h — 1 ph. 
= pudz, B= =f Ê dz (5.67) 
b b 
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b+h , 
_ pu | em 
utes БЕ; (5.68) 
Р || pdz 
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which corresponds to a “mass averaged” velocity. Considering that р remains constant, for 
any variation of ^h = h(z,y,t)”, the depth and mass averaged velocities remain identical. 
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Figure 5.5: Free-Surface Flow Region 


5.3.2 Area Averages 


For quasi-one-dimensional open-channel flows, with reference to Figure 5.6, the cross-sectional 
area 5 = S(z,t), channel-width averaged height h, and reference channel width W are ex- 
pressed as 


W+ 
S = | h(x, y,t) dy 





a + 
= / h(a, y, t) dy, w= 220 ту, +W- (5.69) 
where W_ and W, not only correspond to the distances from respectively the left and right 
channel banks to the origin of the y axis, but also lead to a variable channel width. In a 
flow that involves measurable changes in free surface height, this variable width can remain 
independent of time, W = W(x), when the vertical banks of the flow open channel are 
sufficiently tall, as represented in Figure 5.9. 
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Figure 5.6: Flow Cross Area 


Figure 5.7 depicts a fluid layer within a channel flow with channel width W. With 
reference to this figure, the amount of mass (5.66) within the region may be further expressed 
as 





Tout + Tout __ W4 Tout — 
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where р denotes an average density. Likewise, E represents an average volume-specific total 
energy. With reference to (5.70), these averages are expressed as 
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which show that p and E correspond to the area-averaged density and total energy over the 
cross-sectional area 5. 
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Figure 5.7: Flow Layer 


Similarly, the total linear momentum within the region becomes 


Tout W+ Tout Wy Tout ____ 
Ма = || пића = | dz J Dudes | Ридо | а= | РИЋУУ/ dx 
А Tin —W_ Tin —W_ Tin 
(5.72) 
where pu denotes the area-averaged linear momentum. This average and the corresponding 
mass-averaged velocity à are expressed as 
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J Puh dy = | udydz 
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5.4 Quasi One-Dimensional 
Free-Surface Open-Channel Flow Equations 


The quasi one-dimensional free-surface open-channel flow equations evolve from the princi- 
ples of mass conservation, 2" law of mechanics, and first principle of thermodynamics, as 
Reynolds’ transport theorem is applied to the integral expressions for mass, linear momen- 
tum, energy, and species partial density. Flows with a free surface involve a liquid, hence 
the density in these flows remains constant. ‘The equations in this section model not only 
the traditional effects of wall friction and variable bathymetry, but also the presence of heat 
transfer, shaft work and mass transfer due to a tributary or distributary flow. The following 
derivations dispense with the overbars of averages, for simplicity, even though all dependent 
variables represent averaged quantities. 
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Figure 5.8 displays the transfer of mass to a channel flow through a side branch with 
cross-sectional area Ay. This perspective figure simply illustrates the flow and its geometry, 
although no transversal variations of depth-averaged height h and other variables take place 
in a one-dimensional flow. 





Free Surface 




















Channel Bed 








Figure 5.8: Free-Surface Open-Channel and Tributary Flow 


This mass is transferred with free-surface height h, and a velocity u,, at an angle 0 with 
respect to the direction perpendicular to the channel z-axis; the corresponding mass flow 
rate per unit length m will be positive when mass is added to the channel flow. 


5.4.1 Continuity Equation 


The mass М of an amount of fluid that flows in a channel and through a lateral tributary 
or distributary will not change as a result of the flow, which implies 


DM D 


Em dV = 0 5.74 
Dt Dt vo^ “ ( ) 





where У denotes the instantaneous volume occupied by the fluid. With respect to а reference 
frame fixed to the channel bed, Reynolds’ transport theorem transforms this statement into 


Op 
|, W+ f pu- nar =0 (5.75) 
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where n denotes the outward pointing unit vector, perpendicular to every fluid-surface facet, 
and OV = А, U Aou U Au U Ars U Ap, with Au, Ars, and Ay respectively denoting the area of 
the lateral solid surface of the channel, the area of the free surface, and the area of the lateral 
surface of the amount of fluid flowing through the branch channel. For a moderate curvature 
of the channel and using depth- as well as width-averaged variables, the average-variable 
counterpart of result (5.75) is expressed as 





out 


[Paw dx — puhW|. + puhW| 


а, аг | .ndP-0 (5.76 
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where W = W(x) denotes the time-independent channel width, while the integral over А, 
vanishes because of the no-penetration boundary condition п. n = 0 on this area. 

On the basis of (5.63), (5.64), (5.65) and using averaged variables, the integral over the 
free-surface area Aps is expressed as 





O(b--h O(b--h 
P ы (- DES | m a a i Ups + w|.s) аг 
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With reference to Figure 5.8 and using ы variables, the mass-transfer integral 
is transformed as 
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where the integrand expression corresponds to the rate of mass per unit length transferred 
to the channel flow, (mm) = p,u,hs, p, = p, denotes the mass flow rate per unit length in the 
direction of u,, and tang = Он is expressed in terms of the gradient of the cross-sectional 
channel width W as ou = oe /2. The expression between parenthesis multiplying rn, in this 
integral identically reduces to unity for u, perpendicular to the z-axis. With these results 
for the mass-flux integrals, statement (5.76) is further developed as 


= f Gut) os 0 + tan Esin 0) dz = — |" [co 0 + — - 20 dx (5.78) 
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Applying for arbitrary intervals (£in, Zou), this expression implies the equation 
Oh |Ohu | huOW ть OW sin 0 
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which corresponds to the continuity equation for free-surface incompressible flows in a 
variable-width channel with mass transfer. 
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5.4.2 Momentum Equation 


The depth-averaged quasi-one-dimensional linear-momentum equation arises from the second 
law of Newtonian mechanics as 


4(Мисе) р 
МИ шк = | = F, 81 
di Пју ~ Ја 


In this expression, Fẹ denotes the total external force on the fluid within V, while M, исе, 
and ОУ respectively denote the mass of the flowing amount of fluid, the x-axis component 
of the velocity of its center of gravity, and the surface that entirely envelops a nozzle-shaped 
mass of fluid flowing in the x-direction. 

Using Reynolds’ transport theorem, the substantive derivative of the integral of pu in 
(5.81) becomes 








= [m dy — | aa +p puu -ndT (5.82) 


Reflecting developments (5.75)-(5.79) and employing depth- and width-averaged variables, 
this integral statement in terms of average variables is expressed as 
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The total external force F; in the x-direction results from the pressure gradient, viscous 
shear stress, and the action of any mechanical shaft interacting with the flow. With reference 
to the effect of gravity, this is incorporated within pressure as shown in this section. The 
force Fy is thus expressed as 


= j. Ра (–пујаг + +. 7,n;dE + J. fna dz (5.84) 








where 02, P, Tij, and fmx respectively denote the surface that entirely envelops an amount 
of mass of fluid flowing in the x-direction, the multi-dimensional pressure, indicated in this 
section with a capital letter to distinguish it from the average pressure p, the components of 
the viscous shear stress tensor in the x-direction, and the shaft force per unit length. 





Shaft-Work Force 


As noted in Section 5.2.2, whenever an exchange of work takes place between a flow and 
a mechanical system, a corresponding force, hence a force per unit length ја; develops. 
Because of this correlation, it is convenient to express this force in terms the originating 
work Wm per unit mass of flowing fluid per unit length of channel so that the shaft-work 
contributions to both the linear-momentum and energy equations will depend on the single 
originating work w,,. Following the developments in Section 5.2.2, the expressions for the 
work exchanged with the flow per unit time per unit length of duct and force component 
fmz are cast as 


Wm = plulhWwm, Wm = —Xfmsu => fms = —xpsgn(u)AW wm (5.85) 
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Pressure Force 





In respect of the force due to pressure, this force is expressed as 


ӘР 
- Lg j. = = == 
AR + PS (-njdT = ДЕ -[5- dAdz =- | 5 hd A (5.86) 


where 


OP b+h OP А, 
h= 5.87 
[| (5.87) 
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In open-channel flows, the components of acceleration and viscous force in the z direction 

remain negligible. The third component of the incompressible-flow linear-momentum Navier- 
Stokes equations thus yields the hydrostatics expression 


ОР 
a: —09 (5.88) 





where g denotes the acceleration of gravity. The distribution of pressure arises from this 
equation as 
Pla, 0,2, t) = Р. — pg(z n h(x, у, t) m б\т, у, t)) (5.89) 


which leads to 
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The expression pgh?/2 is related to an average gauge pressure as follows 


= b+h h2 o h2 
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Integral (5.86) becomes 
О he Ob 
iie J h2 | dA 5.92 
E (m | + pg x (5.92) 





For a channel-width averaged formulation, this integral is further expressed as 


О а Ob Zout h? Ob 
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and for a relatively small OW/Oz, or for a small Оћ/ду, or both, this result simplifies as 
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(o) + ито?) = c $ ке (5.94) 
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Shear-Stress Force 


With implied summation on repeated subscript indices, the expression Tijn; denotes the 
x-axis component of the shear surface traction on a surface facet with outward pointing unit 
vector n with components n;, 1 < 7 < 3. The contribution to F; from this traction becomes 


+ пута = + —(T),dA = —(T),dA «f —(T), dA + T, dA (5.95) 
29 he A 


Abed sides Afree surf. 


with (7), indicating the z-axis component of the shear surface traction on the lateral surface, 
with area A, = A, + Ала + Аһ sure, Of the fluid in the open channel, as represented in 


Figure 5.9. 














Figure 5.9: Shear Stress on Channel Walls 


With т, denoting a circumferentially averaged wall shear stress, the shear-stress force 
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integral on the channel bed and free surface become 
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and Бо 
|| T, ФА = » (ту cos) déds = 
Afree surf. Сее surf. 
Tout Tout Tout 
n | (Tu cos 8) d£ = | то de da = | Teu Wade (5.97) 
ба surf. COS = кее surf. Lin | 


The corresponding result for the channel sides becomes 


LE 


On the basis of Darcy's factor f and the corresponding correlation between the wall shear 
stress and the flow specific kinetic energy, the expression (W + 2h)T, becomes 


„ФА = [7] rw dede => | Ty hdz (5.98) 
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The shear force on the free surface results from wind action. Accordingly, this force may be 
expressed as 

Fate ane = = a шш (5.100) 
which depends on the relative velocity (Uwina — и) of the wind with respect to the free surface, 
where Uying denotes the wind velocity component. These results model the effect of shear- 
stress forces on an open-channel flow. 








Governing Equation 





For h denoting a width-averaged free-surface height, integrals (5.83) and (5.84) together with 
results (5.85), (5.94), (5.99), and (5.100) lead to 


а m* V А m? OW _ Ob 
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Or 2 
(5.101) 
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which corresponds to the generalized differential linear momentum equation. 
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5.4.3 Energy Equation 
The energy equation for depth-averages flows from the first principle of thermodynamics as 


d£ D [ gy, 99 У 


ын сй — = 5.102 
dt | Dt Ле) ot ot l ) 








where Ё, Q, and W respectively denote the total flow energy per unit volume, heat trans- 
ferred to the flow system and work performed by the system, both positive following ther- 
modynamics specifications. The total work is expressed as 


SW OW, буу, Wm 
ôt ot ôt ôt 


with dW,/dt, ÔWm/ôt апа Wm/Ôt respectively indicating the pressure-gradient, shear- 
stress, and mechanical-shaft work per unit time. 

Through Reynolds’ transport theorem and reflecting developments (5.82)-(5.83), the sub- 
stantive derivative of the integral of E in (5.102) is transformed into 








(5.103) 
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Using depth- and width-averaged variables, this expression becomes 
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in 





where Е = Ећ denotes the total energy per unit horizontal area. 


Mechanical Shaft Work 
The shaft work is directly expressed as 


Wn = E da || ""plu|AW,, dx (5.106) 
where Ùm and Wm respectively indicate the work per unit time per unit length of duct and 
the work per unit mass of flow per unit channel length. In the expression, w,,, depends not 
on u but on the absolute value |u| of u so that independently of the flow direction, hence 
sign of u, this work will correctly contribute to a decrease or increase of total energy € in 
(5.102) depending on whether the work is performed by or on the flow. 
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Pressure Work 


The work per unit time due to pressure is calculated by benefitting from the 3-D continuity 
equation and the distribution of gauge pressure. As it was stipulated for pressure in the 
previous section, the capital letter U;, 1 < i < 3, denotes in this section the multi-dimensional 
velocity components, whereas the lower case и; indicates an average velocity component. 
Since free-surface flows are incompressible, the corresponding 3-D continuity equation is 


OU; 
Ox; 





= 0 (97000) 
for a constant atmospheric pressure Pm, this equation leads to the integral 
Е f Pano — do = $, Р.О) аг = 0 (5.108) 


which is used in the expression for the pressure-gradient work. This type of work is thus 
cast as 


ч 





=$, Ра (—n;)dr = + (P — Pan) О (–појаг 
y 


= Pong, (P Pam) (т) + f (P - ш, (ш) аг (5.109) 
as results from using (5.108). With reference to the integral over Ара, this contribution 
vanishes because (P = P,,,),, = (Вл = Patm)pg = 0. The component of velocity От, in 
the direction of the outward отне unit vector also vanishes on the lateral surfaces of the 
channel configuration in Figure 5.5, whereas U;n; = — (1, on Sin, and Ujn; = U1, on Sout. 
With this specification, the pressure work per unit time over OV \ A, becomes 





ho = cum Ја == |- in (P — Pam) (1845 + [А (P — Pam) Uds == 


b+h b+h 
-|- f. р (Р – Pia) аву + i d] ( (Р – и (лагау 


Since (P — Pam) > 0, each of these integrals may be further transformed via an average 
speed u as follows 





| (5.110) 
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[| (P — Pan) U.dz 
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b+h 
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This pressure-averaged speed generally differs from the depth-averaged speed in Section 5.3. 
With suitable variations of S = S(z,t), these two average velocities remain accurate rep- 
resentations of each other. By virtue of (5.89), the remaining pressure integral in (5.110) 
becomes 


b+h b+h 
[| (P — Р...) ах = а | (Р— Реја; = u= (5.111) 
b b 
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b+h h 
| (P — Pam) dz = 297 (5.112) 
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which leads to 


b+h W4 h2 n2 h2 
" Є. (P — Prim) Udzdy = | u |) dy = upg W ~ upg W (5.118) 
w- 
The pressure-work (5.110) thus becomes 
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Tout О h? 
— — — ‚114 
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With reference to the pressure integral over A, in (5.109), by virtue of (5.112) and 
reflecting developments (5.82)-(5.83), this integral is expressed as 
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Shear-Stress Work 
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With reference to Figure 5.9 as well as the developments leading to (5.97) and for a negligible 
shear work at a tributary or distributary confluence, the shear work is due to wind shear as 


OW. Tout Жом] ir Pair UU teca = и) ie n ul 
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Heat Transfer 


In respect of the total heat 0/02, this energy contribution is expressed on the analogy of 
the developments in Section 5.2.3 as 


д Lout 
== = [ рђиј do = [puli gs dz (5.117) 





where g4 denotes the energy transferred per unit mass of flow per unit length of duct. 


Governing Equation 


Integrals (5.105), (5.117), and (5.114) together lead to 
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which corresponds to the generalized energy equation. This equation identifies the “en- 
thalpy” Н of free-surface flows as 


н= і Е + а (5.119) 


Once the area-specific energy Е is computed, the free-surface flow temperature results from 


2 

7 = рє + Spi? = pcT + Spi? = J= Loi 7 > рі (5.120) 
where “с” denotes the specific heat of the fluid in free-surface flow. Since the free-surface 
flow continuity and linear-momentum equations may be solved independently of the energy 
equation, the chief use of this equation consists in determining the temperature of the flow. 
The constraint on the kinetic energy limits the maximum amount of the combination of work 
and heat that can be extracted from an open-channel flow. 








5.4.4 Quasi One-Dimensional Free-Surface System 





The governing equations are expressed in non-dimensional form. For the non-dimensional 
variables, the reference magnitudes are the free-surface height Л, speed ш, = V ghe, with 
g indicating the acceleration of gravity, duct length L, time t,e = L/U and channel width 
W, typically the width of a straight channel, or the critical-flow width of a variable-width 
channel, that is the width at the first upstream location where и = gh. With subscript 
“dim” denoting a dimensional variable, the non-dimensional channel-bed elevation, friction 
factor, reference mass transfer rate, total energy and heat transfer as well as shaft work 
relate to the reference variables as 
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= —, gr = L(gr)am Wm = L(Wm)aim (5.121) 
pgh? , ghi gh, 
The Froude number is then expressed as 
py = tan Миа [u (5.122) 








i VJ дћаз i v gh ha i Vh 


which can thus be directly calculated in terms of non-dimensional variables. On the basis of 
these specifications, the non-dimensional total mass transfer rate my, is defined as 


Y L 
rhy, = ть + sin аса (9.123) 
QU 2 
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the generalized non-dimensional depth-averaged equations are expressed as 
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where s = sgn(m). With respect to an inertial reference frame, the quasi-1D free-surface 
conservation law system thus becomes 


ðq Əflq) 


x 54 (5.125) 





where the independent variable (x,t) varies in the domain D = Qi x fto, T], O1 = [zi Сон] 
and the system consists of the continuity, linear-momentum, and energy equations. ‘The 
arrays q = q(z,t), f = f(q) and Ф = Ф(т, q) are defined as 
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which provide the free-surface open-channel flow equations. In the inviscid flux f(q), the 
term h?/2 corresponds to a gauge pressure force per unit channel width, concisely designated 
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as a “pressure”. This interpretation leads to a convenient outlet pressure boundary condi- 
tion, as discussed in Chapters 12, 16. The fluid and its thermodynamic state transferred 
to the channel flow may generally differ from the channel fluid and local thermodynamic 
conditions, so that the transferred fluid pressure p,, free-surface height h,, and enthalpy 
((Е + h?/2)/h), may not coincide with the local state. The results discussed in Chapter 12, 
however, correspond to equality of fluids and thermodynamic conditions with negligible 
shear-stress work. The resulting generalized system (5.124) is computationally solved using 
a Galilean invariant formulation for conservation - law systems with a source term, with com- 
putational results that reflect the available independently derived analytical solutions. For 
the initial boundary-value problem, this system is subject to suitable initial and boundary 
conditions, as amplified in Chapters 12, 16. 


5.5 ‘Two-Dimensional Free-Surface Equations 


On the analogy of the previous derivations, also the two-dimensional free-surface equations 
evolve from the principles of mass conservation, 2°¢ law of mechanics, and 1** principle of 
thermodynamics, as Reynolds’ transport theorem is applied to the depth-averaged expres- 
sions for mass, linear momentum, energy and species partial density. Flows with a free 
surface involve a liquid, hence the density in these flows remains constant. The following 
derivations dispense with the overbars of averages, for simplicity, even though all dependent 
variables represent averaged quantities. 








5.5.1 Continuity Equation 
The expressions for mass and conservation of mass are cast as 


DM 
M = | pra = =0 (5.127) 


Reynolds’ transport theorem applied to M generates 


For a linear momentum component m; = huj, 1 < j < 2, this integral equation leads to 


Oh От, 


— ,12 
CA (5.129) 





which corresponds to the 2-D free-surface continuity equation. 


5.5.2 Momentum Equation 
The expressions for linear momentum and 2" law of mechanics are 


DE. 
Le. = pA, fS qm 5.130 
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Reynolds’ transport theorem applied to L,, yields 


DES О (ршћ) |O(pu;u;h) Е 
= - [| у эле (5.131) 





The total external force component Ру, 1 < 1 < 2, results from the three-dimensional 
distribution of stresses and shaft-work contributions as 


Ва = ф IR | A S 5.132 
i a T a i ( ) 





where gij, 1 < 7,7 < 3, denote the components of the stress tensor and fm; stands for the 
components of the mechanical shaft-work force. 


Mechanical-Shaft Force 


As noted previously, whenever an exchange of work takes place between a two-dimensional 
flow and а mechanical system, а corresponding shaft force, hence a shaft force per unit 
area fm = {fm,} develops that also depends on the system stage efficiency. This force is 
conveniently correlated with the originating shaft work w,, per unit mass of flowing fluid 
per unit area. Through this correlation, the shaft-work contributions to both the linear- 
momentum and energy equations will depend on the single work w,,. ‘This work will be 
positive or negative depending on whether the work is performed by or on the fluid system, 
for any direction of the flow velocity. In terms of wm, the work exchanged with the flow per 
unit time per unit area may be expressed as 





Un = phus psu (5.193) 


where the unit vector r lies on the action line of the specific shaft force, in such a way that 
Wmu:r < 0, as established next. The expression for wm depends on the magnitude of the dot 
product u-r so that it is the algebraic sign of wm that determines whether work is performed 
by or on the system. These work specifications correspond to a force that respectively favors 
or opposes the flow. The work ùm may then be expressed in terms of the shaft force f, as 


Wm = ХР U = ХОР) u (5.134) 


so that a negative work corresponds to а shaft force that favors the flow. For instance, when 
the flow progresses in the x,-direction, hence иу > 0, and receives work from a mechanical 
shaft, hence ш, < 0, the force component fm, must then be positive so that the correspond- 
ing work from (5.134) remains negative as in (5.133). By comparing (5.133) and (5.134), the 
magnitude of the shaft force f, is expressed in terms of Wm as 





—x || „|| r -u = рро, |т + ul (5.1395) 


Since this magnitude must remain non-negative for any “Л” and “Wm” , the expression шм, 
must remain non-positive, as anticipated. The expression for the shaft force f, thus follows 
from (5.134)-(5.135) as 

Го = УОН (5.136) 


а force that opposes or favors the flow for all combinations of flow directions and work. 
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Stress Force 


The three-dimensional distribution of stresses contain the multi-dimensional pressure P, 
indicated again with a capital letter to distinguish it from an average pressure p. These 
stresses lead to the following force 


| 278 qo О i Е 
OP 


=- {> A дт; 


where 7;; denote the components of the deviatoric stress tensor. a the average 
pressure gradient, Section 5.4.2 has shown that this gradient is related to the gradients of 
both the free-surface height h and channel-bed height b as 
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As an advancement over other formulations, the average divergence of the deviatoric stress 
tensor 
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is correlated to both on divergence of Ж average tensor апа the channel-bed and free- 
surface shear stress as follows. According to Leibnitz’s differentiation rule, which coincides 
with the one-dimensional form of Reynolds’ transport theorem, the divergence of the average 
deviatoric stress tensor, for 1 < 7 < 2, is expressed as 
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These developments show that for 1 < 7 < 2 the average divergence multiplied by A equals 
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which significantly shows that the free-surface height h in the end occurs not outside, but 
inside the divergence. With reference to 07;3/0x3, the average of this derivative becomes 
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| F ans dz = та(т,у, b + h) — па(љ, y, б) (5.142) 
h Љ Охз 


140 Quasi One-Dimensional and Free-Surface Equations 








Based on results (5.141) and (5.142), the average divergence of 7;; multiplied by h in (5.137), 
for 1 < j € 3 is cast as 


От; : pe h 
| (258 Zu) naa = LC sr EED nis y, b +h) + Tis, T) dA+ 
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The average shear-stress components in this dena are cast as 
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where u represents a constant coefficient of dynamic viscosity. The following developments 
highlight physically meaningful conditions for which the derivative of an average velocity 
component provides an accurate representation for the average of the derivative of the same 
velocity component. Through Leibnitz’s theorem, the partial derivative of an average velocity 
component is expressed as 


om) д (1 ^^ \ Ө f1 [b 1 [ seth Ou; , _ Bh Е 


Әи; 1 Oh 1 oth 
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This result shows that when the derivatives of h are negligible, or the derivative of u; with 
respect to z is negligible, or both, then the last term in this expression becomes negligible 
and the derivative of an average velocity component accurately represents the average of a 
derivative of the same velocity component. 

Based on results (5.63) and with reference to Figure 5.10, the integrals in (5.143) of the 
inner products of the gradients of "b" as well as “Л” and “7;;” provide the shear-traction 
contribution to the total force F}, in (5.132) as follows 
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which respectively correspond to the effects of free-surface and channel-bed shear stress. 











X =X] 


Figure 5.10: Shear Stress on Channel Bed Facet 


The correlations between wall as well as wind shear stress т„ and Tus and the respective 
flow specific kinetic energy are expressed as 
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f= fw plul | Tos = fws Ров |а ш и (5.148) 

A 2 4 2 

where u, denotes the wind velocity, with a corresponding shear force that depends оп 
the relative velocity и, — u of the wind with respect to the free surface. Next, consider 
the condition that in the vicinity of the channel bed the flow takes place in the direction 
that approaches the steepest descent direction, locally on a bed-surface facet. ‘This descent 
direction then becomes the direction of the local wall shear stress т„, as shown in Figure 5.10. 
Accordingly, the projection Twa of the channel-bed stress 7, onto a horizontal 21-29 plane 











2 2 
becomes Typ = Ty cos(a) = s f (2) + (2) + 1, with z,-x5-plane components (7,,),, = 


Tj; = —Twht;/||ul]. With these results, the channel-bed integral (5.147) becomes 
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Similarly, consider the condition in the vicinity of the free surface that the steepest де- 
scent direction on a free-surface facet approaches the direction of the relative wind veloc- 
ity Uw — u. This descent direction then becomes the direction of the local wind shear 
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stress Трг. Accordingly, the projection (Tws)z=0 of Tws onto a horizontal plane becomes 
2 2 
(пије вй = ао бы = Fas (2589) + (25:32) + 1, with components that are ex- 


pressed as Tinj = (Tus, s) (Uw; — Ui)/||Uw||. With these results, the free-surface integral 


(5.146) becomes 
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Governing Equation 


With all of these results, in terms of averaged variables, integral (5.137) becomes 
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For m; = hu; denoting a depth-averaged linear-momentum component, integrals (5.131) and 
(5.151) together lead to the result 
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which corresponds to the generalized Sedi linear-momentum equation. 


5.5.3 Energy Equation 


The expressions for total energy and first principle of thermodynamics become 
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Reynolds’ transport theorem to evaluate the derivative of E yields 
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where 6Q/dt апа dW/dt respectively denote the heat and work exchanged per unit time 
with the flow, with a positive 0/01 indicating heat transferred to the flow per unit time 
and a positive ôW /dt indicating work performed by the flow. The total work is expressed as 
OW dW, OW, OY 
по x B uy) 
with ФУУ, /ót, 57%, /ót and dW,,,/dt respectively indicating the shear-stress, pressure-gradient 
and mechanical-shaft, work per unit time. 
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Mechanical-Shaft Work 


Following the developments in Section 5.5.2, the shaft work is directly expressed as 


д 
шл = [is dn = ] у r|hw,, dA (5.156) 


where Ùm and Wm ан indicate the work per unit time per unit volume and the 
work per unit mass of flow per unit area. In the expression, ùm depends on |u · r| so 
that independently of the flow direction this work will correctly contribute to a decrease or 
increase of total energy € in (5.154) depending on whether the work is performed by or on 
the flow. 


Pressure Work 


The work per unit time due to pressure is calculated by benefitting from the 3-D continuity 
equation and the distribution of gauge pressure. As previously stipulated, the capital letter 
(7; denotes in this section the multi-dimensional velocity component, whereas the lower case 
и; indicates an average velocity component. Since free-surface flows are incompressible, the 
corresponding 3-D continuity equation is 
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for а constant atmospheric pressure a this equation leads to the integral 
-f P кеуш, = do = + E eut (—n,) d'= m 0 (5.158) 


which is used in the expression for the pressure-gradient work. This type of work is thus 
cast as 
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as results from using (5.158). With these specifications, the pressure work per unit time 
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The average of the divergence of {(APU;)} in this result is correlated with the divergence 
of the average of {(APU;)} as follows. According to Leibnitz’s differentiation rule, the 
divergence of the average of {(APU;)}, for 1 < i € 2, is expressed as 
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With these results, the pressure work integral (5.160) becomes 
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О, 


With reference to results (5.63), the vector with components (00/021, 0b/O0x», —1), normal 
to a channel-bed facet, remains perpendicular to the channel-bed velocity, independently 
of the no-slip boundary condition. Analogously, under the condition that the free surface 
approaches a stream surface, the vector with components (—O0(b+h)/0x,, —O(b+h) /Ox2, 1), 
normal to a free-surface facet, remains perpendicular to the free-surface velocity. Accord- 
ingly, the inner products of each of these normal vectors and the respective velocity in (5.163) 
will vanish, which leads to the pressure-work result 


(b +h д 
[ Plus (- Ано ВИ Volosa) dA+ |, ar, (2 ЈА ay dA (5.163) 














3 
У | AP Umid = Э dos э [h OPU] 4А (5.164) 


Since AP = (P — Pam) > 0, the area integral in this result may be further transformed via 
an average velocity component и; as follows 


b+h 
т [ (P= Pam) Паг 
| (Р – о) U;dz — u f (Р – Faa) dz => и; = О РБАЕЋ o (5.165) 


| (P — Рај dz 


This pressure-averaged velocity component generally differs from the mass-averaged velocity 
component in Section 5.1. With a suitable variation of h = h(x,y,t) these two average 
velocities will remain accurate representations of each other. By virtue of (5.89) the pressure 
integral in (5.165) becomes 








2 


b+h bh 5 
[| (P = Pama) Uidz = ui | (P — Pan) dz = шрд — 
b b 


Я (5.166) 


which leads to the pressure-work expression 


у, AP U;n;dT = ЗИД Һ(АРО,)| dA = Y fas 1С | dA (5.167) 
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Shear-Stress Work 





The work per unit time due to the shear-stress components 17, | is then expressed as 


(UiTi;) 
xu —njdP-- » E E dQ = 


Lye 








REA aiu ACTH p dA — X[[ x9 dz dA (5.168) 


i=1 j=1 
Following developments (5.145), m, the final expression for 1 < i, j € 2 for the 
shear-work exactly becomes 


E S om (s uh EL 52) 1A – | Wuna dA (5.169) 


where У, а denotes the work per unit time of the wind shear stress. When the product of 
the vertical components of velocity and the corresponding wind shear traction is negligible, 
the wind-shear stress work becomes 











yes = | рит 
A 


zU) (Uw — u)||u, — и|| dA (5.170) 


Heat Transfer 


In respect of the total heat per unit time 6Q/0dt, this energy contribution is expressed as 
о 
ыле 

where q^ denotes the Fourier heat-flux vector. The minus sign in this expression is justified 


by the thermodynamics convention that an amount of heat transferred to the flow, for which 


а“ -n € 0, corresponds to a positive 0 Q/ót, for the correctness of (5.153). The expression 


for 0Q/dt is further transformed as 


бо _ 3 " Е 3 дај Е 3 дај 
Fn К рн! 5. 40 =- [Nai (5.172) 


Following developments (5.139)-(5.150), this result becomes 


3. да“ 
x x D J 2 2 да + [ рјијћогда (5.178) 


where дт denotes the energy transferred on both the free surface and channel bed, per 
unit mass of flow per unit area, orthogonally to the area “A”, with “A” the area indicated 
in Figure 5.5. On the basis of Fourier’s heat-transfer law 


f= —kVT (5.174) 


with Ё a constant coefficient of heat conductivity, together with derivations (5.143)-(5.145), 
the final expression for 6Q ii дЕ in terms of temperature “T” and surface heating “дт” becomes 


ef LE S Z (еа a | 1A + | pljulihgrdA (5.175) 


sn) dd (5.171) 
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Governing Equation 


The generalized energy equation thus becomes 


iy 8 
Е Gas ) + 0о||\т®|| gr — p]lm-rlwm + pus u · (u4, — u)||w, — u| (5.176) 


This expression identifies the “enthalpy” H of free-surface flows as 











p Е + д Gulag 
= 295 


Once the area-specific energy / is computed, the free-surface flow temperature results as 


ЕЈһ – р\т]2/2 E 1 


Е 1 1 
= = pet рт = pT орт = T= > plim? (5.178) 


h 2 i pc А 
where “с” denotes the specific heat of the fluid in free-surface flow. As іп the quasi-one 
dimensional case, since the free-surface flow continuity and linear-momentum equations may 
be solved independently of the energy equation, the chief use of this equation consists in 
determining the temperature of the flow. With Ти. a constant reference temperature, the 
total energy may also be expressed in terms of the temperature variation AT’, by writing 
T = Те + AT; owing to the continuity equation, the corresponding energy equation simply 
replaces Т with АТ, with E only depending on АТ. The constraint on the kinetic energy 
limits the maximum amount of the combination of work and heat that can be extracted from 
an open-channel flow. 











5.5.4 Non-Dimensional 2-D Free-Surface Equations 


The system of 2-D free-surface open-channel flow equations is thus expressed as 
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which consists of the four equations of continuity, linear-momentum components, and energy, 
one species for the dependent variable q = (h, m4, m», E). 

Both the dependent and independent variables in this system are expressed in terms of 
non dimensional variables as 











h = hoh,a, E Еч йб Eva: ү? = gho, uj = Vu; 


L V? у“ V? 
t ES ү“ Tj = I s Wm = T, та) gr - Lr па? I — pui (5.180) 
where subscript “nd” indicates a non-dimensional variable and L, V, ho, and c respectively 
indicate reference length, speed, free-surface height and specific heat. From (5.91), the non- 


dimensional form of the average gauge pressure becomes 











D pgh? 2 D ai D h^. 
h(P— Pay) = 29. => hopV ha (P— Ра) а = од > => haal = уа = > (5.181) 


which corresponds to a non-dimensional gauge pressure force per unit channel width “p,” 
with “equation of state” 
hi 
pg — > 
With a reference speed expressed in terms of reference free-surface height hg, the local Froude 
number “Fr” is expressed as 


dul _ [шї |ul/V 1а 


"= Vah  (vVgh)V  (Vghvgho vh 


which, again, directly depends on non-dimensional variables. The transport coefficients “u 
and “k” in (5.179), together with (5.180) in turn lead to the Prandtl and Reynolds numbers 
VL 
Prz E Rez Ё (5.184) 
k џи 
Dispensing with the subscript “nd”, for simplicity, but recognizing each variable is non 
dimensional, these numbers and (5.180) lead to 
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(5.185) 
which corresponds to the non-dimensional 2-D free-surface open-channel flow equations. 


Сћарђег 6 


Overview of CFD Algorithm 
Development 





This overview delineates the chief phases in the development of CFD algorithms. Computa- 
tional Fluid Dynamics is the art and science of investigating the flows of fluids by means of 
computer solutions of the mathematical models of fluid dynamics. CFD, accordingly, begins 
with one such mathematical model, which corresponds to a set of time-dependent partial 
differential equations. 

These equations require auxiliary data in the form of suitable boundary and initial con- 
ditions. Independently of any approximation, an inappropriate selection of these conditions 
may lead to a mathematical solution that may not correspond to the physical system of 
interest. 

With a chosen model that may lead to a physically meaningful solution, the development 
of a CFD algorithm calls for the approximation of the partial derivatives with respect to the 
space variables. This process generates a system of non-linear ordinary differential equations 
with respect to the time variable, a process known as the method of lines. This approximation 
critically impacts the stability of the eventual CFD solution in the sense that an incorrect 
approximation may lead to a system of ordinary differential equations with solutions that 
grow exponentially, even when the original partial differential equations with bounded initial 
and boundary conditions admit a physically meaningful solution. This instability may ensue 
independently of the approximation of the derivatives with respect to time. 

If it were possible exactly to solve arbitrary systems of non-linear ordinary differential 
equations ( ODE's ), in closed form, the solution of these systems would correspond to 
the eventual CFD solution. CFD hardly affords this luxury! This system must then be 
solved numerically and myriad numerical methods for solving ODE’s can be chosen. An 
inappropriate method may yield а numerical solution that grows unboundedly, even when 
the solution of the ordinary differential equations does not. А simple example clarifies this 
phenomenon. 

Both explicit and implicit methods are available to solve these ordinary differential equa- 
tions numerically. Explicit methods yield the solution without requiring the solution of sys- 
tems of coupled algebraic equations; on the other hand, solution stability only exists under 
frequently severe restrictions on the integration time step. Implicit methods do not impose 
such stability restrictions, but generate systems of coupled algebraic equations for comput- 
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ing the eventual solution. General non-linear systems are invariably solved via Newton’s 
method, in full or linearized form. 


6.1 Mathematical Model 


The mathematical model of a CFD investigation involves a set of partial differential equa- 
tions, which can depend on both time and space variables. These partial differential equa- 
tions usually admit myriad solutions. Among them, the solution that describes the physical 
system under investigation corresponds to additional information, which completes the de- 
scription of the system. ‘This additional information, or auxiliary data, will consist of initial 
and boundary conditions. Initial conditions prescribe the system state at a reference initial 
time, and boundary conditions specify the state of the system at all times on surface regions 
of the system boundary. A mathematical model of a physical system thus consists of both a 
partial differential equation set and auxiliary data. 

In Computational Fluid Dynamics, as well as mathematical physics, the mathematical 
models that lead to physically meaningful solutions are termed well posed problems. A well 
posed problem possesses three properties: 





1. A solution exists 
2. The solution is unique 
3. The solution continuously depends on the auxiliary data 


The third property signifies that slight changes in the auxiliary data can only induce corre- 
spondingly slight changes in the solution. A sign of ill-posedness would, for instance, be a 
solution for a temperature distribution that changes by 1,000K inside a domain when a 0.01K 
degree temperature change occurs on the domain boundary. This continuous dependence on 
the auxiliary data, which the investigator controls and specifies, corresponds to the idea of 
stability of a solution with respect to the auxiliary data. 

To exemplify the importance of these three properties, consider the parabolic equation 


Og Og E Е 
ðt | Ox Peds? 
where the constant “a” and positive 1/Pe respectively denote a convection velocity compo- 
nent and diffusion coefficient. This equation can model the distribution of temperature q 
within a fluid that flows with constant speed a within а segment of a straight tube. In this 
case, t denotes time, whereas x represents the spatial position along the tube axis. From a 
mathematical standpoint, the solution of (6.1) is sought in the form q = q(x, t), for x € [0,1] 
and t € (0,1), with a possibly unbounded 1. As an initial condition, the state of temper- 
ature q°(a) = q(x,0) at t = 0 must be prescribed in order to determine this temperature at 
subsequent instants of time. 
Without imposing any boundary conditions, consider the problem of finding solutions of 
(6.1) corresponding to the following initial conditions 








(6.1) 





q'(z)- l0exp(—£x), q°(x) = 10 + 105 (#12) (6.2) 
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where */" denotes a positive integer. Тће associated solutions are either counterintuitive or 
physically meaningless. For instance, the solution corresponding to the first initial condition, 
which decreases with respect to 2, is: 


2 


deris | =] аш ad) (6.3) 


and this solution, as time elapses is anything but decaying; in fact it grows unboundedly 
with time, hence is devoid of any physical significance. Instead, the mathematical solution 
corresponding to the second undecaying initial condition is 


p 2 
q(x, t) = 10 + 10 exp m 





r) sin (#п (2: — at) ) (6.4) 


which actually decays as time elapses! These two examples stress the notion that while 
mathematical solutions of physics partial differential equations can be found, they do not 
necessarily correspond to physically meaningful solutions. For a solution that corresponds 
to a physical situation, equation (6.1) must be complemented by all auxiliary data. 

A “well-posed” problem associated with equation (6.1), therefore, consists of both the 
equation and auxiliary data in the form of initial and boundary conditions. Consider, for in- 
stance, the problem of determining the steady-state temperature distribution corresponding 
to the following initial and boundary conditions 


gi de оч 
(1,0) = = (6.5) 
In this case the solution is иа 
exp(aPe x) — 





exp(aPe) — 1 
which remains bounded. Figure 6.1 shows the graph of this solution for several magnitudes 
of Ре. A “boundary layer” develops with this solution in the neighborhood of 2 = 1 as Pe 
grows unboundedly. 
The time-dependent temperature distribution that asymptotically reverts to (6.6), for 
increasing t, evolves as a solution of (6.1) along with the following initial and boundary 
conditions 





q(0, t) = 0, q(1,t) =l 
q(x,0) = f(z), f(0)=0, /(1)=1 (6.7) 


where f(x) expresses the initial distribution of temperature. With these auxiliary data, 
the solution of (6.1) is found through separation of variables by expressing q as q(x,t) = 
o(x)w(t) + y(x), where y(x) satisfies the steady form of (6.1) with boundary conditions 
(0) = 0 and 4(1) = 1. The solution thus becomes 


q(x,t) = exp (== (a — 5)) > о ехр - a) r) sin (£rz) + T (6.8) 
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Figure 6.1: " Boundary Layer” Solution for Growing Ре 








where С; denotes the #® Fourier's series coefficient, which is found by setting (6.8) at t = 0 
equal to the initial condition f(x). With this specification, the expression for C; becomes 


aPe =) — exp (==) 





1 аРе \ . 1 exp | 
С; = 2 | f(x) exp (==) sin(Zrz)dx — 2 | ox (а реј sin(£rz)dx 
1 а Ре Y. Вел соз(#т) exp (—°) 


For the case f(x) = x, the integral 7; of f(x) in this expression equals 


8 


= (a? Pe? + 4272) | 


4aPe Ёт — exp (=) соѕ(Ёт) (4aPe (т + Ёт (Pe + 12) 
(6.10) 
With these expressions for Се, the exact solution (6.8) is complete and can thus be used to 
assess correctness of a software program that numerically solves (6.1) under the same initial 
and boundary conditions. 
Each Fourier series component in (6.8) is itself a solution of (6.1) and the rapidity of 
series convergence depends on aPe. For a = 1 and Pe = 10, a 15-term expansion yields 
for (6.8) at t = 0 an expression that coincides with f(x) = x within four significant digits. 
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Figure 6.2 graphs (6.8) for various time levels and shows that the solution smoothly varies 
with time, with terminal steady state that arises for t > 2.5. The time-dependent exponen- 
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Figure 6.2: Solutions at Several Time Levels 


tial components of this solution rapidly decay as time t elapses, which corresponds to the 
smoothing action of the second order derivative in (6.1). 

Consider, a solution of (6.1) in the form of a general M-term Fourier series with time- 
dependent coefficients and boundary conditions 


gir s 2 wt) exp(Jwix) (6.11) 


where 7 = у—1, exp(juer) = cos(wer) + j sin(wer), and we denotes a component spatial 
frequency. 

Insertion of this series into (6.1) yields the following ordinary differential equation for the 
(^^ time-dependent coefficient in (6.11) 





йш , ш? 
== —— 6.12 
hence the Fourier-series solution of (6.1) becomes 
N 152 
q(x,t) = У Сеехр a) exp(jw(x — at)) (6.13) 
#=1 
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which exhibits an analogous exponential smoothing as time elapses. An approximate solution 
of (6.1), therefore, is acceptable when it too displays a similar exponential damping under 
correspondingly bounded initial and boundary conditions. 


6.2 Spatial Approximation: Discretization 


The process of approximating partial derivatives with respect to the space variables is called 
discretization because it replaces a continuum partial derivative with an algebraic expression 
that depends on solution values at a discrete set of points. This discretization significantly 
impacts CFD stability. 

Even when the continuum problem is well posed and the solution exhibits an exponential 
damping, the solution of a corresponding spatial approximation of the governing equation 
(6.1) may explosively diverge, regardless of the boundedness of initial and boundary condi- 
tions. This phenomenon is entirely due to the approximation of the odd-order derivatives 
with respect to the space variables, as the following example delineates. 

For simplicity, consider a uniform discretization of the solution interval for (6.1) such that 
x = (Ax, with 2 denoting an integer number; also consider the following approximations for 
the first- and second-order derivatives in (6.1) 





да di – 2ф + dis 








~ 14 

Ox? Ax? (014) 

да ~ di — di-1 д4 ~ dixi — di-1 д4 ~ +1 — di (6 15) 
Or Ах | Ox -— 2Ат C Or Ах | 


Each of these three discretizations for the corresponding first-order partial derivative is al- 
gebraically correct, yet depending on the sign of the convection velocity component “а”, 
one of these choices can destabilize the approximation. For convenience, all these three 


discretization can be combined as 


да „%—@-1 ditt — di 

= ~ g————— + (1 — 6) —–— 6.16 

да OF Be (6.16) 
where 8 denotes a positive parameter such that 8 = 1, 6 = 5, or @ = 0 respectively 





МУ 


corresponds to the first, second, ог third discretization in (6.15), which are respectively 
known as a fully upwind, centered, and fully downwind discretization. After the spatial 
discretization of (6.1), the resulting expressions no longer depend on the continuum space 
variable x, but only on t. The partial derivative with respect to time thus becomes the 
following ordinary derivative 


(2) «о = (ева) = (2) alt) = 2 бат) 


With approximations (6.16)-(6.17) the model partial differential equation becomes 


йд: i — qi- ipd1— di , l dii — 2di + di 
uc == x Est en 9 n di-1 di T 8+1 


dt Aq Pe Ma 
for += 0, 1,2,..., №. The spatial discretization thus replaces the single partial differential 
equation (6.1) with (6.18), which constitutes а set of N + 1 coupled ordinary differential 
equations in the continuum time variable t. Since (6.1) is linear, (6.18) is also linear. 











(6.18) 
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6.2.1 Steady-Solution Monotonicity 
The steady form of (6.18) becomes 


1 а 1 aw 1 a Е 
л scs 7 z 7 )) т 24 (кел; ш 2 | ша (Roan Y о Ы 1)) = ou 


which, for a fixed v = 28—1, constitutes a linear, constant-coefficient, second-order difference 
equation. This difference equation may be equivalently expressed as 














1 аф а 
(кел; ИС ) (фина — 2qi + Gi-1) — 2 (dita — G-1) = 0 (6.20) 





This result shows the presence of an artificial dissipation, depending on ф, which leads to 
the effective Peclet number Pe” 





1 1 aw 
———— —— 6.21 
PeFAx | PeAx < 2 ) 





For various magnitudes of the coefficients a, y and Pe, the exact solutions of the difference 
equation (6.19) can be expressed in closed form, leading to the chief conclusion that a 
monotone as well as accurate discrete solution requires a discretization interval Ax of order 
1/Pe. The general solution of this difference equation is expressed as 





ф = Сл (А) + Сә (Хај (6.22) 


o 
1 


where superscript is an exponent, the constants С, and С» depend on the boundary 
conditions for (6.1), hence (6.18), and А; and А denote the two distinct roots of the char- 
acteristic equation 


|| а 1 aw 1 a 
X scs = 2 (0 i )) id ei ш 2 ) Y Ev ш 2 = 1)) = (0.28) 


When this equation has two coincident roots Ај, the solution of the corresponding difference 
equation becomes 











ф = C1 (AD + $C» (AL) (6.24) 


For a purely convection equation, hence for Pe— oo, the fully upwind scheme for v = 1, 
hence 6 = 1 though only first-order accurate, yields the exact continuum solution 


ф = Сл (6.25) 


This depends on the single constant Су that is determined using one boundary condition, in 
complete agreement with the associated first order of the resulting convection equation. In 
the absence of low order artificial dissipation, with Y% = 0, hence 8 = 2, the solution becomes 


For the determination of the two constants C and C5, this solution requires two boundary 
conditions, one physical and one mathematical, even though the associated partial differ- 
ential equation depends upon only one boundary condition. Significantly, the physical and 


156 Overview of CFD Algorithm Development 





mathematical boundary conditions must lead to a vanishing C5, otherwise the solution will 
exhibit a daunting oscillatory behavior. 

For a purely diffusion equation, hence a — 0, the characteristic equation (6.23) has one 
double root. Accordingly, the solution becomes 


which corresponds to the exact continuum solution q(r;) = С; + Сол,, since (6.18) corre- 
sponds to a second order accurate discretization. 

For the general convection diffusion equation with artificial dissipation, the semi-discrete 
solution becomes 











: + Sb +1) | 
gi = C4 + Сә Бода 2 (6.28) 
— 1 
РеАт 2° ) 





For a positive convection speed а, solution monotonicity сап be preserved by forcing the 
denominator to become positive 
1 
PeAx 


For a given Az, this positiveness constraint is satisfied by any wv, hence 3, constrained by 
the inequality 


à ; (0 -1)»0 (6.29) 


2 1 
aPeAz' = aPeAx 
Thus, a formally second-order monotone linear scheme can be obtained when (6.30) yields 
ф = О(Ат), B = 5 + О(Ах). However, this result leads to a regrettable reduction of the 
effective Peclet number, which from (6.21) is expressed as 
Е Ре 
_ 1-4 aPe/(2Ax) 





ф > 1— (6.30) 





Ре“ < Ре (6.31) 





Depending on the magnitude of Pe, the effective Ре“ may be much smaller than Ре. For 
example, for Pe=1 х 109, a= 1,  — Ах = 1 х 1073, the effective Peclet number becomes 
Pe” = 666, 666, which corresponds to a 33% reduction. This predicament cannot be remedied 
by increasing the nominal Peclet number, because the effective Peclet number reaches the 
limit 











2 
aij Aa 
One avenue to counter this reduction consists in selecting a suitably small Az such that 
(6.30) is satisfied for a fixed v. This selection leads to the expression 


2 
Arz aü — Pe (6.33) 
which entails a large number of mesh nodes, eventuating in a computationally expensive pro- 
cedure. А viable resolution is attained when the algorithm uses an adapted mesh that clusters 
nodes in boundary layer regions, with Ax satisfying (6.33), and employs elsewhere within 
the computational domain a variable ф that depends on semi-discrete solution smoothness, 
as discussed in Chapter 10. 


Pe” = (6.32) 
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6.2.2  Unsteady-Solution Stability 





The discretization of the first-order partial derivative, hence the parameter 02, also critically 
impacts the stability of the unsteady solutions of (6.18). This section also addresses an 
apparent confusion in reported research, related to the precise magnitude of 8 required for 
stability. The previous section has shown that a monotone steady solution results when 


| 


> | — —— 
А aPeAx 


(6.34) 
a frequently-cited stability constraint. ‘This section shows that solution stability requires 


1 1 
B> 


2 aPeAx о 


another frequently reported stability result. The resolution of the seeming confusion revolves 
around the interpretation of the word “stability”. A solution of (6.18) will remain stable in 
the sense of monotone, hence non-oscillatory, when constraint (6.34) is satisfied. Instead, 
a solution of (6.18) will remain stable in the sense of boundedness, but not necessarily 
monotone, when constraint (6.35) is satisfied, as developed in this section. 

The stability, in the sense of boundedness, of the time-dependent solutions of (6.18) is 
conveniently investigated by means of the following general M-term Fourier series, analogous 
to (6.11), 





qi(t) = D velt) ехр(јаи ix) (6.36) 


Insertion of this series into (6.18) yields the following ordinary differential equation for the 
time - dependent series coefficient v; 


dve __ | (оз Е Der — соз(шеААт) x ju ee ш? 2(1 — cos(weAz)) ) » 




















dt TAVIT Up c Pe (Ar) 
(6.37) 
which correlates with (6.12). The solution of this equation is 
1 — cos(wpAx) . вїш(ш,^\т) 
= — 20— 1 
ve(t) = Ce exp | С ( B — ш DAS + 2% nA 
wg 2(1 — cos(weAx)) А (6.38) 
Ре (wp Ax)? 
which leads to the following Fourier-series solution of the ordinary differential equations 
(6.18) 
ud 1 — cos(wp Ax) 
(= SiC =| сор sg 
open (ев) 
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where the coefficients С; may be determined as in (6.9)- (6.10). This solution may also be 
expressed as 


alt) = 36 ev | - ( (028 — nas р.) cS i| 





zx Pe (о Aa)? 
x exp Ez (ias — uem ) | | (6.40) 
which remains bounded in time when 
a(28 — Ах + С Е o рес. — (6.41) 
Ре 2 aPeAx 


the boundedness result previously mentioned. As Az approaches zero, with а finite т; = 1А, 
this solution (6.39) converges to (6.13) by virtue of the limits 
um 1 — сов(о Ax) - 0. lim 2(1 — cos(weAz)) 
Ах—0 ш Ал Ат—0 (weAx)? 


=1, tim SBMA) ү (649) 
Azx—0 — QiAT 

Solution (6.39) thus correlates with (6.13) and lucidly exposes the effect of the spatial dis- 
cretization on solution accuracy and stability. À comparison of (6.13) with (6.39) reveals that 
the spatial discretization alters the convection speed and diffusion coefficient, respectively 
from a to итте л and from Ре to Po а 2») This approximate diffusion coefficient, 
in particular, always remains non-negative, which indicates that the discretization in (6.14) 
of the second-order partial derivative in (6.1) is intrinsically stable, for the corresponding 
second time-exponential in (6.39) will never grow as time elapses. 

The discretization (6.16) of first-order spatial derivatives, however, is not unconditionally 
stable. In fact, this discretization also induces the exponential term 


1 — cos(w А 2) | | 


ш,Ах 











D = exp | — | а(28 — 1)ш‹ (6.43) 
This term will not grow as time elapses if (28 — 1) < 0, for a negative “а”, and (20 — 1) > 0, 
for a positive “a”. The case (20 — 1) = 0, hence 8 = 5, corresponds to a traditional centered 
discretization, which generally induces no intrinsic dissipation. In practice, however, it is 
convenient to take ||28 — 1|| > 0 for a dissipative discretization. 

While in this linear case, 8 > 0.5 leads to a bounded solution, for non-linear equations, 
only the constraint 2 > 0.5 may generally yield bounded solutions. To illustrate the type 
of instability that can result from a non-dissipative spatial discretization, consider the time 
evolution of solution (6.39) for an unsuitable numerical value of 3. For instance, when a = 1, 
Pe = 500, and Ax = 0.05, solution (6.39) will grow unboundedly when 8 < 0.46. Figure 6.3 
compares solution (6.39) for 8 = 0.45 and 8 = 0.55 at several time levels. When 8 = 0.55 
the solution remains bounded at all times and follows the exact solution. Conversely, for 
В = 0.45, instability rapidly sets in as time elapses and obviously originates from the solu- 
tion exponential components. Since the integration in time that leads to (6.39) is exact, this 
instability entirely results from the discretization in space. Independently of any approx- 
imation of the time derivative, the spatial discretization impacts solution stability, in this 
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Figure 6.3: Stable and Unstable Spatially Discrete Solutions 


representative case through the discretization of first-order space derivatives. An unsuitable 
discretization of first-order derivatives, especially in non-linear problems, will induce catas- 
trophic exponential growth, even for well posed problems and bounded initial and boundary 
conditions. Independently of any time integration technique, a spatial discretization is ac- 
ceptable when it leads to a system of continuum-time ordinary differential equations with a 
solution that evolves in time analogously to the spatially continuum solution. 

Figure 6.3 indicates that in this example G = 0.55 leads to a bounded solution. The 
inherently stable discretization resulting from the mathematical constraint |28 — 1|| > 0 
corresponds to a fundamental physical situation. Consider, as a representative example, the 
case of a positive “a”. This case corresponds to a flow from left to right, hence from node 
^; — 1” to nodes “i” and “i+1”. The inherent stability condition for this case is (20 — 1) > 0 
hence B > L This condition indicates that an inherently stable discretization of a first- 
order partial derivative results when the weight, or bias, is greater on the approximation 
that involves nodes “i — 1" and “i”. These are the nodes on the side of “2” from where the 
flow arrives and for this reason a discretization with such a bias is called an upstream-bias 


discretization. Upstream bias discretizations, accordingly, can be intrinsically stable, because 
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they reflect the physical situation that the flow state at a point depends on flow conditions 
convected to that point along a specific direction. Form this perspective, upstream-bias 
discretizations are acceptable, in the sense defined previously. 

Mathematically, upstream discretizations are inherently stable because they intrinsically 
induce an amount of dissipation. In the case of (6.16), the induced dissipation can be exposed 
by expressing (6.16) in the following form 








A-9295 34 
2 (Ar) 








Qi — Qi—1 Qi--1 — 9: Gi+1 — qi- 
pA (1 – gj = EE (28-1) 


Ax Ax 2AT (6.44) 


This result consists of a non-dissipative centered discretization added, most importantly, to 
the discretization of a second-order partial derivative, which is intrinsically diffusive when 
its coefficient (28 — 1) 2° = v 4€ remains positive. Expression (6.44) also indicates that an 
upstream discretization can equivalently result from a traditional centered discretization of 
a companion, or upstream bias, equation associated with (6.1). On the basis on (6.44), an 


upstream bias equation for (6.1) is 


2 2 
a "а (St egi) сз =. (6.45) 
Ot Ox On Pe Ox? 
for a three-node centered discretization of this equation along with = = at identically returns 
(6.44). The following chapters show that centered discretizations of characteristics-bias con- 
tinuum equations directly and conveniently yield consistent upstream discretizations for the 
original governing equations. 


6.8 Time Integration 


The spatial-discretization system of ordinary differential equations, like (6.18), is then nu- 
merically integrated in time, which introduces additional accuracy and stability issues. 
Consider the following general form of an ordinary differential equation system 


^I fCat) (6.46) 


Both explicit and implicit methods are available to integrate this system numerically. A 

representative explicit method is 

nm+l _ д" 

———— = mom 6.47 
ДЕ f(a", tn) (6.47) 


whereas an implicit method can be cast as 


lt m Ў pom tn41 ) (6.48) 


where 
t=, да“ ~ (tn) (6.49) 
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As (6.47) indicates, an explicit method allows the direct determination of the solution array 
0") at time level t,,,1 without solving any equations, but through a direct calculation of the 
right-hand-side at each node x; and time level t,,. Conversely, an implicit method requires 
the solution of a system of generally non-linear coupled equations for computing the solution 
array 4"! simultaneously at all discretization nodes at time level t,,41. 

Even for intrinsically stable time-continuum ordinary differential equations, an explicit 
method generates stable solutions only if the time step At does not exceed a certain stability 
limit that usually remains proportional to the discretization interval Az; hence the smaller 
Ах the more minute At becomes. Implicit methods, on the other hand, generate stable 
solutions for much larger time steps At. 

То illustrate these fundamental stability concepts, consider the integration of the model 
system (6.18) using methods (6.47) and (6.49), which respectively yield the two systems 
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The stability of the solutions of these algebraic systems with respect to the time step ДЕ is 
easily investigated by means of a general M-term Fourier-series solution, analogous to (6.11) 
and (6.36) in the form 


M 
qj; = У Се exp(jwriAz) (6.52) 
(=1 
where in this case v7 signifies that the “amplification factor” v; is actually raised to the power 


n^, unlike “gq?” where “п” quite simply denotes a time - station superscript. Insertion on 
this series into (6.50) yields the following equations for v; 
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with respective solutions 


Up = (1 = А), Ug = (1 T МА) (6.55) 
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which lead to the following series for q? 


M M 
ф = У Си(1— ААЛ)" exp(juriz), q =X C (1+ АА) )" ехр(јшйАх) (6.56) 
(=1 


#=1 = 





where the coefficients С; can be determined as in (6.9)- (6.10). For a vanishing At, with 
a finite t, = nAt, both of these solutions converge to the time-continuum solution (6.39). 
This is shown by remembering that 


t 


t 
— = hm At= lim = (6.57) 
n At—0 


no n 


1 m 
lim (1 + — | = ор Даље 
m 


тоо 


and consequently 


ii = exp (—Actn) (6.58) 





| | (ју 


(1 — \,At)" = li 2+ 
—0 t Е (=z) 





u (е 
lim ( (1+ At) ) = lim (+ | = exp (—Agtn) (6.59) 


At—0 п—эоо ( n ) 
Аун 


Although both solutions in (6.56) converge to the single time continuum solution (6.39), 
these solutions feature profoundly distinct stability properties. Solutions (6.56) depend on 
an amplification factor that is raised to a positive integer power “n” greater than one. These 
solutions will thus remain stable when this factor does not exceed 1, which leads to the 
stability inequalities 

|lL-XAH x1 a+ мађ [x1 (6.60) 





The first inequality, hence the explicit method, leads to the following realistic sufficient 
stability constraints on both At and 8 


1 || 
— —————— At < 6.61 
2aPeAx’ T а 1 ( ) 


толе 





pz 


These results indicate that in the absence of any physical diffusion, that is Pe — oo, the 
limitation on £ is 9 = 1. This limitation signifies this explicit numerical time integration 
method remains stable only in conjunction with a fully upstream spatial discretization, even 
though system (6.18) is stable for 8 > 5. For the fully upstream spatial discretization, the 
stability constraint involving At becomes eM < ] which corresponds to the fundamental 
Courant-Friedrichs-Lewy, or CFL, condition, a useful reference. When physical diffusion is 
present, hence Pe remains finite, constraints (6.61) impose stringent limitations on At. For 
instance, when PeAz ~ 1 then At ~ Az. 

To illustrate the type of instability that can result from an explicit time integration, 
consider the time evolution of the explicit solution in (6.56) for a At that violates (6.61). For 
instance, when a = 1, Ре = 500, and Ax = 0.05, this explicit solution will remain bounded 
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Figure 6.4: Stable and Unstable Fully Discrete Solutions 


when 8 > 0.98 and At < Ах. Figure 6.3 compares explicit solutions for At = 0.049 and 
At = 0.051 at several time stations. When At = 0.049 the solution remains bounded at all 
times and follows the exact solution. Conversely, for At = 0.051, instability rapidly develops 
at subsequent time stations. Since 8 = 0.98 corresponds to a stable spatial discretization, 
as established in the previous section, this instability entirely results from the explicit time 
integration with a At that violates a stability constraint. In general, a time integration is 
acceptable when it leads to a system of equations with a solution that evolves at subsequent 
time stations analogously to the solution of the associated system of ordinary differential 
equations. 

The second inequality in (6.60), hence the implicit method, does not impose any stability 
restriction on At. With (A;) and SY(A;) respectively denoting the real and imaginary parts 
of А, this inequality yields 








1 


(1 + AtR(Az))* + (AtS) 51 on!) 





which is unconditionally satisfied for any positive At. 
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The solution for q?*! 


17 with implicit time-integration methods in practice originates from 
solving a system of equations. For the model example (6.18), this system of equations 


becomes 











) 457 + (1+ (26 - 08 + pests) a — ((6 0) 58 + pata) itt = di 

(6.63) 
which contains N+1 coupled linear equations for i = 0, 2,3,..., М—1 and with two boundary 
conditions, one for 2 = 0 and the other for + = N. 


аду At 
( Ах + PeAz? 


6.4 Solution of Non-Linear Systems 


An implicit method requires the solution of non-linear systems for the calculation of the 
solution because such a method couples all the spatial approximation nodes. Unlike explicit 
methods, however, implicit methods allow larger time steps in the determination of stable 
numerical solutions. 

For the general spatial-discretization system of non-linear ordinary differential equations 


E = f(a(t),t) (6.64) 


an implicit numerical time integration method like 


E oed (6.63) 


thus corresponds to a system of coupled non-linear equations. ‘This system is invariably 
approximated by means of Newton's method, which in essence reduces the solution process 
to a sequence of solutions of linear algebraic systems. CFD procedures employ either direct 
or iterative methods to solve this terminal linear system of algebraic equations. 

To delineate Newton’s method, introduce the solution variation Aq = q"*! — q” and 
express (6.65) in the homogeneous form 








PAg = Да— А (q^ 4 Ag tuu) =0 (6.66) 
Newton's method to solve F ( Aq) — 0 for Aq is 


OF 
0= F(Aqg”)+ —— 


ӘЛ (ar + Aq" ) (6.67) 


Aq=Aq™ 





which for (6.66) specializes to 


Of 
I-At —- 





| (Ад + Aq") = Atf(q + Aq", tnya) – Aq" (6.68) 


q—q" +Aq™ 


This linear system for determining Aq expresses an iterative process with “т” denoting not 
an exponent, but an iteration superscript. This iterative process can be concluded when 
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the norm of difference between any two subsequent solutions decreases below a prescribed 


tolerance, like 
Agr"? — да" | < tolerance (6.69) 


Frequently, however, the full iterative process (6.68) is replaced with a one-iteration algorithm 
with Aq? = 0, which leads to the linear system 





О 

[ = | Aq = Nt) (6.70) 

OG M 

q—q 

This single system corresponds to a linearization of (6.65) in the form 
n+1 n n Of 
qh — а =Atf(q", tnt) + Ata Aq (6.71) 
q=q" 





which leads to the solution q"*! in one step at each time level. In this case, the time step 
At can по longer be as large as desired, but must remain finite for a stable solution. The 
linearization stability limit on At, however, definitely exceeds that imposed by an explicit 
time- integration method. 


Сћарђег 7 
The Finite Element Method 


The Finite Element method is a most systematic procedure to generate optimally accurate 
discrete analogues and solutions of a system of continuum partial differential equations, 
[17, 30, 144, 160, 214]. Minimizing arbitrariness as well as ambiguity in the synthesis of the 
discrete equations, the method represents each single continuum partial differential equation 
via a system of ordinary differential equations. Concisely presented in this chapter, the 
method consists of six chief sequential stages: 





1. recasting of the partial differential system as an integral statement, from a general- 
ized “least squares” minimization, and transformation of the statement into a “weak” 
statement; 


2. restatement of each integral as a sum of integrals in subdomains; 


3. execution of a local coordinate transformation within each subdomain for a practical 
calculation of each integral; 


4. representation of each function and coordinate as a linear combination of chosen basis 
functions within each subdomain; 


5. evaluation of each integral to generate a discrete system; 


6. solution of this system to determine the computational solution of the original partial- 
differential-system problem. 


Each integration subdomain corresponds to a finite element, which is thus a finite re- 
gion where solutions and coordinates vary according to prescribed basis functions. Among 
several finite elements and methods, this book employs Lagrange elements and the classical 
Galerkin procedure, a method in which the weak-statement weight functions coincide with 
the solution basis functions. As well known, a Galerkin procedure generates a centered dis- 
cretization, which can generate oscillatory solutions for convection dominated systems. As 
amplified in the following sections and chapters, the methods in this book apply the Galerkin 
procedure not so much directly to the Euler or Navier-Stokes system, but rather to a com- 
panion characteristics-bias system. Developed at the partial differential equation level, in the 
continuum and before any discretization, the characteristics-bias system augments the Euler 
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or Navier-Stokes system with an intrinsically multidimensional upstream bias, along all the 
infinite wave-propagation directions radiating from each flow-field point, so that a classical 
Galerkin discretization of this system automatically generates a physically consistent multi- 
dimensional upstream discretization of the original Euler and Navier-Stokes systems. As 
the computational results bear out, this discretization generates monotone and essentially 
non-oscillatory solutions for smooth and shocked flows. Over the years, several finite ele- 
ment discretization procedures have been developed that both employ characteristics-theory 
notions and generate essentially non-oscillatory solutions for convection dominated flows. 
Among these procedures are the Streamline Upwind Petrov Galerkin ( SUPG ) method and 
the Discontinuous Galerkin ( DG ) method. This chapter shows that the integral state- 
ments from the Characteristics-Bias Galerkin ( CBG ) methods not only encompass but also 
generalize the SUPG and DG formulations. 

The integral statement equivalent to a system of partial differential equations is shown 
also to evolve from a generalized minimization procedure. Employing the Green-Gauss 
divergence theorem, that is multi-dimensional integration by parts, the integral statement is 
then transformed into a powerful “weak” statement. This statement both provides efficient 
venues effectively to enforce physically meaningful boundary conditions and allows use of 
linear, bi-linear, and tri-linear piecewise continuous functions accurately to represent second- 
order stress-tensor and heat-transfer terms. 

This chapter also summarizes the vector tools for formulating curvilinear-coordinate 
forms of the governing equations and corresponding integral statements. Basic geometric 
definitions generate straightforward vector expressions for finite areas and volumes, which 
then lead to their differential counterparts; the rules for transforming partial derivatives fol- 
low. With these significant results, the traditional derivatives and integrals with respect to 
the cartesian coordinates (21, 29, 23) are more conveniently and easily evaluated in terms of 
curvilinear coordinates (71, 72, 73). 

A crucial stage in the finite element method consists in discretizing both functions and 
coordinate transformations in terms of prescribed functions. These functions belong to a 
so-called complete set of functions, which, somewhat informally, means that a sequence of 
these functions will converge to a member of the set. Investigated in depth in functional 
analysis, these fundamental approximation and convergence notions both identify this set of 
functions as a Hilbert space and involve such fundamental concepts as Hilbert and Sobolev 
spaces of functions as well as optimal approximations within inner-product spaces. This 
chapter highlights the main results of these investigations and then presents some of the 
commonly used functions. Allowing a convenient and efficient calculation of all the weak 
statement integrals, the completion of the discretization is the stage that leads to a system 
of discrete equations. The remaining sections of this chapter detail this systematic finite 
element discretization in arbitrarily shaped computational domains. These sections also 
present a set of optimal coordinate-transformation metric data that obviates the need for 
numerical integration and a sample “C” pseudo code that illustrates a typical sequence of 
operations within a finite element program for the characteristics-bias solution of the Euler 
equations. 
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7.1 Variational Weighted Integral Statements 


This section develops several integral statements that are equivalent to corresponding govern- 
ing partial differential equations. As shown in Sections 7.1.1-7.1.2, these statements evolve 
from a minimization principle that apply to fairly general equations. Section 7.1.3 presents 
a complementary procedure specific to the Fluid Dynamics equations. 


7.1.1 Least Squares Statements 


Consider the two vectors F = fit + fog + fsk and Q = qıt + цә] + Ok with the objective of 
determining the best components qı and д so that Q is closest to F in Gauss’ least squares 
sense. This requirement leads to the minimization of the square of the error magnitude 


oT = (F - Q): (F -Q) (7.1) 
with respect to (q1, q2), which leads to 


OT OT 


—=(0, —=0 (22 
On Од ( ) 


and consequently to 


(F-Q)-i=0, (F-Q)-j=0 > (F-Q)-Q=0 (7.3) 


According to these expressions, the solution is q; = fı and фә = f». This finding means that 
the optimal Q corresponds to the projection of F onto the ( i, j ) plane and correspondingly 
the “error” (F — Q) is orthogonal to this optimal solution Q. These basic results generalize 
to the determination of optimal approximating functions as follows. 

Consider the smooth function f = f(x,t) in terms of its Taylor's series about x = ro 


ee ay (х — 20)" 








f(z,t) = f(xo.t) + (7.4) 


S oe M" n! 
This exact series indicates that the expansion 
f(x, t) = f(xo,t) + уз estt 0)" (7.5) 


with each term a product of a function c,(t) of t and a function (x — 20)" of x is neither a 
separability assumption nor an approximation, but an exact representation. This representa- 
tion, in particular, confirms the correctness of expressing a function as a linear combination 
of simpler functions. Accordingly, consider the function q = q(x, t) expressed as 


N 


= 2am (x — тој“ | (7.6) 


in terms of a finite number of simpler functions, with the objective of determining the 
components a,(t) such that this function is closest to f = f(r,t) in the least square sense. 
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In comparison to the previous vectors, the simple functions (x — 29)’, 7 > 0, thus correspond 
to the basis vectors 2, 7, k and are thus called basis functions. In direct analogy with the 
previous form of Z, the square of the error norm in this case is expressed as 





N 2 


= | (reo -Zon \(x — aro) e dQ (7.7) 





The minimization of this expression generates the system 


N 


< = c — gg)! (ro. t) – Y a«(t)(z — ay? dQ=0, 1<i<N (7.8) 


n=l 





that leads to the linear-combination components a,(t), 1 < n < N. This integral, in 
particular, leads to the result 


N 


Ya Z = f alet (16.0 -Xa )(z — то)” 7 јао =• (7.9) 


With respect to the generalized “inner product" (f,q) = f 7989, as amplified in Section 7.5, 
this result indicates that the error (f — q) remains “orthogonal” to the best approximation 
q, which, accordingly, represents the “projection” of the function f onto the “plane” defined 
by the basis functions (x — zo)" !, 1 < n € N. The generalization of these results to 
functions of several space variables f = f(a,t) and q = q(a,t) is direct, as it employs multi- 
dimensional integrals with an expansion q(a,t) = XÀ; а, (1)W, (а) in terms of prescribed 
functions W, (а). This minimization procedure extends to the determination of an optimally 
accurate discrete solution of a system of time-dependent partial differential equations. 

For a function q(z,t) = У“ а, (£)W, (22) that is not an exact solution, a conservation-law 


system, like the Euler or Navier-Stokes system, becomes 


Og Ој on 














CEN а по юы ж шо (7.10) 
with 
N 
= > bn (t) Wax) (7.11) 


while Ae(æ, t) indicates a residual error that appears when the fluxes f; and fy non-linearly 
depend on the basis functions, but that vanishes when these fluxes are expressed as a linear 
combination of basis functions, i.e. а “group” representation. The minimization procedure 





in this case aims to determine an optimal function q that minimizes the error єл. The 
square of the error magnitude becomes 
i= | (e(x, t) + Ae(z, t)? dO (i2) 
Q 


and the minimization of this expression with respect to b;(t), 1 < i < N, yields 


0T _ _ q Of; Of _ 
ок = h let) + Ae(e 0) Wila) dn = | W e E uw Шш. s) а= (7.13) 
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and 





E uoi да Of; Oft 


These results show that an arbitrary function W, expressed via the prescribed functions 
W;, 1 < < N, hence also q itself, is orthogonal to the error = Most importantly, the 
weighted integral statement 


[v (5 + 52 - 2E =» ano (7.15) 


i 


TOT’ 


дї Ox; OX; 


defines an expansion q that minimizes the error £,4,. In particular, this integral statement 
generates a system of ordinary differential equations in time for each time dependent partial 
differential equation, as exemplified in the following section. For an infinite dimensional 
exact solution g, that is when N — ov, this weighted integral statement is equivalent to 
the original equations. Remaining valid for any function W as well as domain О, in this 
case, the statement implies the equation system. For a finite N, the expansion q becomes a 
finite dimensional optimal representation of the solution on О. Accordingly, this statement 
is employed to generate computational solutions. 





7.1.2 Representative Optimal Solutions 





This section demonstrates the determination of an optimal solution via a finite dimensional 
expansion and corresponding weighted integral statement for representative one- and two- 
dimensional convection diffusion equations. For the one dimensional convection diffusion 
equation 
дд дд 1 024 
Ot Ox  ReOz? 


consider determining a finite dimensional solution in the form 


= 0 (7.16) 





q(x, t) = а (t) + а2(1)2 + аза“ (7.17) 





Substituting this expansion in the equation generates the “error” 


day, 


2 дао ааз 9 
Enos | di + cag an) + | s + ca] £ + He (7.18) 





With this error, for 1 < i < 3, the weighted integral system (7.15) generates the ordinary 
differential equation system 


aay A co Lo c Eug (7.19) 
т et ge а Fuge en | 





For Ај, Ag, Аз denoting arbitrary constants, the solution of this system is directly found as 


2 
аз = As, ао = —2cAat + A», ај = Reis! + ena = cAst + A1 (7.20) 
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which leads to the following expression for q 
2 
q(z,t) = A, + A(x — ct) + Аз G — ст + c^t? + us) (7.21) 
е 


Significantly, this is an exact solution of the original partial differential equation. The con- 
stants may then be determined by minimizing the difference between this solution and the 
initial and two boundary conditions. In this respect, this q is a finite-dimensional represen- 
tation of the solution of a complete initial-boundary value problem; the greater N the more 
accurate this solution. In particular, this representative example shows that the optimization 
weighted integral statement (7.15) for a single time-dependent partial differential equation, 
generates a system of ordinary differential equations. 

Consider next the determination of an optimal finite-dimensional solution for the two- 
dimensional convection-diffusion equation 

















2 2 
3 "ид + ust = us (20 $4) = 9 (7.22) 
A finite dimensional solution may be expressed in the form 
q(x, 9,1) = a(t) + а2(1)2 + аз( у + аа(#) у + a5(t)x? + asly’ (7.23) 
Substituting this expansion in the equation generates the “error” 
Sx = e + uas + vaa — fum + a) + e + 2uas + D rc 
dt he dt 
e + иад + а) y+ 7 Jg 5 F T (7.24) 


With this error, for 1 < i < 6, the weighted integral system (7.15) generates the ordinary 
differential equation system 





d 2 d 

— + uag + таз — (as + ав) = 0, — + 2uas + vay = 0 
даз йал йа» даб 
баз iu. ae ag е 2 
ЖТ + ua4 + 2va4 = 0, di 0, di 0, dt 0 (7.25) 





For Ај, А», Аз, A4, As, Ag denoting arbitrary constants, the solution of this system is 
directly found as 


ав = Аб, Q5 = As, ад = A4, Qa — —uAat = 2v Aet + Аз, аә = —vAA4t = 2и Ast + A» 
2 
ај = (и? As + uv Ал + v? Ag)t? + (s + А) = и АЛ» — vAs) t+ A1 (7.26) 
which leads to the following expansion for q 


q(z,y,t) = Ај + A(x — ut) + Аз(у — vt) ФА, (wot? — vz — uty + ту) + 
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2 2 
As (2 — Qutx + u?t? + us) + Ag (y — 2vty + 2:13 + =") (T27) 
Re Re 


Similarly to the one-dimensional case, this is an exact solution of the original partial dif- 
ferential equation. The constants may then be determined by minimizing the difference 
between this solution and the initial and boundary conditions. In this respect, this q is a 
finite-dimensional representation of the solution of a complete initial-boundary value prob- 
lem; the greater N the more accurate this solution. Again, this representative example shows 
that the optimization weighted integral statement (7.15) for a single time-dependent partial 
differential equation, generates a system or ordinary differential equations. 








7.1.3 Fluid Dynamics Equations from a Variational Principle 


This section shows how the Fluid Dynamics governing equations also emerge from a vari- 
ational principle that yields three weighted integral statements. Consider expressing the 
intensive variable Gp of Chapter 1 as a linear combination of “N” time dependent parame- 
ters and suitable basis functions in a form 


G(a,t)p ~ >: (c). wae) = о. (7.28) 








so that 
B( xi, t)p(ai,t) = ВИ р (5) (7.29) 


The parameters (;(t) and p;(t), however, may ог may not represent the values attained by 
B (a, t) and p(a,t) at x = x;. For given trial functions 10, (2), a fundamental question related 
to (7.28) concerns the choice of the parameters 9;(ї) and p;(t), so that (7.28) becomes the 
most accurate representation for G(x, t)p(a,t). As detailed in the previous sections, Gauss’ 
least squares method indicates that a most accurate representation emerges when these 
parameters are linearly related to “weighted” state variables as shown next. 

The local deviation between б = p, p(a,t) and (7.28) can be simply characterized as the 
difference єлє = (2, #)р(а, t) — У, 85 (t)p;(t)w;(m). At each instant of time, the total 
deviation can then be Mater as the in Edi of the square of = over the fluid domain 
Q of interest as 


21 = [ET dQ = f КО 0 Eae) dQ (7.30) 


From this expression, the total deviation is always positive and depends on the parameters 
B;(t) and p;(t). Representation (7.28) becomes “optimal” in the least squares sense when 
Eror İS à minimum with respect to 5;(t)p;(t). This requirement yields the conditions 


OT OT 
dI d(B;(t)p;(t)) S wW—— = 0, 11 АТ 
эр HAD) 
where the vanishing of N partial derivatives follow from the linear independence of the 
parameter products (0;(t)p;(t)), for 1 X i < N. These partial derivatives yield the system 








TOT 





TOT 





[ wil 2) у wis p;(t)dQ = f w;(a) G(x, t)p(a,t)dQ, 1«i«N (7.32) 
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which determines the parameter products (0;(t)p;(t)), for 1 € j < N. These optimal 
parameters, therefore, depend on the “weighted” extensive quantity at the rhs of this linear 
system. For simplicity, the subscript “i” is eliminated from the basis function w for now, 
because the following considerations apply for any suitable basis function. For 08 = 1, 
B = V,and 8 — e, this weighted quantity respectively corresponds to the weighted mass, 
linear momentum and energy 








My = | wpd9, Ly = | wo da, bn = | wpe do (7.33) 





The prominent appearance of these weighted quantities in the variational problem of obtain- 
ing an optimal representation (7.28) justifies inquiring into the total rate of change of these 
quantities. 

From the transport theorem, the time rate of change of a weighted quantity is 








= = => f wie dQ = ЩЕ (wip) + div (wsp¥) | dn = 


д 
= | и Ех йр А | 10+ |, S dQ (7.34) 


The presence of an integral involving u;Ow/0z;, leads to a convenient interpretation of the 
weight function w. Retracing the steps that prove the transport theorem in divergence form, 
shows that u;Ow/Ox; corresponds to the derivative of w with respect to time, holding the 
fluid particle coordinates x constant. ‘This observation shows that the weight function w 
can be expressed as w(x) = п(2(220,1)), which corresponds to a function that “follows” fluid 
particles as ©) deforms, in the sense that one specific value of ш within the deforming О 
always corresponds to one fluid particle. 

Expression (7.34) yields a different form of the rate of change of B,, upon regrouping 
terms as follows 











DB. OBp , O(Bpu;) Ow ~ _ 
Di fw | oP a da; 40 + | Bours а 





_ дВр O( Gp) Ow Е 
= (2 ‚+. P) Jan + бобуу + [pus = 


D ра 
= f w E ад + Bp | [ims ao (7.35) 
The time rate of change of a weighted quantity is thus ME as 
Ри) 
и Кини | 
= | wbod + [ Bpu m wc cise pu d Q (7.36) 





and equals the weighted integral of the substantive derivative of a fluid particle intensive 
quantity augmented by the integral of Gouj;Ow/Ox;. 
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Expressions (7.34) and (7.36) provide the same rate of change and upon equating them 
leads to the equation governing the integral of a weighted substantive rate of change as 


Обр | О(Вриј) md 
f „|+ с | aa = [о (7.37) 





For 8 = 1, 8 = uj, and B = e the rhs of this equation contains the weighted integral of the 
ви нет derivative of a fluid particle mass, i component of linear momentum and total 
energy. For the linear momentum and total energy cases these integrals can thus be recast 


as 
дигр — O(uj;pu;) 
= | wdF, | 
[= | 2t + pr dQ [ wa (7.38) 


[o o + ап [o (+ Fe) о 


Since D(dM)/Dt = 0 and the elementary force component апа unit-time heat transfer and 
work are expressed as shown in Chapter 1, equations (7.37)-(7.39) lead to the weighted 
integral equations 


























др дри; 
= A 
ЕЕ 0 (7.40) 
Opu; Opuu до»; 
— — d= Al 
Lel 0t ^ Oz Ox; ^" : a 











_ „ы 

Ot Oz; ОЖ; Qs 

These equations can also be expressed for a fixed volume О. Since these equations must 

then be valid for arbitrary weight functions w, it then follows they can only hold true when 

the expressions between brackets themselves vanish, which returns the governing equations 

in differential form. ‘This observation shows that these weighted integral equations are as 

fundamental as the differential equations themselves. On the other hand, as shown in the 

previous sections, the weighted integral form of these equations provides а minimization 
foundation for the development of a finite element computational solution. 


| w E п ку — pujb; — oi dQ = 0 (7.42) 








7.2 Integrals from Gauss’ Divergence Theorem 





Gauss’ divergence theorem is expressed as 


f v-Fa0 = f fn aon (7.43) 


for a smooth function f. With implied summation on repeated subscript indices, the 
Cartesian-coordinate form of this theorem is 
Of; 


23340 = d. fins dao 44 
2254 } fim; do (7.44) 
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This central theorem leads to the integral theorems that underpin the integral and weak- 
statement formulations of the governing equations. 

The multidimensional rule for integration by parts emerges from Gauss’s theorem, by 
expressing the vector f as the product of scalar and vector functions as 


f =wg (T45) 
The insertion of this form into (7.43) yields 


[У (wg) 0 = d wg-n.dàQ 

Q 99, 

| wv-9+9-Vw) da = 4 wg-n 400 
Q 99, 


| иу дао = - [eg “оао + ф üa ndon (7.46) 
Q Q 99, 


which states the multidimensional rule for integration by parts. In Cartesian coordinates, 
this rule becomes 


Og; Ow 
2 qao – | == ао ф п; ад 7.47 
о Ox; о 0x; 7 y on ^3 an 


Integration by parts also allows transforming integrals that contain second-order deriva- 
tives of a scalar function Фф. This particular transformation emerges from the rule for in- 
tegration by parts (7.46) by expressing the vector g as the gradient of a scalar function ф 
as 





_ дф 
= 1.48 
The insertion of this form of g transforms (7.46) into 
f шу? а0 = - f Vw.VdQ +}. шуф: п дд0 

/ wV% dQ = -f Vw. VódO + f ws 20 400 (7.49) 

The corresponding Cartesian-coordinate form becomes 

Od дш дф 

dQ = – dQ f ws 20 400 7.50 
тд оо oo 


which shows that the integral at the right of the equal sign only involve first-order derivatives. 
Green’s symmetrical integral theorem emerges from the rule for integration by parts of second 
order derivatives (7.49). Considering that both w and 6 are scalar functions, an analogous 
expression arises by interchanging w with $, which leads to 





[ évévan = – (Ку; Vwd + ў, pou dà (7.51) 





Upon subtracting (7.51) from (7.49), Green's symmetrical theorem emerges as 


|. (шу — ФУ) 40 = $ | (> ж pou У 400 (7.52) 


In Cartesian coordinates, this theorem is expressed as 


0? Ow Е дф 
| "asas i 4 ји AC “an 029 У А (7.53) 
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7.3 Weak Derivatives and Integral Statement 


Within a domain О, consider a function ф such that itself and its derivatives of all orders are 
smooth in €) and vanish on all the boundary of О. Such a function is said to have compact 
support in О and its properties are symbolically indicated by the expression ф € C§°(Q); 
instead, a function “f” that is simply square integrable in О is indicated as f € H°(Q). 
For any ó € C§°(Q), consider the classical integration-by-parts statement for f € C?* (€) 


Pr (e [ 1200 (7.54) 


In respect of the right-hand side, this term exists even for non smooth functions f € H°(Q). 
Consider then a function fw, € H°(Q) defined as 


f fw, Фа = -f pean (7.55) 


On the analogy of (7.54), this function f,,, if it exists, is the “weak” first derivative of f. 
Generalizing this result, the expression 





f ыда = ay [ 15. f 00 (7.56) 


defines a function fw, Є H°(Q), if it exists, that corresponds to the n-th “weak” derivative 
of f. When f € C"(O), then its weak derivative coincides with the classical derivative. 
Expression (7.56) may also exist for general f € H°(Q); it follows that a weak derivative 
corresponds to a generalized derivative for generalized functions. To exemplify the notion of 
weak derivative, consider determining the first weak derivative for two functions, one with 
continuous, the other with discontinuous slopes. These two sample functions are 


—1+хж r«0 
file) = 22 mu falx) = 1 T= > TE () = [—1, 1] (7.00) 
1— 27 =) 


The right-hand side of (7.54) for the first function becomes 


-f 1+) й = 22130 ЈА геј дїп (7.58) 


and comparison of this result with the left-hand side of (7.54) shows that the weak derivative 
fw, Of fi is fw, = 1, which corresponds to the classical derivative of fi. 

With reference to fo, this function does not possess a classical first derivative at 2 = 0; 
nevertheless it does have a first weak derivative with multiple values at x = 0. The right-hand 
side of (7.54) for this function becomes 


-hitans a 9+ в = 


= f А МЕ / “bai (7.59) 
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and comparison of this result with the left-hand side of (7.54) shows that actually several 
first weak derivatives fw, of fo exist, such as 


fora(t) = | e ‚ Де) = | Е m (7.60) 





Although the difference between these two weak derivatives may seem a mere technicality, the 
important concept they reflect is that, unlike the classical derivative, these weak derivatives 
exist over the entire О, coincide with one another almost everywhere within О, and may 
differ on sets of point of vanishing volume, area, or length measure, in this particular case 
the point 2 = 0. Most importantly, although generally discontinuous as in this example, 
weak derivatives may still be integrated without any preoccupation of potentially infinite 
derivatives at the discontinuity point. This observation, in particular, may be used as the 
definition of a generalized integral, e.g. the Lebesgue integral, that is an integral that exists 
for functions that may be discontinuous, but in regions of zero measure. All the integrals 
in this book are to be implicitly understood as Lebesgue integrals and the classical notation 
ја, = "дл" will always indicate a weak derivative. 











7.4  Characteristics-Bias Formulation 





The computational solutions of the Euler and Navier-Stokes equations are generated from 
a Galerkin discretization of an associated characteristics-bias system. Developed in the 
following chapters, this system augments the Euler and Navier-Stokes system with a multi- 
dimensional upstream bias term and is cast as 


да ð дау O(f- fp ð (fa Јо) OF, 
— ы" - as (eva (2 ы m3) 





да 

Ni a а^? — 

c (аага + a’ (а ЈЕ —— = 0 7.61 
As amplified in the following chapters, the spatial derivative of a and the second-order 
terms in this system result from a continuum, as opposed to rs multi-dimensional 


a ги OU Uo along all directions 


consistent upwind representation of the inviscid-flux divergence 
of wave propagation. In these i o the fluxes ff and f? satisfy the equality fe = ff + fi, 
the vector components ag, a” , ap? ‚ 1 € £ € 3, correspond to the direction cosines of three 
unit vectors, one parallel to the local velocity vector and the other two orthogonal to each 
other on a plane perpendicular to velocity, the parameters = and w respectively correspond 
to a reference length and solution smoothness controller, the variable *c" denotes the speed 
of sound, and the functions 8, a, o" respectively balance the contributions to the multi- 
dimensional upwind of the pressure gradient and the acoustic components in the streamline 
and crossflow directions. 
This system is also equivalent to the integral statement 


да д дау ә) 9 (fa – ЈУ) , 8% 
Loli- > (ево: | + X - 0. (eva ( T «og | ao 
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- fw "a Z (eve (ааа +a" (a! Mg 4 ада aN) ) x) 40 = 0 (7.62) 


Integrating this statement by parts yields 


да Ow OG Um 
[ = - „= во f D uev (St +6 "| 











DE D 
f ante ( сира а "pas + аам) ) 2H ao 
МИЊА ен И 
- f, wea er еа T 
дд 
Ni a No 
- $ wep (e (oam +a” (a; +a Nate) а) n don 
+ў wfin, ада – $ шуп, адо = 0 (7.63) 


which corresponds to the characteristics-bias Euler and Navier-Stokes integral weak state- 
ment. The word “weak” in this phrase signifies not so much that the statement is somehow 
“feeble”, but rather that the differentiability requirements on q have been weakened, which 
allows this integral statement to admit solutions with shock. This statement is elaborated 
in Section 7.7. 





7.4.1 Non-Discrete Discontinuous Galerkin (DG) Form 


For both a weight function w with non-vanishing trace and a solution д that is discontinuous 


on the boundary д0 of a subdomain О c О, an integration by parts of both the flux 
divergence and the characteristics-bias expression in (7.62) generates the weak statement 


Og дш да | O(fm — Ла) О], 
2+ сй „ЖАС, ЭЕ, E 
јода + [ред | (21 + p. DeL S 














+c (аага + а Maran + d; ur a | dQ 
Ow да  O(fm — fZ) Of? 
NE aed Q m 
о да Ue — fe) d +f. elu Б, | (2+ OX um LU "о 
Og 
№ № № С 
+ c (aaam + а^ (a; qa? а) 2 In da = 0 (7.64) 


This statement may be viewed as а non-discrete Galilean invariant DG formulation. In 
respect of the second domain integral, this expression presents a direct counterpart of the 
“shock-capturing” term employed in the DG algorithms; rather than corresponding to a 
Laplacian dissipation added to the formulation, this expression naturally emerges from the 
characteristics-bias procedure and system. With reference to the boundary integral, this 
expression features not only the flux vector fe, but also an expression that corresponds 
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to an intrinsically multi-dimensional characteristics bias resolution of ју as a result, the 
entire boundary expression may be viewed as non-discrete “numerical flux” for fy. Rather 
than executing an ad hoc substitution of f, with a chosen numerical flux, as is the case 
in reported DG developments, the characteristics-bias system procedure directly leads to a 
surface integral with a specific non-discrete multi-dimensional numerical flux, in this case a 
characteristics-bias flux. A discrete DG algorithm may then result from a Galerkin finite 
element discretization of (7.64), which reiterates the idea that a classical Galerkin method, 
as applied to an augmented system, can generate a set of upwind-stable equations. 











7.4.2 Non-Discrete 
Streamline Upwind Petrov-Galerkin (SUPG) Form 


For а weight function w with compact support in О C О and a continuous solution q, 
an integration by parts of the characteristics-bias expression in (7.62) generates the weak 


statement 3 3 (f f 
q mo n 
А (s + ear 24 e + E ) dQ 


+ few С (аага, + а ка + ар А " a=) 


Of, 
T ) dQ=0 (7.65) 


Since w enjoy compact support in О, the boundary integrals from the integration by parts 
do not feature in this formulation; when w does not have compact support, these surface 
integrals still vanish because of suitable boundary conditions. ‘This statement is recognized 
as a non-discrete SUPG integral statement. As an alternative to the reported SUPG formu- 
lations, the upstream-bias term in the first domain integral in (7.65) does not require any 
premultiplication by the transpose of the Euler flux Jacobian matrix ole. as the counter- 
parts of the ть, and 0,,,,, SUPG stability parameters, moreover, the characteristics-bias 
parameters ey, epa, eya, and =0(5 — 1) naturally emerge from the characteristics-bias 
procedure and explicitly depend on the square or cube of a local mesh spacing, respectively 
for shocked and smooth flows, which dependence has contributed to the definite asymptotic 
convergence rates detailed in the following chapters. Тһе second integral in this statement 
corresponds to the stability and shock-capturing terms of reported SUPG formulations. Un- 
like the common ad-hoc terms, the stability and shock-capturing expressions in this formula- 
tion naturally emerge from characteristic wave propagation, for they are directly generated 
by the characteristics-bias decomposition of the Euler flux divergence ОЈ,/да. The first inte- 
eral corresponds to a weighted integral of the original system by way of a weighting function 
that is biased in the streamline direction, for the unit vector pue components ay, 1 < L <3, 
points in the velocity direction and thus the expression a, S. — provides the rate of change 
of w in the streamline direction. The spatially discrete Бен се in this book derive from 
a Galerkin finite element discretization of this integral statement, which again emphasizes 
the technology of applying the versatile and optimal Galerkin method to а companion sys- 
tem to generate both an upwind stable system and corresponding essentially non-oscillatory 
solutions. 
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7.5 Hilbert Spaces and Approximation Results 


For a finite N, as introduced in Section 7.1.1, the expansion 
N 
qw (2,0) = > а (У (а) (7.66) 
j=l 


corresponds to a finite-dimensional approximation. As N increases, gy(a,t) becomes a 
sequence of functions, which prompts the question of convergence according to a selected 
norm in a specified space of functions. То address these fundamental questions, especially 
for piece-wise continuous functions, this section summarizes some basic concepts and results. 


7.5.1 Hilbert Spaces 


As well known, the inner product and squared norm of two vectors F = fit + 57 + fak and 
О = qii + 07 + q3k are expressed as 





3 3 
Е.С = 2. 0s ПЕ? — > fifi (7.67) 


i=1 
For any two functions f and g belonging to a vector space of functions H, the generalization 
of these finite-dimensional inner product and norm evolves as 


(f. = Ј fad, Ifo = |. P (7.68) 
As a further generalization of these results, consider the following expression 
(f.9) = | (fa fg) ад (7.69) 








where the integral is a Lebesgue integral and the derivatives are weak derivatives, as discussed 
in Section 7.3. This expression is known as a Sobolev inner product with corresponding norm 








Воо = (Л) = f (Р + (777) ао (7.70) 
A sequence of functions {fn} is termed a Cauchy sequence when it satisfies the limit 
„ћи fn — fl = 0 (7.71) 





The limit of a Cauchy sequence is then expressed as 
lim {fn} — f (7.72) 


A vector space of functions H equipped with an inner product and induced norm, like, for 
instance, (7.69) or (7.68), is known as a Hilbert space, when any Cauchy sequence {fn} of 
elements of H converges to a limit f that also belongs to H. In this sense, a Hilbert space 
is a complete space. 

Owing to their inner product and induced norm, Hilbert spaces provide a convenient 
setting for investigating questions of optimal approximations, that is approximations with 
minimal error. As the next section highlights, within Hilbert space an optimal approximation 
exists and is unique. 
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7.5.2 Approximation Results 


Consider two function Hilbert spaces H! Hs, with Hi C H'. The space НЕ is thus a 
subspace of H!, and the following sections in this chapter will consider finite-dimensional 
subspaces. Since H4 is a Hilbert space, it is complete, in the sense of the previous section. 
The optimal approximation problem may then be stated as follows: given a function f € H! 
find a function g € Hg such that || f — g||s1 is minimized. Functional analysis shows that g 
exists, is unique, and remains “orthogonal” to the error (f — g). 

For any subspace Hg C H+, the space H! may be exactly decomposed as 


H! = Hi + НЕ (7.73) 


where НЕ is the orthogonal complement of H$ in the sense that for any g € H$ and any 
h € НЕ then (g, h) = 0. The best approximation g can then be expressed as f = g+h, where 
h = f — g denotes the error. Accordingly, the optimal approximation remains orthogonal to 
the error. 

Although the optimization process that employs expansion (7.66) and yields (7.15) may 
not directly enforce a minimization of the norm || f — а но, it does nevertheless minimize the 
error induced by q in the differential equation system. In this context, the best-approximation 
theorem remains important because it justifies selecting the finite dimensional expansion q 
within a Hilbert subspace. The completeness of the subspace remains a fundamental property 
because as the number of dimensions of the subspace increases, an optimal solution may 
converge to an element of the set and eventually to the exact solution when this belongs to 
the subspace. 











7.6 Curvilinear Coordinate Transformations 


This section presents the chief tools and results for curvilinear-coordinate transformations of 
partial derivatives with respect to Cartesian coordinates, equation systems and weak integral 
statements. 


7.6.1 Areas and Volumes 


In Figure 7.1, the unit vector n remains perpendicular to the plane of A and B, while “h” 
denotes the height of the plane parallelogram. With reference to this figure, 

















Figure 7.1: Area of Parallelogram 


the area of a plane parallelogram is calculated as 


Area = |АЈћ = |A| (|B| sinb) = |A x В| = (Ax B): n (7.74) 
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which thus depends upon the three vectors n, A, B. If the three vectors do not form a right 
handed frame, then 
Area = |n - A x В| (7.75) 





Similarly, with reference to Figure 7.2, the volume of a parallelepiped emerges as 


L AG 
7a 


Figure 7.2: Volume of Parallelepiped 




















Volume = h(Area) = (C- n) Ax B| = (Ах B|n)-C=(Ax B).C (7.76) 


which depends on the three vectors A, B, C. If the three vectors do not form a right-handed 
frame, then 
Volume = |(A x B)-C| (TTT) 


With reference to Figure 7.3 





Figure 7.3: Differential Area 


and following (7.74), the element of area then becomes 
dA = n (dri х dro) (7.78) 
Likewise, with reference to Figure 7.4, the corresponding element of volume is 
dV = dr, · (ато x ата) (7.79) 


as expected. 
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Figure 7.4: Differential Volume 


7.6.2 Two-Dimensional Coordinate Transformation 





Let (71,72) denote a set of 2-D curvilinear coordinates and let (x1, 2») depend upon (m, 72) 
through invertible as well as differentiable functions. 


#1 = Tı (m, т) ni = Т (£1, тә) (7 80) 
ту = то (m, N2) | Ne = т (11,22) | 


These requirements ensure the existence of all partial derivatives of (21, £2) with respect to 
(71, по) as well as all partial derivatives of (m, 72) with respect to (21, £2). These derivatives 
support the transformation of the Cartesian-coordinate governing equations. 





Partial Derivative Transformation 


For a differentiable function F = К(т, 72), consider the issue of establishing the derivatives 
of F with respect to (x1, x2). By virtue of (7.80) and the chain rule, the derivatives of F 
with respect to (71,72) become 


аи 
От Оту On, Ox ON 
с=с ку 
One Оту дә Ото дт 


which stand for the linear system for (OF /0x,, ОР /д ко) 

дај Ox OF OF 
Әт дт да От 
дзр Әх ar | — | де (7.82) 
Ono One Ox2 anz 

OF Oni. One А / OF 

да On. | Om Om 

OE. Ori дао ОР 

до Әт Om Or 


| Әлә _ dag ar 
On On On 

i xc -£ a(z) eg) 
anz Oni anz 


(7.81) 


with solution 
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The derivatives of F with respect to (71,72), accordingly, rely on those with respect to 
(771, по) through the derivatives of (x1, 12) with respect to (m, n2). 
Results (7.83) depend on the metric data 


"E үе 
11 — Ono’ 12 — An, 
ёш ee Маже 
91 = n; 22 — Dn: 
Ото О Ото 0 
det J = cane iid aa €11€22 — €21€12 (7.84) 


Ӧт Om — Om Om 
In terms of these metric data, the derivatives (OF/0x4, ОР /Ox2) become 

















With F = те, these expressions result in the equality 




















Oz, е;; OX; 
det Ј6; = е; = det J = 2 7.86 
“On; 2 On; 786) 
The metric data (e;;) satisfy the fundamental relationship 
den 
= 7.87 
On; 787) 
as proven by 
де деј» u Or B d'ia E 
Om дъ mðn Oð 
О О om д? 
ас ux und Ж (7.88) 
Om дъ дтудт, Ӧтәдт 


by virtue of the equality of mixed derivatives. 


Normal Vectors and Area 


A set of vectors perpendicular to the coordinate lines 7, = constant and 72 = constant arise 
from the derivatives of (21,22) with respect to (71, 72). With respect to Figure 7.5, The 
position vector r of a point on the (21,22) plane depends on the unit vectors еј, ез as well 
as (11,12) as 

т = 2161 + 2265 (7.89) 


A set of vectors tangent to the (7, = constant) and (7 = constant) lines emerges as 


де On, |n 
От On, 
Or | Om Ото 

Әт = e, + еә (7.90) 
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T]; = const. 








Figure 7.5: Two-Dimensional Coordinates 


The vector p, — А х n is then perpendicular to the line т = constant and its compo- 
nents are (e11, €21), as follows from the cross product 


е1 e2 ез 


От | b Ox Ox 
— хт = > о = е — а + Џез = еһе + €21€2 + Џез (7.91) 
One 0 0 1 One One 





Figure 7.6: Vector Perpendicular to 7;=constant 


Similarly, the vector р, = n x On is perpendicular to the line фр = constant and its 


components are (еә, €22), as follows from the cross product 


е ео ез 


О О О 
peo) o Pie ae + 6, + без = €12€1 + еоое» + дез (7.92) 
On бт бтз 0 От Om 
11 тј 
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The determinant det J also corresponds to the triple product 





А А 0 0 1 

T T Oz, rə 

det J=n- x =| a a, 0 7.93 

(os x) n m Be) 
Әт One 


Following (7.74), therefore, det J at any point P = (т\, £2) equals the area of the parallelo- 
gram with sides "a and ns evaluated at P. 





7.6.3 Three-Dimensional Coordinate Transformation 





Similarly to the 2-D coordinate transformation, let (m, 72,73) denote a set of 3-D curvi- 
linear coordinates and let (21, 22,23) depend upon (m, 72,73) through invertible as well as 
differentiable functions. 


= Th (21, X2; їз) 


па = 12 (21, T2, 23) (7.94) 
13 = 3 (21, 22, 13) 


21 = Tı (m, 72,13) 
12 = 12 (271, о, n3) , 
T3 = T3 (21, 72,3) 


These requirements ensure the existence of all partial derivatives of (£1, £2, 23) with respect 
to (m, то, nz) as well as all partial derivatives of (71, то, 74) with respect to (21, 22, 23). These 
derivatives support the transformation of the 3-D Cartesian-coordinate governing equations. 





Partial Derivative Transformation 


For a differentiable function F = F'(7,, 7, 7з), consider the issue of establishing the deriva- 
tives of F with respect to (21, 12, 23). By virtue of (7.94) and the chain rule, the derivatives 
of F with respect to (m, по, 3) become 











OF OF Ox, OF Ox. OF дала 
Om да, От дә т Ox3 дт 
OF OF Ox, OF Ox. OF дала 
One Ox От Ото One Ота От 
ОЕ OF ðxı OF Ox, OF 0x3 (7.95) 
Ота Ox Ons Ото Ота 0x3 Ота | 
which stand for the linear system for (OF /0x,, OF /Ox2, OF /0x3) 
Окт Охо T3 ОР OF 
Әт дт Om дт От 
Ori дт» дт OF OF 
Өз дю Om sz | = | am (7.96) 
Or, Ox. даз OF дЕ 
Әтз Oma дпз дз Ong 
with solution 
OF да Oa O23 у Tİ / OF 
да Әт Om Om От 
дЕ Or, ӧтә дез OF 
дтә = Ono Ono One On 
OF Ox1 rə T3 OF 


дхз On; Öns Ons ang 
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OF 
€11 €12 €13 Әт 
1 дЕ 
= 621 622 623 ano (7.97) 
det J ap 
ез1 €32 633 Эта 





jig Ox ( Ота Ox» | 


Om \ Әт Әпз Әт One 
O21 | Ото Ота Ота z) Әх e Ота Ота = | 


— | ——— —— — | ———— — ———_— 7.98 
One Ота ) 


Om Ons дт Ons Om On, дт дт 
The derivatives of F with respect to (21, 22, 23), therefore, rely on those with respect to 
(m, по, па) through the derivatives of (x1, 29, 23) with respect to (71, 72, 73). 

Results (7.97) depend on the metric data 


Ото Ота Ото Ота 




















еп = === — = —— 
" On» Ora Ӧз Om» 
Eu m QE т 
= Oni Ons — Or Ӧпз 
Ox» д Oxz O 
big леса ы” (7.99) 
От Or» дт Op 
Я к ж 
g On» Ora дт On 
6 | 
á От Ons — Ori Ons 
Es. аа (7.100) 
Om On, дт От 
< O1 Ото Е Ото Ox 
i On» Or Ӧтә Oma 
| а 
E Om Ong Om Ora 
са (7.101) 
Om On» дт Op 
In terms of these metric data, the derivatives (OF/0x4, ОР /Ox2, ОК /Ox3) become 
OG; Omarr его Or;  detJ 
With F = ху, these expressions result in the equality 
Ox, €i; OX; 
det J = е; = деј= === 7.103 
"ðn; З От к 
The metric data (e;;) also satisfy the fundamental relationship 
Oei; 
—0 1.104 
On; REN 


as can be shown through the equality of mixed partial derivatives. 
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Normal Vectors and Volume 


A set of vectors perpendicular to the coordinate surfaces (71 = constant), (rs = constant), 
and (та = constant) originate from the derivatives of (21, 22, 23) with respect to (m, 19, 73). 
With respect to Figure 7.7, 


Å x. 
Or 
on # ут, 
T],= const. 
N, = const. 








ОР 


on, 





Figure 7.7: 'T'hree-Dimensional Coordinates 


the position vector r of a point in the (11, 22, 23) space depends on (21, 12, 13) as 
T = теу + 12262 + їзез (7.105) 


A set of vectors tangent to the (фр = constant, 73 = constant), (73 = constant,7, = 
constant), and (т = constant, 72 = constant) lines emerge as 


Or Ox Ox» Оз 





us ж Ва 62 1 © 

Om Om | On | On i 

or Ox1 Ото n Ота 

— = —е + е + е 

One One ! От | О 2 : 

От O21 Ox» Ота 

a = - 6t G+. e 7.106 

Ons Ons Ons | Ота | | 
The vector p, = + x or is perpendicular to the surface 7, = constant and its components 


are (€11, €21, 631), as follows from the cross product 


ET еә ез 
дт дт de, Ox2 Ox2 
-XX = anz anz anz 
On, От Өл Ош» Өш 
дпз доз  Oms 


190 The Finite Element Method 





E Әхз дә = | -2 O3 ur) (22 Oxo xə а 
= | - -— == је1 + | --—--- рез | ре 
Ото Ons 











Ота Ons Ота One Ото Ота Ота Ота Ӧтә Ота 
=  еј161 + 62162 + €31€3 (7.107) 
Similarly, the vector р» = "s x 2s perpendicular to the surface (79 = constant), has 
components (е12, €22, €32), and the vector р» = ог 2 perpendicular to the surface (73 = 


constant), has components (e13, €23, €33). 


Р, 





Figure 7.8: Vector Perpendicular to (та = constant) Surface 


With reference to (7.96), the determinant det J also corresponds to any one of the three 
triple products 


det I = =. (56 хат. = 25 (2: х=) ат. [бугт 
Om \On. дт On. NOn Om Ота \Om дт 


Ox} Ото O23 
On Oni On 
к Әх хә r3 
— | д Әт One (7.108) 
Әх Ото T3 
Әтз Әтз Ong 











Since апу one of the three cross products in this result has the metric data е;; as its compo- 
nents, the expression for det J can also be cast as 


Ox, 


det Jo- = енй Әт, 





(7.109) 


Following (7.76), furthermore, det J at any point Р = (x1, £2, 13) equals the volume of the 


parallelepiped with sides ae 08 апа А evaluated at Р. 
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Figure 7.9: Volume from $7, m’ dns 





7.6.4 Differential Arc, Area, Volume 

The expressions for differential arcs, areas, and volumes directly support the transformation 
of line, surface, and volume integrals between any two coordinate sets. 

Arc and Area in Two Dimensions 


The differential displacement vector tangent to the (72 = constant) and (7, = constant) lines 
can be expressed as 





dr, == ен = (Ze + jes] dri 
1 


Әт On, О 
От Ox Ото 
дато = —d = —— e, + —es | d F110 
2 Эт 1) | Эт 1 Ons ) 12 ( ) 


These differential expressions directly depend on the derivatives of (£1, £2) with respect to 
(71, 72) and lead to the differential arc lengths 


От 
йвз = |47 х = = x " drj = |e11€1 + €21€2| а = \/ е + еду аә 
2 
От 
да = |n x | = n x A ат = |e12€1 + €22€2| dm = Aj еї + ељат (7.111) 
1 


With reference to (7.91) and (7.92), these results correspond to the magnitudes of руат and 


padma 
With results (7.111) 


ds, = \/ e? + e%,dm, dso = 4/ e, + е21 dno (7.112) 
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Figure 7.10: Differential Arc 





the line integrals along the (т = constant) and (7, = constant) lines transform as 


m=b n2=b 
] was: = || рај e? + ed, ] was, = J w e? + е2 йт (7.113) 
Г т=а Г по=а 


Following (7.78) and Figure 7.11 





Figure 7.11: Two-Dimensional Differential Area 





the elementary area dA depends on dr, and dr» as 








dA =n. (dr, x dro) =n. e х 5. | dy dn, = det Јат (7.114) 
1 2 
dA 
= det J 1:115 
drj drj 


The corresponding transformation of an area integral becomes 
| wdQ = | w det Ја dns (7.116) 
Q О» 


where Q, emerges from Q through the coordinate transformation (7.80). 
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Area and Volume in Three Dimensions 


The differential areas on the (7 = constant), (72 = constant), (73 = constant) surfaces are 
expressed as 


Or 
dA, = Id? x ата = Әт E апаз = le11ei + езе» + €31€3| dndn 


dA» азат = |e12€1 + €22€2 + езәез| аузат 








аАз = Id, x атә| = = — тат = le13€1 + €23€2 + €33€3| dn, di] (7.117) 





ата x dri| = " 


Ота 
От 
On 














dA 


3 





N, = const. 


Figure 7.12: Three-Dimensional Surface Area 


These differential expressions directly depend on the derivatives of (21, £2, 23) with re- 
spect to (m, 7, 13) and simplify as 


dA» 
drjsdi 











аАз 
dri dio 


dA, 


= yes + e33 + e$ 
dibus V 13 + €23 + €33 


(7.118) 
With these results, the surface integrals over (у = constant), (ņa = constant), and (у = 
constant) surfaces transform as 


| wdA; = I wef; + езү + eS dmdns (7.119) 
Ay m 


L wdA = J w4 €15 + е + еб; а а (7.120) 
|. шаАз = f шу е23 + e24 + e2,dm dn (T121) 
3 Вр 


Following (7.79), the elementary volume dV depends оп dr, dr», dr3 as 


_ 7,2 2 2 
= Ме + 65 + €32, 








(ә 2 2 
= Ме + 221 t Өзү, 


dV = dr, - (dra x drs) = > e х x) Фуатат = det Јат атт (7.122) 
1 
dV 


————— = det J 1.123 
ат дуга та ) 
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Figure 7.13: Differential Volume 


The corresponding transformation of a volume integral becomes 
| pue || wdV = f w det Лат фра (7.124) 
Q Q О» 


where Q, emerges from Q through the coordinate transformation (7.94). 


7.7 Discretized Statement 


7.7.1 Differential and Integral 
Curvilinear-Coordinate Statements 


Using either (7.85), in 2-D, or (7.102), in 3-D, the characteristics-bias Euler and Navier- 
Stokes system 


о: - 2 (meat) 24m _ 2 д (сва (208—8 „а M) 





Ot Ox, Ot Ox, Ox, Od ОХ, 
NA еф c (oa am + o" (алам + аа) ) — L = 0 (T120) 
Oz, is : Ox, | 


is expressed in curvilinear-coordinate form as 


Од ед = ек O(fe— fr) em О eia, e OU OUS = fm) | s m 
Ot det J A 2 "ga J дт det J On, det J Оту, Onn 














Ck № № № Cmn од Z 
E xa 2 (e n (аага + o" (a; al + ар? bu ca 0.) = 0 (7.126) 


Moreover, det J remains independent of time t, while the metric data е;; satisfy the invariance 
relationships (7.87), (7.104). System (7.125) can then also be expressed as 


д (q det J) " O (em (fe — fr )) 
Ot От 
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О Og Cmn ce m ee Jn 
— Ө vena, E У det J EN Оту, Ne 73 ) 




















д N (Mi Ni aN? emn OG _ 
gs ( (аага, +a (ала + a? а ) ) det Xm. e (7.127) 
Similarly, the weak statement 
,, 28 ОЈ = Im) , sOfm 
nr а oc use fr) ans [5 аео (24 С dg Dora dQ 
дд 
№ № а^? 
" ael Gürün + а“ (a; ü +a am) ) 5, 2 
q и 
-e wear О (fr = Ји) + 0—= дһ ne don 
О, ОЖ 


— + WEY (« мы + а а + a? зада )) 2.) n, don 


+ў wfm ад – $ үп, 400 = 0 (7.128) 


is further cast in terms of the curvilinear coordinates ņ following transformations (7.85), 


(7.102) 
д9 дш Є 
Јев tert 40 f eas (Ре ft) ao 


Ow дд Om ы) О] \ Emn 
САГИ E + 00 + (9 — 1) Әл. ТЕ dQ) 


+ ев» ekor ефе (аага, pa ma a + ar 











) = oq omn 4 
Onn TP E 


а) 
» f veja (OE + = Im) 48) 100 
er 


-ў, wew ( (оага„ pa” (aa — й @ 





x) The адо 


+ў wfm dQ- ф ууп, 400 = 0 (7.129) 


which states the curvilinear-coordinate form of an integral statement for the Euler and 
Navier-Stokes equations. This weak statement is subject to prescribed initial conditions 


q(z,0) = (2) and boundary conditions on 00 = Q\Q. Synthetically, these boundary 
conditions are expressed as 





B( B50) (24,0) E С (355, t) (7.130) 


where С, (£o, t) corresponds to the array of prescribed Dirichlet boundary conditions, with 
a zero entry for each corresponding unconstrained component of q, and B(a,,,) denotes a 
square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
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corresponding unconstrained component of q. For a hyperbolic system, that is for ју = 0, 
the number of boundary conditions at inlet and outlet depend on the signs of the eigenvalues 
of the boundary Jacobian matrix Of /0q. 

A weak statement formulation affords several advantages. This statement provides ded- 
icated surface integrals that allow direct, effective, and efficient enforcement of prescribed 
boundary conditions on the surface fluxes /;n; and fynj. The weak statement also allows an 
accurate representation of the viscous flux fy, which depends on the derivatives of velocity, 
because the statement does not require the derivative of this flux, hence it does not require 
that the velocity field should be twice differentiable, but only once. This significant feature 
allows use of efficient piece-wise continuous multi-linear basis functions w in the domain in- 
tegral that involves the gradient of w and this flux, the integral that provides the important 
contributions from the viscous flux to the formulation. In the case of any alternative for- 
mulation, e.g. finite volume method, where the weighting function w remains constant, the 
viscous flux must also be approximated on the surface of every internal subdomain for the 
evaluation of the corresponding surface integrals. Conversely, the weak statement does not 
require this additional surface approximation because the surface integral identically van- 
ishes on the surface of every internal subdomain, where w vanishes, whereas the integrals on 
the boundary surfaces, as noted, are employed for enforcing prescribed boundary conditions. 
According to the order of the derivatives in the weak statement, the weighting functions 
belong to an Н! space. The solution belongs to the same space, for a viscous flow, but need 
only belong to an H? space for inviscid shocked or shockless flows. 














7.7.2 Finite Element Galerkin Formulation 


The continuum weak statement 








[wt act an – [om — Рао 
дш og О 0) OF ean 
+ еа uev (Aa 7 оа S T dQ 
+f е5 ефе i ta (a; A a + ад an?) ) oq Emn 
| "m От, det J 
q V 
-f weWVa „За = Sin) dc um О] ne адо 
Обе Ot. 


— f. we ( "y +a 7 (алам + ау а) ) a | n, dOX) 


+ wfm ада – | иту 400 = 0 (7.131) 


provides the foundation for developing finite-dimensional discrete solutions. Following the 
error-minimization and best-approximation results cited in Section 7.1.1, the finite dimen- 
sional solution q^ is sought within a finite dimensional Hilbert subspace H”, where superscript 
h denotes a finite - dimensional discretization. Each basis function w” will also belong to 
a finite-dimensional subspace; when the space of the weighting functions coincides with the 
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space of the discrete solution, the formulation is named Galerkin formulation, which is the 
formulation employed in the following sections. With P,(Q.) and Pny(Qe) the spaces of re- 
spectively diagonal square matrix-valued and vector-valued n-th-degree polynomials within 
each Qe, for each “t”, the corresponding diagonal square matrix-valued and vector-valued 
N-dimensional finite element discretization spaces employed in this presentation are defined 


as 
"| e P.(0.), VQ. € 2", Be, је а а) = o} 


e 


5100) = fu” e H): w 





€ Pru( 2), Ye € О”, B(æ ,wh(@,,,t) = С.а 0)! 
(7.132) 


Based on these spaces, the finite element approximation q^" € 59"(0"), is determined for 
each “t” as the solution of the finite element weak statement 


[7 @ det J dQ — [o - Qt - ft") ао 
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Qe 

















дд" a (fh — fz) ofr 
_ h -h rh uh h m 
NC e", e + Da, + (6 D n, 400 


h 
- w^ ehh (e (aatar, + а“ "(ага B t aa а}? )) a | n, ад 
h ch h гь” 
+ў w^ fing don- g wf nj ада = 0 (7.133) 


for every basis function w^ € S'^((^). Since each of these functions results from a linear 
combination of the N linearly independent basis functions w;(a) of S'^(Q^), this statement 
is equivalent to the N equations, 1 < k < N, 


[ „2 asc до – [x (= ft") ао 
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OWk hhh (hs hh NÈ owe, NE nb) \ OQ" Emn 
m Ü (aatar, + а“ (apt att + ap? ant) ) 2 dX? 
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h 
-$ wpe” y” (e (агаваћ, + а“ "(ај al siete aN? al) ) a) n, ад 
90 Оба 


ћ, p^ 
+é х/т; 800 — ф шуп, 400 = 0 (7.134) 





This statement is further expressed as 


Ne 
Y Lf одради јап – [ene (је — f") dQ 


Офе = = 509" О (ff, E x h Of dx 
—— —— О 
x h, a Ons А Ot т Оту, ш ы. Onn ] det J 


дш, h (Nh N} Og” £u 
«f, Cos 3n. ephe” ae + a (а | at + а; ха. у. Әп, Де rib 


ð ћ _ pv” p^ 

















Ot OZg, 


Ls N^ Му m NA да" 
— wj E" p^ » айал, + o^ (а aM + ај За al ) ) <= n, dot) 
+ f аът ада — $ NT 400) | = (7.135) 


that is the sum of contributions from each subregion Qe. This subregion is that which is 
known as a finite element. A finite element, accordingly, is a finite region of space where 
functions and coordinate transformations are cast in terms of locally prescribed basis func- 
tions w;,(a). As shown in Section 7.1.2, this finite element formulation provides the sig- 
nificant advantage of a local element-by-element coordinate transformation, which is far 
more convenient and practical to establish and employ as opposed to a global domain-wide 
transformation. 

For a finite dimensional q^, this weak statement requires the evaluation of several inte- 
grals, such as 


да” Ошь 
OF det J dQ | EU ons to i 
A wey de Јао, "^ езе; (7.136) 


If the basis functions remain similar to the functions in the representative examples in Sec- 
tion 7.1.1, functions that do not identically vanish over subregions of the computational 
domain О, these integrals will couple all of the unknown coefficients to be determined in q^, 
which will lead to а computationally demanding procedure with a fully-populated matrix. 
The formulation in the following sections will therefore introduce and employ locally defined 
basis functions that identically vanish over most subregions of the computational domain Q, 
so that these integrals will lead to banded-matrix systems that are more efficiently solved. 
As the number of elements increases, the magnitude of each integral in the weak statement 
(7.135) correspondingly decreases, which may lead to an ill-conditioned system. This situa- 
tion is prevented by dividing each nodal equation “k” by а nodal “det Ją”, obtained as the 
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average of the det J’s from the elements sharing the k-th node. After all the integrations 
with respect to the space variable x are completed, the weak statement generates the system 

мог + F(Q,t) = 0 (7.137) 
which is a system of ordinary differential equations in continuum time. In this system, M 
denotes the matrix, known as the mass matrix, which couples the time derivatives of the time 
dependent coefficients Q in q^. The array F contains all other terms from the weak statement 
as well as boundary conditions. Since the minimization procedure described in Section 7.1.1 
minimizes the error €,,, it is possible for q^ to become oscillatory, since the derivatives 
of such a function can still lead to a vanishing weighted-residual integral statement. ‘The 
following chapters show that a characteristics-bias companion Euler or Navier-Stokes system 
leads to essentially non-oscillatory solutions. 











7.7.3 Discretization of Space 


The continuum domain О is represented by a finite-dimensional partition О”, with either 
Q^ C О or Q^ D Q, where superscript “h” denotes discretization. This partition О” has its 
boundary nodes on the boundary OQ of Q and results from the union of Ne non-overlapping 
elements Qe, О” = UN, Qe, as illustrated in Figure 7.14. 





Figure 7.14: Continuum and Discrete Domains 
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For N mesh nodes within О”, there exist clusters of “master” elements ОМ, each comprising 
only those adjacent elements that share a mesh node фу, with 1 < k < N; accordingly, 
within О” there exist exactly N master elements. Note that ОМ represents a “finite volume" 
as used in finite volume schemes. 


7.7.4 Discretization of Functions 


The discrete solution q^ at each time t assumes the form of the following linear combination 


Wk (a) * д" (а t) (7.138) 


|| 
Mez 


Ca) 


k=1 


| 





of time-dependent nodal solution values q^ (z;,t), to be determined, and basis functions. 
Similarly, all fluxes like f(q(a,t)) are discretized through the group expression 


fj (0 = У ws (0) - f; (4' (ae, t) ) (7.139) 


Owing to this expression, the residual error Ae of Section 7.1.1 will vanish. 

For a representative one-dimensional case, Figure 7.15 displays a continuum function q 
and a discrete function q^ corresponding to (7.138). The main objective of this section is 
to demonstrate for a simple Cartesian master element how a nodal basis function may be 
expressed in terms of local element functions. For arbitrarily shaped master elements, the 
basis functions are more efficiently formed using local coordinate transformations, as shown 
in the next section. 








Figure 7.15: Continuum and Discrete Functions 


With reference to Figures 7.16, 7.18, the discrete test function w^ within each master 
element ОМ coincides with the “pyramid” basis function шк = ир (x), 1 € k € N, with 
compact support on Q. Such a function equals one at node 23, zero at all other mesh 
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nodes and also identically vanishes both on the boundary segments of Q% not containing £y 
and on the computational domain outside 0)“. 











a a Wr) 
7 " 21 "T b: 
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Figure 7.16: One-Dimensional Master Element Q¥ and Test Function шь = то; (2) 


For instance, a one-dimensional piece-wise continuous linear pyramid test function шк, 
can be expressed as 





те «~ Gg < £ 
AS k-1 € < k 
Ату 1 = Tk — 2р1, Wz (2) = (7.140) 
2 Tk+1 — v 
Cp = OW = Xa 
AX, 1 


Considering the one-dimensional pyramid functions that form то; allows shifting the focus 
from node-based to element-based functions. The pyramid test functions шь may also be 
expressed as 

Tk 


=| Wke—1,2 д Tk—1 (7 141) 


wx (a) = Wke,1 » Ük 


lA IA 


Xx 
x 


lA IA 


Lk+1 


where шк„—1,2 апа ш, 1 denote the basis functions respectively for node 2 of element ke — 1 
and for node 1 of element ke. With reference to Figure 7.17, and dispensing with subscript 
ke, the linear basis functions for every element О, are cast as 





Lett — X L — Tk 
= a 7.142 
_ йы oy. _ Uk+1 — Фк l ) 
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Figure 7.17: One-Dimensional Linear Basis Functions 


Figure 7.18 shows a representative pyramid basis functions for a two-dimensional formu- 
lation 
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Figure 7.18: Pyramid Test Function for (277 


For uniform rectangular elements, the expression for this pyramid basis function is 


T — Ti-l, j y — Yi, j—1 Ti—1, 
Ал, 1 Ay; i Ui,j—1 


Tij 


IA IA 





Yi j—1 


wy (a) = Ет Е 2 (ns Е ] p ne X" (7.143) 
E 


IA IA 


Yi j 


Ti1—1, 
Yi j 





IA TA 
= 
lA IA 
= 
і 
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As in the one-dimensional case, considering the two-dimensional pyramid functions that form 
this 10. (22) allows shifting the focus from node-based to element-based functions. Accordingly, 
this pyramid test function w;(a) may also be expressed as 





Ti1—1, 


Wh з(а) = x < 1,] 
É | Vast Ce YS Ys 
Whe+1,4(2) , | = < < a ‘a 
wi (a) = ae ENS (7.144) 
w (a) Tjj us X us 2541,3 
а "o ie S$O у UE иа 
Ji-1g =| Ww = Wz 
Иле 2 (T , 
e2læ) Vj © Y S Wiu 


where wx, з, Wke+1,4; Фра, Ш, 2 denote the basis functions respectively for node З of element 
ke, node 4 of element ke+1, node 1 of element le+1, and node 2 of element le. With reference 
to Figure 7.18 and dispensing with the element subscripts, the four bi-linear basis functions 
for a rectangular element €), are cast as 


Li+1,j Ф Yijt1 — У Ж — Tj Yijt1 — У 
ne) = (ZE) (HE), ug) (===) ( t 
Li+1j — Tij Yijtl T Ying Li+1j — Tij Yijt+l — Vij 


pe | L— Tij | | Y= Us ) им(ж) = | +1) — 1 ) | — 
Tig — Tij Yij+1 T Vij Tiplg T Tij Uij4l T Yi,j 
(7.145) 


The corresponding basis functions for three-dimensional Cartesian master elements emerge as 
a generalization of these expression, by introducing the contributions from basis functions in 
the z directions. As all of these developments show, even for simple rectangular elements the 
basis functions may become quite involved; for arbitrarily shaped elements, the complexity 
of the Cartesian expressions for these functions will significantly increase. It is far more 
convenient, efficient, and practical to express these functions in terms of local coordinates, 
via a local coordinate transformation, as shown in the following sections. 




















7.7.5 | A-Posteriori Accuracy Assessment 


This section presents some basic error correlations in terms of a time interval At and a 
maximum element length measure AL. Let q denote the solution of the characteristics-bias 


system 
ox E (epai) „9%=) _ 9 (s, (803 fe) 528.) ) 











at 7 да, От Ox, Qus Әх, 
О N Ni № Мо _ Мо дд — 
^95 (<u ( (аага + а (a; а. ар?а, ) ) ст Ба 0 (7.146) 


and q the solution of the unperturbed system, corresponding that is to = = 0. ‘The norm 
of the error between the fully discrete solution Q of the characteristics-bias system and the 
solution q of the unperturbed system may be expressed as 


IQ — allinna € [Q — «^ d |" — a 











1 dc^ (7.147) 


HOF) ^ (Q^) 
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where 7 equals either 1 or 0 respectively for a shockless and shocked solution, q denotes 
the solution of the characteristics-bias system (7.61) and q” and Q correspond to expansion 
(7.138) respectively for the case of an exact solution of the ODE system (7.137) and for a 
numerical solution of this system, as discussed in Chapter 8; at steady state, Q — q^. Each 
of these three norms may be bounded as 


0-4 € СмА", [g^ — ај 


олу S CASAN g= сот) = Caley) 


Hn(Qh) — 

(7.148) 
with Car, Car, Сер, Mt, Та, Me suitable constants, totally independent of At, AL, and 
ew. If these constants where available in terms of correlations with geometric measures of 
О, magnitudes of pertinent parameters in the characteristics-bias systems, and norms of 
associated initial and boundary conditions, these inequalities would lead to an a-priori error 
estimates. For general multi-dimensional, non-linear hyperbolic and parabolic systems, such 
correlations are not available and these norm expressions, accordingly, serve the purpose of 
guiding the a-posteriori determination of asymptotic spatial convergence rates. 

The time step ДЕ is correlated to the mesh measure via a generalized Courant number 
as At — CAL. For linear elements and for a suitable time integration algorithm that is at 
least second order accurate, it follows that m, ~ mp. Norm (7.147) thus becomes 


@ i d^ Hn (Qh) i |o i а ^ (Q^) 
шах (Ca«(CAL)"^, CarAL™*, Cey(ew)™) (7.149) 











IA 








IQ — осон) + 14 – тот) 


IA 


In the characteristics-bias system, the ew term dominates this error and the perturbation 
parameters = and w are cast as 


AL 
As a result, norm (7.149) becomes 
IQ — Gregan) S С (AL 9) = САШ) = CAT (7.151) 


for some suitable constants С, m,, and me, which may, however, differ for the H? and H! 
norms. For one-dimensional solutions AL = 1/М,, and (7.151) is equivalently expressed as 


log ||) — allan) € log C — me log Ne (7.152) 





to correlate the decrease of the norm with the increase in the number Ne of elements. In 
any case, for one- and multi-dimensional solutions, with С and те those constants for which 
(7.152) is an equality for the two solutions Qı and Qs, respectively corresponding to AL; 
and AL, = AL, /2, the exponent m, may be calculated as 


log Co = Пит, (7.153) 
[Q= 4 || по) 


for a sequence of progressively denser grids. According to the computational results obtained 
with multi-linear elements, as discussed in the following chapters, the computed exponent 
Me exceeds 2, for smooth flows, and can even be marginally greater than 3 in the H? norm. 
This finding indicates the characteristic-bias Galerkin weak statement with linear elements 
produces an algorithm with accuracy between 2nd and 3rd order. 








um log 2 
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7.8 Basis Functions, Element and 
Coordinate Transformations 


The element wise coordinate transformation conveniently results from the same finite - di- 
mensional expansion for q. With reference to (7.138), in terms of curvilinear coordinates 1], 
this expansion is 


q^ (x(n), t) = 2 wy (т) : а" (ae, t) (7.154) 


Within each element, the coordinate transformation is thus expressed as 


f= У. шк (N) LE (1.155) 





where “е,” denotes the number of nodes within the element. The following developments 
are based on the concept of the “isoparametric” element, that is an element where the 
number of nodes for the solution q is the same as for the coordinate transformation for æ; 
additionally, the elements employed will be of the Lagrangian type, which means that the 
multi-dimensional basis functions result from products of suitable one-dimensional functions. 

These one-dimensional functions may be systematically developed by way of a dedicated 
Taylor series as follows. Express the value at па of the one-dimensional function q = q(7) in 
terms of the values of the function and its derivatives at 7 as 








dn.) = an) + У; 0) Gem (7.156) 


2 


Upon writing this series for a number ^e," of locations “na” it is possible to obtain a linear 
system where the unknowns are 4(7) and its derivatives. The solution of this system for 
q(7) automatically provides the corresponding basis functions as exemplified next for several 
cases. 


7.8.1 One-Dimensional Elements and 
Coordinate Transformations 
The Taylor-series system for linear elements is expressed as 
dq 
q(n) + d ha =) =g) 
dá (7.157) 
a(n) + an —n) = (т) 


For n, = —1, ry = +1, and —1 < m < 1, the solution of this system for q(r)) provides 


a(n) = 50 — табле) + ;(1 даб) (7.158) 
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and the corresponding basis functions are 
1 {| 
wiln) = 5(1— 9), wn) = (1+) (7.159) 


as illustrated in Figure 7.19 


Wi Wa 





Figure 7.19: Linear Basis Functions 


For quadratic elements, the Taylor-series system is expressed as 





dq ад (па = т)? _ 

q(n) + їп Uh =) + dB z ~ а (Па) 
dq аа (т = 1)? _ 

q(n) + an Pu dB 2 — (7) (7.160) 
dq аа (те = 1)? _ 

q() + dy а dp 3 — а(те) 


For n, = —1, ф = +1, Ne = 0, and —1 € 7 € 1, the solution of this system for q(r) provides 


| || 
a(n) = 5n( — Dala) + (1 — та) + 520. + та(љ) (7.161) 
and the corresponding basis functions are 


из (ђ) = E — 1), ws(q-— (1 — 7), ws(m) = ZR tn) (7.162) 


as illustrated in Figure 7.20 
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Figure 7.20: Quadratic Basis Functions 


For cubic elements, the Taylor-series system is expressed as 




















ala) + Sn, = п) + EUR TP ETUR DP qq 
an) + оъ) + E08 P аво u 
об + оь — 9) + EERE + ETE c qq) (7.163) 
to) gn n qe аш = qty 


For n, = —1, ф = +1, Ne = -i, i= i, and —1 € 7 < 1, the solution of this system for 
q(7) provides 


Е 9 з >» 1] 1 27 3 n? 1 
4() = TAG n о +91907) + тє\? | п + 3)a(ne) 
27,3, 1 I з, 2 7 1 
2 LANES Es HEN 7.164 
TAG que g)d(na) + jg Ut Nue o) dm) (1.164) 


and the corresponding basis functions are 


9 D. d AT n? 1 
w (n) = Er o HE n’ — 9 EE 9^ w»() = те — 3 =O 3^ 
2f n? 1 9 n 1 
шз(1]) x "s l4 wa(n) = та Ија = (7.165) 


as illustrated in Figure 7.21 
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Figure 7.21: Cubic Basis Functions 


The basis functions for even higher-order elements are determined following a similar proce- 
dure. 
The local coordinate transformation for any of these elements is expressed as 


z(y) = У wp (9) my (7.166) 


6699 


With this expression, an element in Cartesian space is transformed into an element in “7 
space, as illustrated in Figure 7.22 


© oO — @— O 
1 15 n=l n;- 1 


Figure 7.22: Element Transformation 


For these one-dimensional elements the transformation metric data det J = eo9 becomes 


Ox on. duy 





det J — Соо = => = === р (7.167) 
On a dm 
For the linear element, for instance, this metric data becomes 
det J = — (7.168) 


which, in this case, remains constant. 


7.8.2 Multi-Dimensional Elements 


The Lagrange functions for multi-dimensional elements result from products of the one- 
dimensional functions presented in the previous section. The basis functions for a quadrilat- 
eral linear element are thus expressed as 


1 


wi(m) = = (1= т) (1-12), we(n) = 


1 (1+m) (1 — т) 


A| = 
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(1+m) (14-55), win) = 


ша(т) = (1— m) (1+2) (7.169) 


~ | Ез 
~ | н 


as graphed in Figure 7.23 








Figure 7.23: ‘Two-Dimensional Linear Basis Functions 
The basis functions for a quadrilateral quadratic element are cast as 


ил(7) = тт (m — 1) (ma — 1) 


waln) = уь (1— nif) (m 1), ws) = imm (n +1) (m =D 


wal) = от (m +1) (1 — nd). ws) = zone (т + 1) (+ 1) 


4 
ше(т) = Zm (1 — n) (+1), wrn) = ze (т — 1) (m +1) 
ws(n) = zm (т – 1) (1-7), wln) = (1 2) (1—7) (7.170) 


The corresponding basis functions for three-dimensional elements are similarly obtained by 
performing products of three one-dimensional functions. 
For any of these elements, the local coordinate transformation is expressed as 


c= У Wr (1) (Ek) (7.171) 


The metric data e11, €12, €21, €22 are cast as 


Ox» en Pts Ото са Эш 
= = —— (29), Ш == се 


€11 = — — 
: On k=l One От k—1 От 


(ta) 
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oxı en uis O21 eu ЭЪ 
€21 Эт 2. Ans (tilk; €22 Әт >. Om (21)k (7 ) 


This transformation and metric data map a rectangular region in Cartesian space into a 
square in the (71,72) space, as illustrated in Figure 7.24 


Th 


Figure 7.24: ‘Two-Dimensional Transformation of Quadrilateral Region 


For the linear element, the expressions for the metric data become 





еш = , ((22)4 = (£2)1 + (22)3 — (22)2) + " ((22)3 — (22)4 — ((22)2 — (£2)1)) 
ea = = 5 (гај (аз) + (тој; — (таз) — P ((тэ)з — (22)a — (го); — (ој ) 
en = ma na m (т + (ја — (тј) — 12 ((лаја — (ја = (e)a = (шї) 
ез = , ((z1)2 — (та ја + (21)3 — (21)4) + "i (0s — Gu» (D (001) 


(7.173) 
The corresponding determinant of the transformation Jacobian is then expressed as 





det J = e11€»» — €12€21 
= 5 (ба = бај (Gn) = (#2)2) + (Ст); — E) (lea) — (#2)1)) 
(((1)2 — (ла )1)((22)3 — (22)4) — ((21)3 — (21)4)((22)2 — (12)1)) 


E 
-- а ( (Сал )з — (21 )2)((г2ја — (12)1) — ((ааја — (жа)1)((22)а — (22)2)) (7.174) 


For а rectangular element, ((12)4 — (2ә)1) = ((тоја — (122), ((@1)2 — (21)1) = ((21)з — (21)а), 
((to)o = (22), ( (тојз = (23)4), ((x1)4 = Gri) C (41)3 = (21)2) and this determinant 
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becomes 
det J = x (ја — (21)1)((22)s — (22)2) (7.175) 


which correctly returns the ratio of the areas of the rectangular element and of the corre- 
sponding transformed square element in the (71,72) space. 


7.9 Element Integrals, 
Gaussian Quadratures, Optimal Metric Data 


Owing to the local element-based coordinate transformation, the integrals in the transformed 
weak statement (7.135) are evaluated in the transformed elements, which only involve con- 
stant limits of integration. The integrals that feature in the Euler and Navier Stokes equa- 
tions are now presented for one- and multi-dimensional formulations. 


7.9.1 One-Dimensional Integrals 


The five integrals involved in the finite element group discretization of any linear or non-linear 
convection diffusion equation in conservation-law form lead to the five element matrices 


451 4 Pk o du +1 dw, 
М = 005 nu dnp, C= | wi А , Съ = | = w;dr 
_1 dn = ат =+ dy 


р = | a 2) Dy = In s 2| (7.176) 
-1 dn dy dn =i dg dn dn 
The first three integrals only involve polynomials of “7” and as such they can be integrated 
exactly. The fourth and fifth integral involve the ratio of polynomials, which can be exactly 
integrated, although for higher order elements the result becomes involved. In this case, 
it may be convenient to evaluate the integral using the Gaussian quadrature procedure 
presented in the next section. 
For a linear element of length Aze, these integrals are exactly integrated and the results 
are 


























ОЧЕН 
3 38 2 2 
2 2 =; 2 i - ii 
а =l 1 5 Аття – [2,3] 2,4 (7.177) 








with the matrix C,, obtained as the transpose of C. These matrices rapidly lead to the discrete 
counterpart of a prescribed time dependent partial differential equation. With reference to 
Figure 7.25, the discrete equation for node “2” sequentially assembles the contributions 
from entries (2,1), (2,2), (1,1) and (1,2) in these matrices. Following this sequence, the 
discretization on a non-uniform grid of the weak statement 


fw (21 + 50) d ein (7.178) 








Ot Ox оВедтдх 
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leads to the finite element statement 


ae да; во 1 ди; ди, 
У (| w (в; jst + Sly yan |, TRE d) =0 (7.179) 


е=1 








which becomes 








1 | 
[ " б д9) + а ав | о 


ИР 7 Ot „у Re Our aD 
qj U; 1 дил Ow; 
— + —— dQ hh. жынын неш / „ПЫ = 7.180 
+f om 16 7 Ot "EAS )) Ы , Re Ox Ox © ) 
ИС 
/ p UN 
Hg wi 








i- 1 i DTI 
Figure 7.25: Assembly of Two Non-Uniform Elements 


The corresponding discrete equation is thus expressed as 


Аге, 2 Лас (2. 1. 
(5%- ITF sd) am (54 a =фы) 








2 3 2 3 3 


ik 1 2 1 1 2 1 1 
+ (-5f (qi-1) + "ti (ais1)) T ReAz,. (26-1 = а) + ReAz,,.. (-5« a овы) = () 
(7.181) 
Тһе discrete equations for other second order systems and different elements result from the 


same sequential assembly process. 








7.9.2 Gaussian Quadratures 


The one-dimensional integral of a continuous function 


T= | fdn (7.182) 


may be accurately evaluated using the Gaussian quadrature 


f, леде = У ви) (7.183) 
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where № stands for the number of Gauss abscissae, with С; as well as H;, 1 < ? < №, 
respectively denoting the Gauss weights and abscissae. ‘The order of accuracy of this quadra- 
ture equals 2№с — 1, so that a formula with 3 abscissae exactly integrates a polynomial of 
5-th degree. For such a formula, the Gauss weights and abscissae are 


- : (7.184) 
ipe up xi 
1 E 2 , 3 'E 


Multi-dimensional integrals may be similarly evaluated via an iterate use of the quadrature 
along each coordinate. A double integral of a continuous function, for instance, is evaluated 
as 





No Ne 


+1 p+ 
гот) aman 2 УУ GiGi f (H, H) (7.185) 
ки i=1 j=1 
which is the formula that may be generally employed to evaluate the two-dimensional finite 
element integrals for arbitrary elements. 


7.9.3 Multi-Dimensional Integrals and Optimal Metric Data 


With implied summation on a repeated subscript index, the integrals involved in the multi- 
dimensional finite element group discretization of any linear or non-linear 2nd-order convec- 
tion diffusion equation in conservation-law form lead to five element matrices. For rectangu- 
lar elements, the corresponding metric data are constant and these matrices are expressed 
as 











M= " шш; | det J, C, = | wigan € fk; Cu = | а пој Clk 
о. о. Ол о. От, 


Ow; Ow; Сре Ow; Ow; Сре, 
(Э = 740 x DV ig = = — 00) 7.186 
| | ог Or, Ођ, | det J ' Ve | Qe On, Onn | det J | ) 


For linear elements, the matrices of the integrals of the basis functions and their deriva- 
tives are expressed as 























4 2 1 2 

"PEZ 

Lf omm) = 5 1242 

2 1 2 4 
—2 2 1 —1 —2 —1 1 2 
Әти; ү за d ed Ow. 1! =1 =2 2 1 

|| wigan} = c Zi wisn} = c 

о. Өт бє =1 T 2 e2 о. | On 6 | =1 == 2 1 
—1 12 -2 —2 -1 1 2 
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o. Е 3 | d eL =Í 

| Gu Bu ag) = 3 = dX Т ы | Еми її l 1 
Qe Om Om 6 = 1 1 2 2 || Qe От Ото 4 Е | 1 1 
ЈЕ == o» й їй + =i =i 

|» = с] 1 | | 2 1 =i -2 | 

| nne ] e =i 3 | a | |. X => =Í 
о. дт Om | 4| -1 1 1 —1|' (Јо, Ane Ane 6 =f = ® i 
= т | =4 НИ 

(7.187) 


For elements of arbitrary non-degenerate shape in Cartesian space, the metric data аге 
no longer constant, and the corresponding five element matrices are expressed as 


M= ИД шуш, det јао), С; = ||, wen sian} ‚ С, = n XD io 


Ow; Ow; dQ ди; ðw; dQ 
D т = | — un , D sm = | —— 5 € 1.188 
: | Qe in On. É От, det J | Ve | on a Оту ee Onn det J | ( ) 


These integrals may be evaluated by way of Gaussian quadratures, as described in the 
previous section. 

For linear elements of arbitrary shape in Cartesian space, the first three matrices have 
been exactly calculated, and the remaining two have been accurately evaluated using metric 
data evaluated at optimal points in (71,72) coordinates. 

With subscript point coordinates indicating evaluation at the indicated point, the exact 
components of the mass matrix M are expressed as 














2 


Мп = $ det J| i 1 Mai = $ det Л 1 


2 


Мр = $ det Л, 1 М» = $ det J|; i 
Mia = 5 det Joo Moa = 2 det Јо 


Л д = = det Ло Mo4 — > det оо 


M31 = 5 det Л Ma = ө det J| 1, 


ЛАзә = 5 det Ло Mae = i det Ло 


(7.189) 


M33 = 5 det J| Mas = $ det J|; 


11 
272 


(з= з det Ло Ма = § det J|. 


1 1 
272 
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Similarly, the exact components of the first-order-derivative matrix C; are expressed as 























_ 1 1 = ; 
Cos mM 3 eal ia 7 3 eii Ceo, n 3 ба |; 2 Е 6 eei 
1 1 1 1 
Cu) — зер = веша Ce зер T 3 Coals 3 
1 1 1 1 
Са беасар + peels Ce geal- + зеі 
1 1 1 5 
Сбы= = ваар + 36er- Сыт — gta, + веер 
| | | (7.190) 
Сва = G eels 6 ер] 1 Спа — 6 eala 3 ЕТ 
Í 1 : 
Саз» = 6 бр | 1 "^ 3 ер] 1 1 Clas Е б са | 3 6 СЕЕ 
1 1 1 : 
Cos = 3 бр | 1 + 3 бр] 1 1 Cus Е 3 enli у 6 со] 1 
1 1 1 ; 
Ce, = v 3 enl: T 6 ер] 1 Спа 3 са |: T 3 eni 
The matrix C,, is then obtained as the transpose of C;. 
Next consider the second-order-derivative integrals 
ди; ди; , Е a= |, [ Ow; QU; “кетт 
о. OX, jd 1 Onk Or, det J 
Ow; Ow; Ow; ди; ее 
ы Л AO f. L а OG (7.191) 
Os Ax, Ол 1 Әт. "Ота det J 


For a rectangular element, as noted previously, the metric-data expression ерке / det J 
reverts to a constant and these integrals become 


f. [ Ow; OW; Ctk€mn JQ = XL [ ди; Ow; о 
1 On, On, det J |^. detJ 1 Oni CUNG 


1 дш ОО ерат Срба 1 дш Ow, 
des f. | Jj qQ 7.192 
f. | 1 Óm "On, det J det J 1 On, * On, ( ) 


For computational efficiency, а similar expression is employed for arbitrarily shaped elements, 
as 
| | OW; OW, Cerin ДО ~ сс, [ ди; Owj о 
1 On, Onn detJ ^ det J 1 дп on, ^ 


1 дш y ОШ Cp an Clk Cmn 1 дш s Ow; 
a f. | j 40 7.193 
ЈИ | 1 дь ON det J det J ‚де От l | 
























































where е7, Gan, det J denote metric data computed at optimal evaluation points in (m, 72) 
coordinates, for both sets of integrals, from the specifications 


f. D Ow; Ow; етп | ~ га | [ ОШ ОШ. бәш JO 
1 On, On, det rae 1 On, On, det J 




















216 The Finite Element Method 




















Clk 1 Ou; Ow; бок Emn a Ow; Ow; ло 
~ = 7.194 
det J f. | 1 ду дт " det J f. | 1 Ong Onn ^ ( | 


According to these specifications, the optimal metric data €,,, are determined from the 


equality 
1 ди; Ow; о 1 ди; ди; 
ай) ‚1 
Ga fan | | 1 OnE on, ^ а= f. | 1 дт дт" о 














The remaining optimal metric data ер and det J respectively originate from contracting 
(z4,);, that is array of nodal values of the £m coordinate, with the leftmost and rightmost 
sides of (7.194) and equating this contraction with the exact result. The contraction with 
the leftmost side leads to 


1 ди; Ow; Сета | 1 ди; OW; Bia је Сри 
= dQ 
ms [ [ 1 On, ON, det ra o=, | 1 ane ^ а (2002) On, det J 


АА ИИ НАСОС 


which determines еф. The contraction with the rightmost side leads to 


E E TN f Ow; ди; JQ = ex] f. Qui 4 (7.197) 















































det J 1 On. ONn ge 
For every “2” and “k”, this equality determines det J as 
1 rl Ow; 1 Qu; д a 
det Jix ex | | Mi dà = ет maf | ui От); go 
== 04-1 J-1 Ong 10m, дт, 
1 Bay; п | A fl Ө 
= UE бил (=I)! тез msn dO = eq (-1)t "ea Бим | | 240 
Cik Ста Es f | Om Е. ев (—1) Кали iJ d Nk 
(7.198) 


а the optimal evaluations points as y = 
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data from (7.195), (7.196). (7.198) are 
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5). With these points, the optimal metric 
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These optimal metric data also satisfy the following constraints 
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that are satisfied by the exact expressions. In comparison to the iterated three-point Gaus- 
sian quadrature, these optimal matrices lead to the same order of accuracy, yet they remain 
at least four times more efficient computationally. 


7.10 Implementation Sequence 


This section discusses the salient issues in the practical implementation of the several fi- 
nite element operations presented in the previous sections. The included pseudo “C” code 
demonstrates a representative implementation. 

The finite element matrices presented in the previous sections feature not only in the 
Euler or Navier-Stokes equations, but also in any linear or non-linear time-dependent partial 
differential system that employs the group discretization within first and second order deriva- 
tives. This recognition makes such matrices akin to discrete operators and justifies forming 
these matrices within a dedicated subroutine, separately from the discrete equations. Em- 
ploying this strategy, a structured finite element code may be rapidly adapted either to the 
solution of distinct equations systems or to the use of different elements, by only modifying 
the corresponding subroutine. To exemplify this process, consider the discretization of the 
weak statement for the two-dimensional characteristics-bias Euler system 


да 9 fopa) , 9f 
дї ЈЕ us! TIE 


О мом му 04 Је Jin = 
Dn, (<u ( (аага + а а; aX) TR + аг = F 2 )) = 0 (7.203) 


The Cartesian and curvilinear form of the weak statement for this characteristic-bias system 
can be expressed as 
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The insertion in this statement of the nodal basis function w; and the discrete arrays for q, 
fe, ~ P leads to the finite element weak statement 


and 
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(7.206) 
By way of the symbolic operators 
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this Ру may also be expressed in the following symbolic form 
м и 
TR. 
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Ne Ox 
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Remaining valid for any (q;), (Је), (74), (f,), this expression significantly resembles the 
original differential equation (7.203). Using the symbolic-operator concept, any other time 
dependent second-order partial differential equation is cast as a similar expression. Accord- 
ingly, a subroutine for this expression receives the symbolic operators as input and calculates 
this expression by way of a programming formula that mirrors the original equation, as fur- 
ther exemplified in the EqJac subroutine in the appended pseudo *C" program. 

A structured finite element code requires the Cartesian-coordinate arrays хі], х2[], 
the solution array q[], and element-connectivity array elnods[][]. For each element ie, 
this connectivity array provides the global number ig = elnods [ie] [in] of each node in 
within the element. These numbers are required to retrieve from the corresponding global 
arrays xi[], x2L], ай, the Cartesian coordinates xe1[], xe2[] and values qe[] of the 
solution variables at the nodes of the element. 

The included pseudo “C” program has the chief purpose of showing a sample sequence 
of operations within a finite element program that solves time dependent partial differential 
equations. As this program demonstrates, the coordinates are needed to form the transforma- 
tion metric data and the symbolic operators as the matrices па ] [1, dxi[l[], ax2[] [], as 
well as the “weak” statement first-order derivatives dwx1[][], dwx2[][] and second-order 
derivatives dxíixi[][], dxix2[][], dx2xi[][], dx2x2[][]. Along with these matrices, 
the values of the nodal solution are needed to form the equation array ff[] and Jacobian 
arrays bb[] 0, aal] 0 of the system to be solved. These local equations and Jacobians аге 
then stored in the global matrix band aL] [] and rhs array f [] for the element-by-element 
assembly of each discrete nodal equation. 
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/* For all the grid elements, this core subroutine forms 


/ж the element matrices, discrete equations as well as 


/* Jacobians and global matrix band and rhs array 


/*--------- 

/*--------- 

/ж Lo 

/* ne 

for ( ie = 
/+-—-- 
/* С 
/* 


op over grid elements 
lem = total number of elements 


1; іе <= nelem; іе = іе + 1) 1 


ollect element nodal coordinates 
nodel - number of nodes in element 


for( је = 1; је <= поде1 ; је = је + 1) { 


15 


хе 
хе 


=-аїшойг[ ie ][ 11] X 3 
1[ је ] = хі[ ig] ; 
2[ је ] = x2L ig] ; 


Determine element matrices and 
centroidal parameters 


finelm( хе1, xe2, ma, dx1, dx2, дих1, dwx2, \ 


ах1х1‚ dx1x2, dx2x1, dx2x2 ) ; 


cenpar( elnods, ie, хе1, xe2, q, par ) ; 


/* 


Loop over nodal equations 


for ( in = 1; in <= nodel; іп = іп + 1 ) 1 


For each global node "ig" form the array 
of pointers "iv[]" that contains the 
addresses of the corresponding degrees of 
freedom at the node 


* / 
* / 
* / 
ж / 


* / 
ж / 
ж / 


* / 
* / 
* / 


* / 
* / 
* / 
* / 
* / 
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/ж 


ig = elnods[ ie ЈГ in ] ; 


VarPoint( nvar, ig, iv ) ; 


—-—---------2--2-2-------------------------------- ж / 
--------------------------------------------—-—- * / 
Loop over nodal variables ж / 
for ( jn = 1; jn <= nodel; jn = јп + 1) { 
jg = elnods[ ie ІГ jn ] ; 
VarPoint( пуат, jg, jv ) ; 
[*------------------------------------------ ж / 
/* Collect nodal variables; ж / 
/* nvar = no. of variables per node ж / 
for( је = 1; је <= пуак ; је = је + 1) d 
qel je] = Г југ 1] ] ; 
} 
/*------------------------------------------ * / 
/*------------------------------------------ * / 
/ж Form discrete equations ж / 
ЕајЈас( mal in JL jn], ах1[ in ]Г jn], \ 
ах2[ in ЈГ jn 1, dwxil in ]ЈГ jn], \ 
dwx2[ in ][ jn J], dxixif in ЈГ jn], \ 
dxix2[ in ][ ји J, ах2х1[ in ЈГ ju 1, \ 
dx2x2[ in ЈЕ jn 1, \ 
xel, xe2, t, par, ge, ff, aa, ЪЪ); 
/*------------------------------------------ ж/ 
/*---------- ж / 
/ж Newton’s Iteration Steps. ж / 
/* In these steps, "k[]" is the global ж / 
/* array of solution variations for the ж / 
/* implicit Runge-Kutta integration ж / 
/ж "aldt" is the product of "Dt" and the ж/ 
/* Runge-Kutta parameter "alpha" ж / 
for (і = 1; i <= nvar ; i = i + 1 )d 


ffl i ] = ff[ i] * Dt ; 


for (j= 1; j <= nvar ; j=j+1){ 
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bbl i JE j ] ж kL jvl j ] ] 


aal i ][ j 1 ж aldt + bb[ i ][ j ] 


ff[il^f 
aal i ][] 
} 
} 


те] ee 


з= X 


/* Insert element-based rhs 


/* and Jacobian. matrix in 
/* global rhs and matrix band. 
/* nband = semi-bandwidth 


for (і= 1; і 


<= nvar ; i = i + 1 ){ 


H 


H 


fLivLal les£[avLai ld ] ffl] 


} 
for ( 1 = 1; і <= пуаг; i = i + 1 ){ 
Тог ( ј = 1; j <= nvar ; ј = j + 104 
ib = jvl j ] - ivl i] + nband ; 
al лу[а] J[ ib ] = а[ iv[i] ][ ib ] + \ 
aal i ]]L[j ] ; 
} 

} 

f[*------------------------------------------ ж/ 
} 
/®---------------------------------------------- ж/ 
} 
f[*------------------------------------------------- ж/ 
} 
return ; 

/*----------------------------------------------------—-- * / 
/*-----------------------------------------------------—-- * / 
/ж This subroutine forms the discrete system and ж / 
/* corresponding Jacobians. Notice how the symbolic ж / 
/* operators lead to ап expression for "f[]" that ж/ 
/* resembles the original partial differential equations ж/ 
/*-------- ж / 
/*--------- ж / 


void EqJac( long double ma, 


long double ахі, 


\ 


2 
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long double dx2, long double dwx1, 
long double dwx2, long double ах1х1, 
long double ах1х2, long double dx2x1, 
long double dx2x2, 

long double хе1[], long double xe2[], 
long double t, long double parll, 
long double gel], long double fl], 
long double а[][ MNVAR ], long double 


О A A A A 4 A 7 


[] [ MNVAR ] ){ 


long double eps, psi, c, alf, alfN ; 
long double del, al, a2, aN1, aN2 ; 


long double r, mi, m2, E ; 
long double p, pr, pmi, pm2, pE ; 


[*-—------------------------------------------------- ж / 
/ж Extract centroidal parameters ж / 
eps = parl 1]; 
psi = раг[ 2] ; 
с = parl 3]; 

alf = par[ 4]; 

alfN = par[ 51; 

del = parl 6] ; 

al = раг[ 7]; 
a2 = раг[ 81; 

аћ = par[ 9] ; 

aN2 = par[ 10 ] ; 
f[*-------------------------------------------------- ж/ 
/*®-------------------------------------------------- ж/ 
/* Extract nodal variables ж / 

г = ае[1] ; 

mi = qel 21; 

m2 = gel 3] ; 

Е =qel 4] ; 
/*®-------------------------------------------------- ж/ 
/*®-------------------------------------------------- ж/ 
/* х1-Сошропепі of the linear - momentum equation  */ 
/* and its Jacobians ж/ 

/*------------------------------------------------ * / 


/* Calculate Pressure and its Jacobians ж / 
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PresJac( г, mi, m2, E, &p, &pr, &pmi, &pmi, &pE ) ; 


[*-—----------------------------------------------- ж / 

b[ 2 1111 20.0; 

b[ 2 112 1 = па – eps ж psi ж ( al ж дих, + a2 ж dwx2 ) ; 
b[ 2 1[ 3] = 0.0 ; 

bl 2]L4] = 0.0; 


#[ 2] = -dx1 ж mi * mi / r 


eps ж psi * с 
( ах1х1 ж ( alf 
dxix2 ж ( alf 
dx2x1 * ( alf 
dx2x2 * ( alf 
eps * psi * 
( ( ах1х1 


ж 
ж 
ж 
ж 
ж 


del ж ( dxixi ж 
( dxix2 ж 


а[2][1] = -ах1 ж ( 
dx2 * ( 
eps * psi * с 
( ах1х1 ж ( alf 
dxix2 ж ( alf 
dx2x1 * ( alf 
dx2x2 * ( alf 
eps * psi * 


+ ххх + 


а1 
а1 
а2 
а2 


а1 
а1 
а1 


mi 
m2 


al 
al 
a2 
a2 


С C dxixi ж al + ӣх2х1 ж 
( dxix2 * al + dx2x2 * 
del ж ( dxixi ж ai + dx2x1 


-dwx1 ж p -dx2 * m2 ж mi / rt 
ж al + alfN ж aN1 ж aN1 ) + 
ж a2 + alfN ж aN1 ж aN2 ) + 
* al + alfN * aN2 ж aN1 ) * 
ж a2 + alfN ж a2 ж aN2 ) ) жүр + 
\ 
+ dx2x1 ж a2) ж (ші * mi / к) + 
+ dx2x1 ж a2) * р + 
+ dx2x2 ж a2) ж ( m2 * mi / к)) 
xmi у (r* 2) ) = dwxl* pr = 
* mi / (кжке)) + 
ж al + alfN ж aN1 ж aN1 ) + 
ж a2 + alfN ж aN1 ж aN2 ) + 
* al + alfN * aN2 ж aN1 ) + 
* a2 + alfN ж aN2 * aN2 ) ) * 
a2) ж ( -mí xmi / (кжке)) 
a2) ж ( -m2 xmi / (кжке)) 
* a2) ж рг); 


al 2 112 ] = -dxi ж (2.0 ж m1 
dx2 ж ( m2 7 т) 


eps * psi * 


( C dxixi ж al + dx2x1 
( dxix2 * al + dx2x2 
del ж ( ӣх1х1 ж ai + dx2x1 


a[2][3] = 


dx2 x (mi / г 


eps * psi * 


( C dxix2 * al + dx2x2 
del ж ( ах1х1 ж al + dx2x1 


* 


* 


/ r ) -dwxi ж рт] = 
+ 
ж (2.0 * mi /r ) + 
ж ( m2 / г ) + 
ж рші); 
-dwx1 ж pm2 = 
+ 
ж ( mi / r ) i 


ж  pm2 ) ; 


= _ A A A A 7 


27 


ZA A A A A A A 7 


Za A A A a 


aA A A 7 


+ \ 
a 


223 


224 The Finite Element Method 





al 2][4] = -dwxi ж pE + \ 
eps * psi * \ 
( del ж ( ах1х1 ж al + ӣх2х1 ж a2) ж pE); 
/*------------ 7 ж / 


Following the formation of the equations and Jacobians, the program can then determine 
the solution at the subsequent Newton iteration and / or time level. This is the program 
structure that has generated the essentially non-oscillatory results discussed in the following 


chapters. 


Сћарђег 8 


Non-Linearly Stable Implicit 
Runge-Kutta Time Integrations 


The non-linear ordinary differential equations resulting from a spatial discretization of a set 
of partial differential equations, along with appropriate boundary conditions, can be abridged 
as the ODE system 

dQ(t) 


pics = F (t, Q(t)) (8.1) 


where M 280) corresponds to a coupling of time derivatives and F (t, Q(t)) represents all 
the remaining terms in the spatial discretization and boundary-condition set. ‘This system 


18 cast as 
dQ(t) _ 
T = F (t, QH) (8.2) 


where F = MIF. 
The implicit algorithms in this chapter also sole the non-linear algebraic-differential sys- 
tem 


|| 


0 Fi (t, Q(t)) 


10; (8.3) 
EN = Fy (t, Q(t)) 


where О» denotes a subset of Q and F; and F5 denote two subsets of F, with ANAR =Q 
and АБ = F. This system may be viewed as a differential system for Qə subject to 
constraints PF, to determine both Qı and Q2. А CFD example of this algebraic-differential 
system is the set of incompressible Euler and Navier-Stokes equations, which feature no time 
derivatives in the continuity equation; in this example, Q4 corresponds to pressure and Qə to 
velocity, with А and Р» respectively correlating with the continuity and linear-momentum 
equations. 

For CFD simulations with local mesh refinements and resolution of viscous boundary 
layers, the spatial-discretization ODE system becomes extremely stiff. In this situation, 
the solution of such a system consists of components varying very rapidly in time that are 
superimposed to components that evolve more slowly. ‘This is precisely the overall solution 
character that complicates numerical integration. The presence of disparate length and time 
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scales in a flow then exacerbates this stiffness phenomenon. Hence, to achieve an accurate 
simulation of steady and especially time-dependent viscous flows this book presents a class 
of implicit Runge-Kutta ( IRK ) numerical time integration algorithms that are proven both 
high order accurate and non-linearly unconditionally stable for the stiff discrete Navier-Stokes 
equations. 





8.1 Runge-Kutta Algorithm 





Let “n” and “s” respectively denote a time level and the number of Runge- Kutta stages. A 
Runge-Kutta algorithm for system (8.1) can be cast as 


i—l qe 
the corresponding algorithm for systems (8.2), (8.3) becomes 


j=l j=l 





where К;з, 1 € ? € s, denote the Runge-Kutta arrays and P denotes either the identity 
matrix for (8.2), or a diagonal matrix for (8.3), with a “0” on the diagonal element corre- 
sponding to each equation in А and a “1” on the diagonal element corresponding to each 
equation in 75. The parameters bj, Ci, aij, 1 < 1,7 < s are constant Runge-Kutta coefficients. 
The coefficients c; and 6; satisfy the constraints 


> b; = 1. Ci = У ад (8.6) 
i=1 ј== 


The coefficients б; and a;; are arranged in a column array and а square matrix as 


b={b}, A= [а] (8.7) 





The coefficients а; determine whether the algorithm is explicit or implicit. The algorithm 
is explicit when a;; = 0 for 7 2 7; in this case the Runge-Kutta arrays К; are sequentially 
computed without having to solve systems of equations. The algorithm is implicit when 
some aj; > 0 for 7 > i; in this case all Runge-Kutta arrays are coupled with one another and 
are determined via the second expression in (8.4), (8.5), which are now systems of equations. 
A special kind of implicit process is the diagonally implicit algorithm, in which а; = 0 for 
7 > i; this specification signifies that the Runge-Kutta arrays K; are implicitly determined 
after one another. 

As (8.4), (8.5) indicate this algorithm remains valid for non-autonomous system, given 
the explicit dependence upon time. This important feature allows using time dependent 
boundary conditions while maintaining accuracy and stability. As a result, this algorithm 
advantageously allows dependable simulations of transient and time- dependent flows for 
time dependent upstream and downstream boundary conditions. 
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This time integration algorithm can be made intrinsically stable independently of the sta- 
bility of the spatial discretization. Furthermore, the stability analysis for this time integra- 
tion remains separate from the stability analysis of the spatial discretization. Consequently, 
the stability of a CFD algorithm that employs (8.4), (8.5) only depends on the stability 
of the spatial discretization. ‘This approach remarkably simplifies algorithm development 
since the associated stability analysis no longer requires simultaneous coupled analysis of 
the discretization and time-stepping algorithm. 

This algorithm thus integrates the Euler and Navier-Stokes equations in a fully coupled 
fashion. Owing to its accuracy and stability properties, the implicit Runge-Kutta proce- 
dure allows dependable simulations of realistic steady and unsteady subsonic, transonic, and 
supersonic flows. 





8.2 Non-Linear Stability 


The stability of a numerical time integration procedure remains subtly different from the 
stability of a time-discrete solution. Since the numerical time integration procedure leads 
to an approximation of the solution of a time-continuum differential system, the resulting 
discrete solution should mirror the stability of the time-continuum solution. A numerical 
time integration procedure, therefore, is defined stable when the evolution of the generated 
discrete solution emulates the evolution of the time-continuum solution. In other words, 
a numerical time integration is stable when the discretization process does not lead to an 
increase in the solution energy. If the time-continuum solution decays, so should the discrete 
solution; if the time-continuum solution evolves like a packet of waves of different frequencies, 
so should the discrete solution, to the extent allowed by the accuracy of the algorithm; if the 
time-continuum solution grows, the discrete solution should also emulate such a trend. The 
goal of assessing the stability of the discrete solution can rapidly become as demanding as 
determining the stability of the time-continuum solution, which is a particularly challenging. 
On the other hand, it becomes comparatively easier as well as practical to assess the stability 
of a procedure. 

The concept of non-linear stability fundamentally refers to the capability of a time- 
integration procedure, in this case the Runge-Kutta equations (8.4), (8.5), to generate a 
time-discrete solution Q, that emulates the time evolution of the time-continuum solution 
Q = д" for the infinite time interval and general non-linear rhs F(., -). 

Algorithm (8.4), (8.5) satisfies a non-linear energy stability condition, stating that the 
time-discretization does not contribute an increase in an energy rate of change over an average 
energy rate of change of the time-continuum system. This condition can be expressed as 


IQuas ll, = QUE. _ 419? 
At ` dt 

















(8.8) 


where ||.| denotes an inner-product norm, and overbar signifies an average over the time 
interval (t,t+At). An energy rate of change of the discrete system, therefore, does not exceed 
an associated average energy rate of change of the time continuum system. Algorithm (8.4), 
(8.5) can satisfy (8.8) regardless of the size of the time step At, which implies unconditional 
energy stability. 
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To describe how (8.4), (8.5) satisfy (8.8), express the energy associated with the time 
continuum solution Q of (8.2) as 

















IQI? = (©, ©) (8.9) 

The rate of change of this solution energy becomes a function of Q and the rhs of (8.2) as 
а]? dQ 

—— = 2 — | = 2 F 8.10 
An average energy rate can then be expressed as 

d|Q|? _ =, dii Ql | p nu ey 
=) bi ex IQ. SO 8.11 
portal (Q', FQ) (8.11) 





Since (8.11) has to represent a meaningful average, the weights b;, 1 < i < s must be 
non-negative, which leads to the constraints 


b 2-0, 1<i<s (8.12) 


Based on (8.4), (8.5), the array Q’ in (8.11) is defined as 
j=l 


which corresponds to a field at the intermediate time level t* = t+c;At € (t,t+At). Together 
with (8.4), (8.5), this form for Q* leads to the expressions 





K; = AtF(t',Q') = Ath, Q, 0! = – Уа; К; = АУ) а, (8.14) 
j=l j=l 


The Runge-Kutta algorithm (8.4), (8.5) generates for the lhs of (8.8) the result 


\Ө»+!? = QE _ 
At 
25 ^b (©, F, Q) — At У (bia + bag — bib;) (F(t, 07), F(E,Q)) (8.15) 


which applies to completely general non-linear expressions F(-,-). This result features a 
discrete energy rate at the /hs and an average time-continuum energy rate at the rhs. Em- 
ploying this result, the energy stability condition (8.8) then translates into the quadratic-form 
inequality 

—At У) (кау + бан — bb;) (F(E, Q), F, Q) <0 (8.16) 

ij=l 

With {Б} denoting the diagonal matrix with diagonal entries {b;}, this inequality can be 
unconditionally satisfied for any positive time step At when the symmetric energy matrix 


Е = { ка) + bikari — bib; | (8.17) 
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is non-negative definite. Since this matrix Ё is symmetric, it will be non-negative definite 
when all of its principal minors remain non-negative. For an implicit algorithm it is possible 
to determine Runge- Kutta coefficients b; and aj; to satisfy this condition independently of 
At. Hence, an implicit Runge-Kutta algorithm can be unconditionally non-linearly energy 
stable. Specific Runge-Kutta coefficients that satisfy this unconditional stability constraint 
are presented in Section 8.4.4, 8.5. For an explicit algorithm, a;; = 0 for 7 > i and in this case 
the first principal minor of E equals —b?. This minor is negative, hence an explicit Runge- 
Kutta algorithm cannot be unconditionally non-linearly energy stable. However, if the time- 
continuum system is dissipative, hence 2(Q, F) < 0, then the condition ||Qy+1||? — ||Q,||? < 0 
can still be met by limiting the size of At. On the other hand if the time-continuum system 
is not dissipative, then the condition ||Qn41||? — ||Q,||7? < 0 cannot be met. The discrete 
solution Q,, will grow, but so does the time continuum solution, hence an accuracy limit 
on the size of the time step At will generate a discrete solution that increases at a rate 
comparable to the rate of the time-continuum solution. 
The energy result (8.15) is obtained by calculating the square of the norm ||/Q,,+1|| as 





Qual = [Qj + > Kul = e ar 2 Код, T Хк) 


= (Qn, Qn) DD (Ki, Qn) (Mu (Qn, K DRM и (K;, K;) 


i, j=l 


= Пода + AY (F.Q)) + AD (F Qa – 0) 


HAC (Q!, в) «ru (Q, LQ Е 5) - AP У: bb, (Fi, F;) 


i, j=1 


= Qal? +2At Yt; (95 2) 
ї=1 


—At M ра: (Е, Еу) – AC У? bjaj (Fi, F5) + AU У bib; (КЕ) 
mi i,j—1 ij=l 
i=1 ij=l 
which leads to the energy result (8.15). In terms of the Runge-Kutta arrays, this energy 
expression leads to the normalized energy variation 


19.112 — 1612 3i 5; (QuE) У, (а + бај — bio;) (Ki, Ку) 











= — (8.19) 
|| Qn IP Qn ||" 
This variation exposes the time-discretization expression 
Dp =- i j=1 (bini; + уаз — bib;) (Ki, K3) (8.20) 


lI Qul? 


which corresponds to dissipation for an unconditionally energy stable algorithm. The larger 
this dissipation becomes, the faster Q, will converge to a steady state solution. 
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Any IRK algorithm that satisfies the energy-stability property is called algebraically 
stable. Its significance for the CFD implicit algorithms, and the subject IRK procedure, is 
investigated in Section 8.7. In the derivation of results (8.15), (8.18), crucially, no hypothesis 
was necessary on the structure of the residual F'(-, -) and/or the semi-discretization employed. 
Therefore, (8.4), (8.5) becomes unconditionally energy stable not just for a traditional linear 
model problem, but for the full semi-discrete non-linear Navier-Stokes equations on arbitrary 
structured/unstructured meshes. 


8.3 Linear Stability 
This type of stability investigates the stability of (8.4), (8.5) as applied to the linear system 


dQ 
—=-—, 8.21 
= -Q (8.21) 
where A denotes a positive eigenvalue. System (8.21) exemplifies a dissipative system, in 
that the associated energy rate of change remains negative 


dli = 2(Q, F) = -24(Q,Q) < 0 (8.22) 
dt — 95 С | 
The time continuum solution Q = Q(t) then monotonically decreases and it is thus desirable 
that the discrete solution Qn behaves similarly. Accordingly, the magnitude of the “ampli- 
fication” ratio ||Qn+1||/||Qn|| should remain less than one. Based on definition (8.13) of Q*, 

this traditional amplification ratio can then be expressed as 


n i- DK, 
Q +L = 1 E 1—1 
Qn Qn 


An energy stable integration is necessarily linearly stable, for in the linear ODE system case 
the rhs of (8.10) becomes negative for a dissipative F, which leads to an amplification factor 
less than one 





(8.23) 


IQ lf = [Qnll? 
At 





Qual 
со = 10 19,1 = S i (2) 


Denote with J the s x s identity matrix and with u, for unity, a column array of size s 
with entries all equal to 1. The amplification ratio (8.23) may thus be expressed as 





Qui det (I + AMA — AAt ub? ) - 
Ou det (I + \AtA) Па 








where A and b! respectively denote the matrix of IRK coefficients and the transpose of the 
column array b in (8.7). 

If the Runge-Kutta method is explicit, then aj; = 0 for 7 > тара A is а lower triangular 
matrix with zero's on its main diagonal. Accordingly, det (J + ААРА) = 1 and (8.25) becomes 
a polynomial in ААТ. In this case, linear stability for a dissipative system is conditional, 
with АА? limited by the condition that (8.25) should be less than 1. 
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For an implicit Runge-Kutta algorithm, the amplification - ratio denominator det (J + AAtA) 


becomes a polynomial in AAt. In this case, the amplification ratio can remain less than 1 
when its denominator does not vanish, which places linear-stability constraints on the co- 
efficients а;;. Naturally, aj; satisfy these constraints if the algorithm is non-linearly en- 
ergy stable, as shown in (8.24). For a diagonally implicit method, a;; — 0 for j » i 
and A is a lower triangular matrix with aj; 1 < 7 < s, on its main diagonal. Hence, 
det (1 + ЛАА) = П, (1 + МАвад)), which will not vanish for any At > 0 under the linear- 
stability condition 





With this condition, (8.25) will remain bounded. 


8.4 IRK2: A Two-Stage Diagonally Implicit Algorithm 


This section presents a two-stage diagonally implicit Runge-Kutta algorithm developed by 
this author. Specifically designed for the efficient numerical integration of stiff non-linear 
systems, this algorithm is second order accurate and non-linearly energy stable, with a linear 
amplification ratio that vanishes for both unbounded Jacobian eigenvalues and a finite value 
of the Courant number Срр = AAt. For the numerical integration of the ODE system 


ас) (2 
Me Z F(t Ql) (8.27) 
this two-stage Runge-Kutta algorithm is 
Qua — s = ба Kı + бо Ko (8.28) 
МЕ = Al -F (tn +c, At, Са + ада Kı) (8.29) 
M Ko = At : F [s + Co AAT, (Ја “Р Ao, Kı + 22 Кә) (8.30) 





This algorithm is implicit because the entries in the arrays Kı and К remain coupled and аге 
then computed by solving algebraic systems. Since the algorithm is diagonally implicit, Ay 
is determined independently of Kə. Thus, given the solution Qn at time tn, Kı is computed 
first, followed by К». The solution (1 is then determined by way of (8.28). 

Grossman et al. independently reported |73] that a linearized version of this diago- 
nally implicit Runge-Kutta algorithm yielded accurate solutions for a thermo-chemical non- 
equilibrium shock tube flow analysis. They also found that the algorithm generated accurate 
solutions in approximately a factor of ten less of overall computational work in comparison to 
an explicit calculation with the same order of accuracy. The class of algorithms (8.28)-(8.30) 
has also generated accurate solutions for 2-D supersonic and equilibrium hypersonic flows. 
The following sections delineate the numerical calculation of the Runge-Kutta arrays K;, 
] <i € 2 and develop the equations for the determination of the Runge-Kutta coefficients 
бу, бо, ау\, ато, G22, for this algorithm. 








8.4.1 Numerical Linear Algebra 


The terminal numerical solution is then determined using Newton’s method in linearized one 
step mode or non-linear form. For the implicit fully-coupled computation of the IRK arrays 
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K;, Newton’s method is cast as 


m- ам (SE) | («r - KP) = At F (tn + At, QT) – МК? 
О? 


Qj = Qn ад Ку + ai К (8.31) 


where а; = 0 for j > i, р is the iteration index, and А? = Ку for i = 2; for finite elements, 
the Jacobian 


00 


then becomes а block sparse matrix. The initial estimate K? can be conveniently set equal 
to the zero array, because, for p = 0, K? may cancel out from (8.31). To show this result, 
let QU and Q9* define the following arrays 


QEM- пића (58 . (8.32) 


QP = Qn + алб Ka, 9% = Qn + (1 – &)an62 Ki + к (ал K? + aiK) (8.33) 


where 0 € к < 1. For р = 0, the function F (t, + c;At, Q9) in (8.31) may be cast as 


K (8.34) 


ОРА 
F (t. SEA: Q1) =F (t. + ci At, Or) + а tam i 


Through this expansion, for p — 0, (8.31) becomes 


м- aj At 4) | Ki = AtF (t. + c; At, p 
Q8? 


0Q 

OF 0f OF OF\" 
(ao). (20) oa he 

Dia 000) IQ). VQ Jos 
For linear systems, the differences of Jacobians in this expression will vanish; for non-linear 
systems, these ER either approach zero towards steady state, when К; — 0, hence 
QF = Q? = 0°, ог, in any case, become higher-order terms that remain negligible in 
comparison to F (Ё, + c;At, Q99), for a suitably constrained At. This expression, accordingly, 
reverts to (8.31) for p = 0 when K? = 0, which shows that this specification may be 
conveniently selected as an initial estimate. ‘This estimate also beneficially provides the 
starting array for an iterative linear-algebra solver, which requires an admissible initial guess. 
When one Newton iteration only is executed for (8.31), within each time interval, Newton's 
method becomes akin to a classical direct linearized implicit solver. The linearized implicit 
“0” schemes (e.g. Beam and Warming) are contained within (8.31) when only one Newton 
iteration is performed per time step, and the initial estimate for K; is set to the zero array. 
For a convenient computer implementation, the terminal numerical solution of (8.31) for K; 
can be obtained using available efficient linear algebra solvers, like a direct Gaussian solver 
and/or the Generalized Minimal Residual method ( GMRES ). 


TM К? о 
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8.4.2 Stability Constraints 
For algorithm (8.28)-(8.30), condition (8.12) becomes 


b 2 0, 5520 (8.36) 


The associated energy matrix F is 


ба (Заду — bı), b»(a31 — bı) 
= 8.37 
| бо (dar m bi), бо (2а22 = бо) ( ) 


and the stability condition that all of its principal minors must be non-negative translates 
into the constraints 


(201 — 51) > 0 
бабо (2а1 — 61) (2a22 — b2) — b2 (ага — 61)" 
= by бо (Фаг 2011 — 202904 m 28110» + 6162) = b2 (az — bi)? > 0 (8.38) 


The present IRK2 algorithm can also be made strongly linearly stable, which means that 
the amplification ratio for a linear system vanishes with increasing stiffness and/or solu- 
tion component frequency. Consequently, the integration scheme linear dissipation increases 
with increasing stiffness. То determine the corresponding constraints on the Runge-Kutta 
coefficients, form the linear amplification ratio (8.25) for (8.28)-(8.30), which yields 


Qui ТОД (ai + аз — 5i 7 + I 
Са (1 T а АДЕ) (1 + azz AA) 





(8.39) 


wherein the coefficient y is 
Y = 411022 — A220, — албо + 02051 (8.40) 


Upon setting y = 0, this amplification ratio will approach zero as the denominator becomes 
larger and larger, hence 

li Quail I 

im 


-0 (8.41) 
Месо |0), | 


which signifies damping of high frequency modes. This amplification ratio also vanishes for 
a finite magnitude of ААТ, as indicated in Section 8.4.5. 
Because of the linear-stability constraints ауу > 0, a22 > 0, the roots 





АА: = –(ал1) 1, АА?» = — (аә) (8.42) 





of the denominator in (8.39) are negative. Therefore the amplification ratio remains always 
bounded for any At > 0. Finally, ||[Qn+1/Qn|| < 1, for any positive At. 
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8.4.3 Accuracy and B - Consistency / Convergence Constraints 


The constraints on the IRK2 constants that guarantee second order accuracy in the classical 
sense are 


bı + bg = 1, biai + 5 (аә + a22) = е (8.43) 
When equations (8.43) are satisfied, the following local time discretization error 
па = Q(tn41) – Qua (8.44) 
with | 
Qn+1 = Q(tn) + At( b Ki (tn, Qltn) ) + b2K2(tn, Qn) ) ) (8.45) 


is bounded by the inequality 
Џоа || € SAP, VAt € (0, Ats] (8.46) 


where S and Atg in general depend upon the stiffness of the ODE system. For the stiff equa- 
tions resulting from the spatial semi-discretization of the compressible viscous Navier-Stokes 
equations, inequality (8.46) is insufficient to ensure the expected accuracy for practical time 
steps At, since the constant S grows with increasing stiffness, while Ats may concurrently 
decrease. 

The algorithm suitable for the numerical integration of the subject class of non-linear 
stiff ODE system should instead maintain a uniform order of accuracy irrespective of the 
stiffness magnitude. This is the essence of the B-consistency notion, which is mathematically 
characterized by the inequality 





||| < РА, VAt e (0, Ati] (8.47) 


where the constants D and At, are totally independent of stiffness and exponent p is the 
order of consistency. For the IRK2 algorithm (8.28)-(8.30) this order is bounded by the 
inequality 1 < p < 2 and the sufficient conditions for B-consistency of order one, at least, 
are the linear stability constraints (8.26) 


011 > 0, a > 0 (8.48) 





The efficient numerical integration of system (8.2) demands that convergence rate not 
degrade with increasing stiffness. This is the allied concept of B-convergence which is for- 
mulated in terms of the global time discretization error 


enti = Q(tn41) — Qua (8.49) 


via the inequality 
Пел С САР, VAt € (0, Ato] (8.50) 


In estimate (8.50), the exponent r is the convergence order and satisfies the inequality 
r < p+1. Further, the constants C and At, do not depend on stiffness. For the present 
diagonal algorithm, inequality (8.50) is satisfied if, in addition to constraints (8.48), the 
algorithm is also non-linearly energy stable, which implies condition (8.12) on bj, 1 € i € 2. 
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8.4.4 Solution of the ТЕК Coefficient Equations 





The derived expressions for the algorithm coefficients that guarantee non-linear energy sta- 
bility, 2"¢ order accuracy, and B - consistency / convergence are 





bı +b = 1 

буа + бо(а2 + a22) = i 

biaz + b2(a11 — a21) = а11822 

bi > 0, бо > () (8.51) 
211 > 0, Ao > 0 

bı (2011 = bi) > О 

61 бо (Аагоаау — 2a22b1 — Зал1ба + 6169) — Ь5(аоу — by)? > 0 


In terms of a», and ago, the solution of the first three equations in this system 


EE 2022 
: 4(а21 + a22) (1 = a22) = 2(1 = 2222) 
ђ E 202» 
: 4(d21 + а22)(1 — a22) — 2(1 — 2a23) 

1 — 2022 
=== 8.52 
"n 2(1 = 22) ( ) 

In concert with the stability inequalities 
b, > 0, b > 0 

ап > 0, az > 0 (8.53) 


by (Зал эш bi) > 0 
by бо (Фаг 011 = 202904 = 2.41102 + 6162) E b2(ao1 — b)? > 0 


it is possible to find several numerical solutions for (8.52). Three such solutions are listed in 
Table 8.1 Note that for the present diagonally implicit IRK2 algorithm, the solutions A, and 


Table 8.1: IRK2 Coefficients 




















bi b» Q11 a21 Q22 
3 — | — — 1 
УЗ 1+v3 3-V8 , 4 V3 
4 4 6 2 
9 2 || 1 Í 
5 5 9 2 4 
14 15 2 2 3 
IRK23 — — = — — 
29 29 T 5 10 











K, for equations (8.29)-(8.30) do exist and are unique, since the coefficients бу, b», ауу, and 
ap are all positive. Of all two-stage diagonally implicit Runge-Kutta algorithms, IRK2 is 
the only algorithm that is simultaneously second-order accurate, non-linearly energy stable 
for stiff systems, and strongly linearly stable. 
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8.4.5 Accuracy and Stability Performance 


The accuracy and stability of the IRK2 algorithms is assessed by comparing the variations 
of the time-continuum and discretization amplification ratio (8.23) and normalized energy 
variation (8.19). This comparison employs the model linear differential equation. As well 
known, the exact solution of the model linear differential statement 


dQ _ Е 
479 600) = 1 (8.54) 


15 
Q(t) = exp(—At) (8.55) 
which leads to the time-continuum amplification ratio and normalized energy variation 
Q(t + At) Q"(t + At) – Q"(t) 
Q(t) Q(t) 


where the eigenvalue А is positive. The IRK2 algorithms lead to the time-discretization 
amplification ratio and normalized energy variation 


Qua 1 — (1 = 011 — а ЈАДЕ 


= exp(—AAt), = exp(-2AAt) — 1 (8.56) 

















Q. Пака + а ла oon 
19 |2 — 1612 _ o Xi (QS Ко) _ Зе (biais + bj agi — bibi) (К КУ) _ De + Dy 
|| Q. |l? | Qs? [Qh]? 
(8.58) 
where 
201 K K 2бо K K K 
De = (1 ап 2: + a (1+ an! raus | 
К? Ky kK: K2 
Dp = — (2алћу = bt) Qi — 2 (аә бә = 6162) Qi 2 = (242202 = b) Оз (8.59) 
апа 
ЛАО, АЛО, AALI O 
= _ AD n | К = AR | _ АДА Qu (8.60) 


1 + a AAt’ E + (29 АДЕ (1 + а АДЕ) (1 + а» AAt) 


Тһе closeness between the discrete and time-continuum amplification ratio and normal- 
ized energy variation measures the accuracy of the IRK2 algorithms. The magnitudes of the 
discretization amplification ratio and normalized energy variation then measure the stability 
degree of the IRK2 algorithms. Figure 8.1 compare the variations of the time-continuum 
and discretization amplification ratio and normalized energy variation for the IRK23 algo- 
rithm. The corresponding variations for IRK21 and IRK22 are similar, although, among 
these three algorithms, IRK23 is the one that most nearly maximizes the first stability 
expression in (8.38). 

For moderate ААТ, the time-continuum and discretization variations remain virtually 
indistinguishable from each other, which indicates accuracy. The departure between the 
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Figure 8.1: Stability Curves: a) Amplification Ratio, b) Normalized Energy Variation 


time-continuum and discretization predictions begin at about AAt = 1, а well known refer- 


ence, for АДЕ = 1 corresponds to a Courant number equal to one. Heed that the discrete 
amplification ratio vanishes for the zero-ratio values 


1 1 
Хр = —— > At = ———~ (8.61) 


| — ад — 022 A(1 — ал — a22) 
For the three IRK2 algorithms, the numerical values of the zero-ratio Cr; numbers аге 
presented in Table 8.2 The significance of these results is that rapid convergence to steady 
Table 8.2: Zero-Ratio CFL Numbers 


IRK21  IRK22 IRK23 


З+У3 12 70 
2 5 29 


ЛАТ 








state can be achieved when the Суу, number equals the zero-ratio magnitude. 

Observe that for increasing ААТ, the amplification ratio approaches nought. This vari- 
ation corresponds to strong linear stability, which, of course, was enforced by design. The 
magnitude of the discretization dissipation Dp in (8.59) increases for growing АЛТ, as ex- 
pected. The discretization normalized energy variation approaches the limit of —1, which 


coincides with the time-continuum limit. Note that this variation already nears this limit in 
the neighborhood of the zero-ratio value of AAt. 
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8.5 One- and Two-Stage Diagonally Implicit Algorithms 


Various diagonally implicit algorithms emerge from specific choices of the Runge-Kutta co- 
efficients. The following table lists sets of coefficients for several algorithms. ‘The coefficients 


Table 8.3: Runge-Kutta Coefficients 























| | à b a a21 022 

1-0 6 0 1—@ 0 
ЕЏ 1 0 1 0 0 
mw рро jd id 
IRK1 | 4 1 338 2—у3 ма 
MP 1 0 5 0 0 

| п уз УЗ VS 


in the first row correspond to the well-known "0" implicit algorithm, which encompasses 
the backward Euler (EU) and Trapezoidal (TP) ( or Crank-Nicolson ) rules, of which the 
coefficients are listed in the second and third rows of the table. The fifth row corresponds to 
the one-stage, second-order, and non-linearly stable Middle-Point (MP) rule. IRK3 indicates 
a third-order algorithm discussed, while IRK1 corresponds to a first order algorithm whose 
coefficients can be used with those of IRK2 to implement the time step control strategy 
discussed in the following section. 


8.6 Time Step Size Adjustment 








For an explicit scheme, the step size is severely restricted by numerical stability rather than 
by accuracy considerations. The non-linearly absolutely stable ТЕК algorithm (8.4), (8.5) 
yields a bounded solution independent of the time step size. Therefore, the efficiency of 
these IRK schemes depend on a convenient method for adjusting the time step to meet a 
prescribed accuracy level. The following developments present a computationally convenient 
procedure for estimating the local truncation error and associated time step. 

Denote with Q, and Зла the exact solution of the ODE system (8.2) at time stations n 
and n + 1. Algorithm (8.28) can then be cast as 








Quia E Qn — (01), Kit (бо), Ка E (8.62) 
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да, = (br) + (6), + = (8.63) 
where subscripts h and | denote Runge-Kutta coefficients corresponding to higher and lower 
order time-integration algorithms respectively, whereas € corresponds to an estimate of the 
local truncation error, with c a suitable scaling factor. Furthermore, it is possible to find sets 
of Runge Kutta coefficients c; and а; so that the intermediate solutions K;, 1 <7 < 2, are 
the same for expressions (8.62) and (8.63). Hence, no additional arrays must be computed 
to estimate At. Accordingly, subtracting (8.63) from (8.62) yields 


0 = (06), = (6) Ка + (Феј, — фу Ba = £ (s = 1) (8.64) 
which leads to 
Ie TEM < | (у), = (у Ка + (ој, — (09 Kall + IE (8.65) 


Whence, a sufficient condition to estimate the time step ДЕ will be 


|с|| ||ё| 
|| (Фу), — (Фу),) Ка + ((b2);, — (1))) Kall + || || 


which depends on the time index n via K;, and the now prescribed tolerance || ||. Near steady 
state the denominator expression involving Kı and Kə becomes infinitesimal. Accordingly, 
At approaches ||c|, which can be considered as an estimate of a terminal At. For a fixed 
|£|| and away from steady state, the denominator in (8.66) will increase for rapidly varying 
solutions. In this case, (8.66) induces a corresponding decrease in the time step. 


At = (8.66) 





8.7 Theoretical Comparisons 


Within the implicit Runge-Kutta framework, non-linear energy stability can be compar- 
atively assessed for the CFD backwards Euler and trapezoidal (Crank-Nicolson) implicit 
algorithms. To derive these procedures from (8.28)-(8.30), consider the “0” ODE algorithm 
family applied to (8.2) yielding 


Qua Е Qn = At( (1 = OF (En, Qn) Р OF (бал) Qn+1) ) (8.67) 


Equation (8.67) can be recast as 





Сада = Qn = At( (1 ш 0)K + ӨК ) (8.68) 
Ky = РФ) (8.69) 
Ky = Flt, + At,Q, + (1—6)AtK, + ӨЛК) (8.70) 


and this form coincides with the structure of (8.28)-(8.30). 
The corresponding coefficients 61, b2, and matrix E are 


__ __ 2 
AOE = B= | P 2i 1 (8.71) 
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and the non-linear energy stability constraints become 
(СЕ) 9. 970. = 1=е) 0. = ер“ (8.72) 


Accordingly, the backwards Euler (0 = 1) algorithm is non-linearly energy stable, whereas 
the Crank-Nicolson rule (0 = 1i) is not, even though the linear-stability constraints are 
identically satisfied by both algorithms. Тһе dependence of numerical growth or decay upon 
non-linear energy stability can be inferred from the fundamental energy relation as applied 


to dissipative systems 





IQ? - Onl? _ 
At 
2 2 


A dissipative system is characterized by the inequality d||Q||?/dt < 0. For such systems, 
then, the following inequality may hold 


2 2 
2» bi (Q, F(t, Q) – At У, (ив; + bjaj — bibi) (F(E, Q), F, QI) «0 (8.74) 
i=l ij=l 
The backwards Euler and present IRK2 algorithms unconditionally satisfy this constraint for 
dissipative systems since bı > 0, bz > 0, and the energy matrix E is non-negative definite for 
both algorithms. Therefore both terms in (8.74) are always negative. Conversely, the Crank- 
Nicolson rule does not unconditionally satisfy this constraint, since its matrix Е is negative 
definite. Hence, the second term in (8.74) can be negative and consequently the whole 
expression can be positive. Hence, non-linear energy stability can only be achieved in this 
case if the dissipation inner product У, b; (Qt, F(t’, Q*)) < 0 reaches a sufficient magnitude 
such that (8.74) is satisfied. T'herefore, the stability of this scheme critically depends on the 
dissipation property of the operator F(-,-), via the magnitude of 372 , b; (Q*, F(t’, Q*)) < 0. 

Conversely, the backwards Euler and IRK2 algorithms may be dissipative, even for non 
dissipative systems, as long as the magnitude of the inner product У2 4 b; (Q', F(t',Q’)) > 0 
is suitably moderate so that constraint (8.74) is still satisfied. However this phenomenon is 
less pronounced for the IRK2 algorithms by virtue of the relation 





2 


>. (б;а5; F бза, = БЇ ee (F(t, О”), PP. Q')) 


ij=l 
2 
> Y (бај + Бан — bibi) ine (FÉ, Q’), FE, QH) (8.75) 
ij=l 
which derives from the ratio 
(As) oun ei (8.76) 
CAE) rns 


where (Ag) is the largest eigenvalue of matrix E for each of the two algorithms. If some 
form of severe numerical instability develops in the implicit temporal integration with the 
subject IRK2 algorithm, applied to the semi-discrete CFD evolution equations, it is likely 
that the spatial semi-discretization employed has yielded an unstable operator F(.,-), with 
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One-Dimensional Non-Discrete 
Characteristics-Bias Resolution 


This chapter introduces a non-discrete characteristics-bias representation of the Euler system 
at the partial differential equation level, in the continuum, before the spatial discretization. 
As one of its chief advantages, this continuum formulation yields an upstream-weighted 
system that leads to a set of stable discrete equations by way of a traditional and versatile 
centered Galerkin finite element procedure. Since the characteristics-bias development takes 
place in the continuum, it directly relies upon characteristics theory and the accompanying 
wealth of theoretical existence and convergence results in the field of hyperbolic and parabolic 
partial differential equations. 

Characteristic lines and surfaces play a theoretically prominent role in the solution of first- 
order hyperbolic partial differential systems, for solutions of these systems remain constant 
along real characteristic lines and information propagates along these lines. Hyperbolic 
systems command a great deal of attention in fluid mechanics because the Euler equations 
form a hyperbolic system. This chapter highlights the theory of scalar non-linear equations 
to introduce the fundamental notions of characteristic lines, solutions in wave-like form, 
weak solutions, and shock formation from initially smooth initial conditions. The extension 
of solutions in wave-like form to systems then leads to multiple characteristic speeds and 
lines. 

As summarized in this chapter, mathematics researchers of the caliber of Lax, Ladyzhen- 
skaya, Olejnik, and Tadmor, among others, have established that entropy weak solutions of 
hyperbolic equations may be obtained as limiting solutions of parabolic-perturbation equa- 
tions, as a perturbation parameter approaches nought. Based on these pivotal findings, 
the characteristics-bias system generalizes the notion of the parabolic-perturbation equation 
to systems and links the artificial-diffusion method with the characteristics-based upwind 
procedure. 

The non-discrete, characteristics-bias representation of the Euler and Navier-Stokes equa- 
tions is a partial differential system that encompasses these equations and also induces 
a non-linear solution-dependent upstream dissipation along characteristic directions. This 
upstream dissipation originates from a differential parabolic perturbation within the charac- 
teristics - bias system, a perturbation that emerges from a decomposition not of the Euler 
flux, but of the flux Jacobian. 
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As stated, a centered discretization of the characteristics-bias system automatically gen- 
erates a consistent genuinely upstream-bias approximation of the original equations, without 
any need for additional numerical dissipation terms. As a result, this formulation, induces but 
a minimal amount of upstream dissipation that leads to essentially non-oscillatory solutions. 
The characteristics-bias system satisfies the same Galilean invariance principle satisfied by 
the original equation and, in integral form, also leads to a generalization of the Discontinuous 
Galerkin (DG) and Streamline Upwind Petrov Galerkin (SUPG) formulations. 


9.1 Solutions of Non-Linear Hyperbolic Equations 





For simplicity, consider the reference hyperbolic scalar conservation law without source 


да | Of(q) 
Ot T От 


where f(q) is the flux with Jacobian Ј (а) = А For а non-linear problem, the second 





=0 (9.1) 


derivative f (а) does not vanish identically, which implies that in the flux gradient expres- 
sion oF (a) = F (02 the convection speed f (а) is not constant. As a result, discontinuous 
solutions can arise when а rapidly propagated wave “overtakes” and breaks onto а wave that 
is slowly convected. 

In the bounded Cartesian-product domain D = 0xT, with О = (a,b), T = (to, tan), а well 
posed initial boundary value (IBV) problem associated with (9.1) consists in determining the 
unique solution q = q(x,t) € C'(D) of (9.1), subject to the following initial and boundary 
conditions 

q(x, to) = qo(zx) Є СЗО) (9.2) 

q(a,t) = kalt) if f'(q(a,t)) > 0, or ар = kilt) if. f (q(b,t)) <0 (9.3) 

which collectively correspond to the auxiliary data. As a distinguishing non-linear feature, 

a solution of (9.1)-(9.3) may be non-unique. Furthermore, even when the initial condition 

is differentiable with до € C!(Q), a solution may remain smooth, but only for a limited 

time before becoming discontinuous, which implies that a classical solution q € C'(Q) of 
(9.1)-(9.3) may not exist for all t > 0. 

A generalized solution q € H°(D) of a differential problem equivalent to (9.1)-(9.3), 
however, may be identified as follows. Consider a smooth test function v = u(x,t) € СКР), 
vanishing both outside D and on the lines t = т, x = a, and x = b. Employing this function 
v, Green's theorem yields the equivalence 


-[ [> tI 3 ET dt = А [ge шде) dr dt + ugo(x) dx (9.4) 


a(t=to) 





A solution q = q(x, t) of the equation 
T b 
| || Fla + f(q) dx dt + vgo(x) dx = 0 (9.5) 
to a Ot Ox a(t= to) 


need not be either differentiable, or even continuous, since it suffices that both q and qo 
remain square integrable, hence qo(z) € H? (Q) and q(x,t) € H°(D). With square integrable 
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initial data qo, a solution q of (9.5) is then termed a generalized or weak solution of the IBV 
problem (9.1)-(9.3) if q satisfies (9.5) for any test function v that vanishes on the lines t = 7, 
=d апа => 

The following theorem, proven by other researchers, establishes the properties of the 
generalized solution. Let до € H°(Q) and f(q) є C?(R), with R denoting the real-number 
field. Additionally, let the inequality f” (а) > 0 apply for any а € Q = {q : || € к||ао | но(о) }, 
with к a finite positive constant. Then: 
I) a generalized solution q(z, t) of (9.5) corresponding to qo exists, and remains bounded with 


lalz, t)| € к||до носо), for all (x,t) € D (9.6) 


П) for a constant E > 0 depending on |[go||j:(o) and min KO the solution of (9.5) as 
q 
augmented by the entropy Е-сопа оп 


q(x + ôx, t) — q(x, t) 


E 
Ез (9.7) 


is unique, for every dx > 0, t > 0, and x € Q. 

ПІ) the solution q satisfying I and II is stable and continuously depend on qo. Hence, for а 
perturbed initial condition qs = до + дао € Ho(Q), the deviation between the corresponding 
perturbation solution gs and q satisfies the stability bound 


22 x2+ct 
| lat) – asm t| de< | _ |в dz (9.8) 


1 


forc = max f(a], every xı and тә € R, z4 < 25, and every t > 0. 
q 


The entropy E-condition (9.7), synthesized by Olejnik [25, 26, 27], establishes the time 
evolution of the discontinuities in the entropy solutions of (9.5). It shows that the magnitude 
of a positive discontinuous variation q(x + óx,t) — q(x,t), e.g. an expansion shock, will 
decrease as time elapses, for this positive variation must remain less than the decreasing 
positive upper bound £E/t. On the other hand, if q decreases across a discontinuity, then 
such a discontinuity can persist stable as time elapses, for the corresponding non-positive 
variation q(x + ór,t) — q(z,t) always remains less than the positive upper bound Е/ for 
all t > 0. The E-condition is thus called the entropy condition because a unique and stable 
solution discontinuity can take place in one direction only, in agreement with the second law 
of thermodynamics. 


9.1.1 Solutions and Characteristic Lines 


When the weak solution q of (9.5) is differentiable and до is continuous, then the weak 
statement (9.5) implies the conservation law (9.1) for both positive and negative f" (а); as a 
result, q becomes a classical solution almost everywhere (a.e.) in D. To see this, transform 
the domain integral in (9.5) by means of Green's theorem, which yields 





I, [lx ae dedet |“ ен) = ar] de = (9.9) 


a(t=to) 
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Since this statement must be satisfied for all v € C'(D), the integrands between parentheses 
must consequently vanish, leading to 


ðq Ofí(q) 
ot^ От 





= 0, q(x,to) = qo(xo) (9.10) 


which indicates that q(r,t) satisfies equation (9.1) and the initial condition (9.2). In these 
results, до denotes a prescribed initial-condition function and z indicates the coordinate x 
at time t = tọ = 0. A СР) solution is expressed as 


Of (a) 
7 


а = а(х — Х(а)6), А9) = = qg-—g(m) т==-—% СВ) 


as is verified by substitution, according to the following developments. Тһе hyperbolic 


equation in (9.10) can be cast as 


а 1 ð à du 
Оба тада Ogs/1337 d 


which defines a vanishing directional derivative of q along a line with direction cosines 


=0 (9.12) 


dt 1 dx А dx j 
ds W1+)2) ds /1-+ ә? ^ di F(a) ч) ps 


The derivative A of f = f(q) provides the slope of the line along which the solution q remains 
constant. This line is known as a characteristic line and considering that dr/dt defines a 
speed, the derivative A is called a characteristic speed. Since q is constant along this line, such 
a solution evolves by remaining equal to its initial value, at a point, along the characteristic 
line through the point. For а constant q along each characteristic line, the corresponding 
characteristic-line slope A = A(q) is also constant, which means that for a scalar equation, 


the characteristic lines are straight lines. For а constant A, the direction-cosine equations 
(9.13) are exactly integrated with КО) = 0, 2(0) = то as 








+ | : + At (9.14) 
2 = 1 _———=—5, = SS, = , 
MEFE VESE : 
These results define the coordinate transformation 

fedis 9) (9.15) 


which is valid whenever t and x remain differentiable functions of both s and хо. With 
reference to Figure 9.1, these equations lead to 


Ф = (ф — хо)? + 13 = 87 


which shows that the curvilinear coordinates" corresponds to the distance from (0, zo) along 
the line with equation 
т = то + А9), => zo = x — А9) (9.16) 
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Figure 9.1: Solution and Characteristic Line 


Since g remains constant along characteristic lines, as noted, its magnitude as a function 
of s remains equal to its magnitude for s — 0, which corresponds to the magnitude of the 
initial condition at x = то. This recognition justifies the following equalities 


q(x(s), t(s)) = a(x(0), 1(0)) = (xo, 0) = ато) (9.17) 


and following (9.16) the terminal form of the solution becomes 


q(x,t) = qo(xo) = qo(x — A(q)t) = q(x — A(q)t) (9.18) 


where qo(x — A(q)t) provides the solution corresponding to a prescribed initial condition 
qo(zo) and q(x — A(q)t) expresses the general solution as a function of the coordinate т = 
x — A(q)t. As time elapses, this solution describes a non-linear travelling-wave propagation, 
with speed A, of the initial profile q = q(zo),t = 0, along the z-axis. As a result, solution 
information arrives at point P from the direction upstream of P; accordingly, an upstream- 
weighted integral average of the solution and flux divergence around P remains consistent 
with this wave-propagation pattern, averages that are employed in Section 9.3. When A 
remains independent of q, this propagation corresponds to a rigid translation, whereas when 
À depends upon q, the propagation involves both translation and deformation. In either 
case, the initial profile q = q(x) propagates as a wave. For this reason, solution (9.18) is 
termed a wave solution and its mathematical structure is a wave-like form. Тће line 





z—At-C (9.19) 


with C a constant, is a characteristic line and A denotes the corresponding characteristic 
speed. 
Expression (9.18) implicitly defines the solution q corresponding to qo in the form 


F (q(x, t)) = a(x, t) — qo (2 — Ј (900,0) t) =0 (9.20) 
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which only in a few cases can yield an explicit solution. For an arbitrary initial condition 
до = qo(xo), a solution for q can be numerically obtained iteratively from Newton’s method 


dF 
dq 





(g^ — 4) = —F (0) (9.21) 


q—q? 


where superscript p denotes the iteration index. For the function F defined by (9.20) and 
for fixed x and t, iteration (9.21) yields 


(Pt) (P-e) = g(r- f 


1 / 


(1 + le- FPES (q’) t) = " (9.22) 
For a smooth q, (9.22) converges to a unique solution for a suitable initial estimate q°. 
For a discontinuous q, however, (9.22) may converge to different solutions for fixed x and t 
depending on q?. With reference to Figure 9.2, an initial estimate q? within Dy, for example, 
may converge to qe, whereas an estimate q? within D, may converge to qr. 


9.1.2 Breaking Time 


Solution (9.18) also yields the time when it ceases to be continuous. In order to establish 
this breaking time, it suffices to determine the partial derivatives of q from (9.18). Тћезе 
derivatives are expressed as 























Og Е адо Охо _ У „ Og ‚ 
E" | = din OF | = qo (Xo) | | (4) ate f «| 
да dqo Oxo п (уда 
Е ои "ELE = V. 
Эг | ie. oF do(o) | J (4) ott (9 3) 
which lead to f , 
да ____| (дао) _ да _____ао(то) (9.24) 


Ot — l-ctf'(q)g(xo) дт  l-tf"(q)ao(xo) 
Since these expressions evolve from solution (9.18), they are seen identically to satisfy the 
hyperbolic equation in (9.10). With f'(q) > 0, these expressions imply uniqueness for a 
differentiable solution that evolves from an initial condition with (хо) > 0. To achieve this 
conclusion, heed that if q is differentiable, its partial derivative with respect to x exists. The 
very definition of Du in (9.24) leads to the following result 








lim = DIG NR E И нити S CREW Rr = 
dx—0t Ox 1+ tf" (q)qo(“o) 1/qo(xo) T tf (q) tf (4) E 


which shows that q is unique because it satisfies the uniqueness entropy condition (9.7). 
The crucial element in this derivation is the first inequality, which remains valid for all 
t > 0 and f (а) > 0 only if q(xo) > 0 for all хо. This observation implies that solution 
non-uniqueness at a point may be triggered by qy(xo) < 0, which corresponds to character- 
istics intersecting in the (x,t) plane, as illustrated in Figure 9.2. Analytically, the solution 





4(ж + x, t) — q(z, t) qo (20) 1 1 2 (9.25) 
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q becomes non-unique when its partial derivatives from (9.24) become unbounded. Cor- 
responding to a vanishing denominator, this condition leads to the first “wave breaking” 
time 
1 1 
sn; 7 == S (9.26) 
max (—qo(ro)f (4)) шах (—«qo(ro)f (4(20))) 


xo€(a,b) xo€(a,b) 
which is positive for до (20) < 0. Let Хов denote that жо corresponding to the denominator in 
these expressions, that is к — (x0) f (qo(xo)) ). From (9.16), the location where wave 
breaking first takes place is | 
TB = Tog + f (до(Хов) )ёв (9.27) 


These results indicates the crucial contribution of the initial condition to the formation of 
shocks. 


9.1.3 Shocks 


The slopes of the characteristic lines directly depend on the initial condition qo for q, as 
elaborated in this section, and for some initial conditions the characteristics may eventually 
intersect, which is the mechanism by which non unique and discontinuous solutions can 
arise. When the generalized solution q is discontinuous, the weak statement (9.5) yields 
the discontinuity propagation speed. То obtain this speed, consider a smooth curve Г with 
equation ср = тг(ї), such that q is smooth and satisfies the hyperbolic equation in (9.10), 
on either side of Г, but discontinuous at a point P є Г, see Figure 9.2. For t > tọ and for a 
test function v with compact support on an open neighborhood D of P, the weak statement 


(9.5) becomes 
13 C KOy ) dedi = 
= | f, (or + f( 5: йй + | | (a + f(D 2 c) аза =0 (9.28) 


where D, and D, are open subsets of D with D;U D, = D Г and DiN D, = 0. Since q 
is smooth on D, and D,, the lhs of (9.28) can be transformed by way of Green's theorem, 


yielding 
- J fe (Ger јат [f o (Ga wee 


ET mes (ада + f dt) = (9.29) 








where the two domain integrals will vanish since q, as stated, satisfies the equation in (9.10) 
on both D, and D,. 
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Figure 9.2: Shocked Solution and Characteristics Converging on Discontinuity Curve Г 
Furthermore, v = 0 along both AO,B and BO;A. Hence, (9.29) simplifies to 
J v(-qdz + f dt) + || v(—qdz + f dt) =0 (9.30) 
AP;B BP,A 


and 


ЖЕЕ dx + f dt) — |. 696—9 dx + f dt) = 0 (9.31) 


where P, and P. indicate point P as approached from D, and D, respectively. These line 
integrals reduce to 


hip СМ dz + |] 49) = 0, | =ф— а, Лелљ-љ (9.32) 





where |q] and [f] denote the jumps in q and f(q) across Г. Since the integral in (9.32) 
must be satisfied for all test functions v with compact support on D, the integrand between 
parentheses must consequently vanish 


_[q] dz + [f] dt = 0 (9.33) 


which leads to the discontinuity speed 


ш! (9.34) 


It follows that an infinitesimal discontinuity propagates along a characteristic line, for (9.33)- 
(9.34) yield the following form for s 


s= lim Ul = f (д) (9.35) 


де — Фу [а] 


which coincides with the characteristic speed from (9.13), corresponding to the flux Jacobian. 
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The entropy condition (9.7) then leads to a condition on s that a unique stable discon- 
tinuity satisfies. As indicated previously, (9.7) implies that q can only decrease through a 
stable discontinuity, hence 

“>t (9.36) 


Furthermore, for f (q) > 0 the flux Jacobian can only increase as a function of q, hence 


f (а) > f (à) > (9) (9.37) 


for апу q such that ф > q > qr. А mean-value-theorem resolution of |f] then yields 





s(qu — qr) = fe— = f (dm): (e-a) = s= f (a) (9.38) 


for а qm such that qe > qm > qr. Therefore, (9.37), (9.38), provide 


f (a) > 8 > f(a) (9.39) 


which supplies a uniqueness entropy condition on s. Since the point where q = qe precedes 
that were q = qr, and q > qr, (9.39) geometrically signifies that the characteristic lines 
associated with a unique discontinuous solution will intersect on Г, as depicted in Figure 9.2. 
For a positive f (а) a smooth initial condition with д0 (х0) < 0 propagates and deforms 
along characteristic lines with slopes (9.13). These characteristics converge towards Г, which 
convergence satisfies the entropy condition (9.39) and implies that the evolving solution 
is unique. At a point P defined by (9.26)-(9.27) two or more characteristics will meet, 
triggering a solution discontinuity. From this point, with speed (9.34), the discontinuity 
then propagates along the curve Г. 


9.1.4 Hyperbolic Systems 


Consider the non-linear system 


дд, Off(q) 

— += = 0 9.40 

Ot x Ox an) 
When the eigenvalues of the flux vector Jacobian 2£ are distinct and real the system is 


да 
hyperbolic. Also for this system, is it possible to express a solution in non-linear wave-like 


form as 





а= 4(2 — Х(4)6), m =x — Ад): (9.41) 


with the characteristic speed A(q) to be determined by the system. Based on this form of 
the solution, Chapter 14 shows that the partial derivatives of the non-linear solution q with 
respect to t and x are expressed as 








да —A(q) ,, д9 
а ЗЕН. od. T 
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ui = M (9.42) 
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where M denotes a non-singular matrix. The insertion of these derivatives into the hyperbolic 
system yields the statement 


1 Of 


дд 
— fue — = A 
HO | A(q) +92) ing = 0 (9.43) 
+ t— 
Om 


For non-vanishing vectors M 5 this system thus defines the characteristic speeds as the 


eigenvalues of the flux vector Jacobian oe For a hyperbolic system with n equations, accord- 
ingly, there exist n characteristic speeds and associated characteristic lines. The algebraic 
signs of these eigenvalues determine whether the waves associated with q propagate in the 
same or opposing directions. When these eigenvalues are all positive or negative, the waves 
associated with q all propagate in the same direction. 


9.2 Parabolic Perturbation Equations 


The weak solution of (9.5) is generally non differentiable. The following considerations 
highlight, however, that the unique differentiable or weak solution of (9.5) satisfying the 
entropy condition may be obtained as the limit of a sequence of continuous differentiable 
functions. These developments essentially rely on singular-perturbation partial differential 
equations, equations that both contain a higher-order perturbation differential term and 
undergo a change of order and type when the associated perturbation parameter approaches 
Zero. 


9.2.1 Scalar Equations 


In the late fifties, Lax [115, 116] studied the convergence of the solutions q^ of the singular 
parabolic-perturbation equation 











Se (9.44) 


оф Of) | O (оф 
Ot Ц Ox Ox | | 
This is a parabolic-perturbation equation because the second order rhs differential perturba- 
tion transforms the original hyperbolic equation into a parabolic equation. Additionally, the 
superscript = in this equation denotes solution dependence on the perturbation parameter 
=. Lax's investigations proved that the unique weak solution satisfying an entropy condition 
for the weak statement (9.5) can be obtained as the limiting solution of the parabolic- 
perturbation equation (9.44) as the constant positive perturbation parameter & approaches 
Zero. 

Ladyzhenskaya [109] and especially Olejnik [147, 148, 149, 150] generalized Lax's result 
using various forms of the parabolic perturbation. Significant theorems resulting from their 
studies apply to (9.5) and indicate that the unique weak solution of (9.5) that also satisfies 
an entropy condition is obtained as the limiting solution of the variable-coefficient parabolic- 


perturbation equation 
да | Of(d) _ 9 дд 
2; + Эл Da Ea(x, t) Эт (9.45) 
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as the positive constant = approaches zero, while a(z,t) > 0, for all х, and t > 0. Further- 
more, these studies prove that a unique entropy solution for (9.5) derives from the limiting 
solution of the non-linear parabolic-perturbation equation 


да Of(¢) Ə да“ 
Ot Ox - («($) ) aU 








as the positive constant = approaches zero, where € (2) is a smooth function of Tu 

As far as the initial-value Cauchy problem for (9.5) is concerned, the parabolic - per- 
turbation approach provides a complete methodology for determining the unique hyperbolic 
-problem solution, since no boundary conditions are involved. Concerning the initial bound- 
ary value problem, the issue of convergence of a solution q^ that has to satisfy two boundary 
conditions, one at each boundary point, to a limiting solution q of (9.5) that can only sat- 
isfy one boundary condition, for a positive flux Jacobian at both boundary points, requires 
delicate analytical considerations in addition to convergence for the Cauchy problem. 

Significantly, Olejnik's contributions have completely resolved this issue. In a sequence of 
detailed theorems |147, 148, 149, 150], she has proved that the limiting solution is no longer 
connected to the additional boundary condition of the perturbation parabolic equation, but 
only depends on the single boundary condition for the original hyperbolic equation. These 
theorems reiterate that the solutions of the parabolic-perturbation equations are smooth, 
hence d? € C?(D), and show that q* and its derivatives converge pointwise almost everywhere 
(a.e.) to the unique, classical or weak, solution q of (9.5). Furthermore, convergence is also 
proven in the following norm 








b 
lim |^ — ај = lim f. f — alde = 0 (9.47) 


The linear and non-linear parabolic perturbations in (9.44)-(9.46) thus direct the solutions 
of the respective equations to converge to entropy solutions of (9.5). These results, which 
also apply to classical solutions as smooth forms of entropy solutions, theoretically legitimize 
the use of a linear or even non-linear artificial-diffusion equation to determine the unique 
entropy solution of a hyperbolic conservation law. 

Continuing the tradition of these fundamental investigations, Tadmor |181, 182] reported 
that the unique weak solution of (9.5) is also obtained as the limiting solution of the non- 


linear equation 
og | OFF) _ д | де (d^) | 











Ot дх Ox От 


as the positive parameter є approaches zero, while ф (47) can be any differentiable function 
of а“ such that y/q > 0. In particular, the author of this book recognizes the connection 
between (9.48) and an upwind approximation, as results via the selection 


pla) = vsen(f ) f(a) (9.49) 
With this specification, (9.48) becomes 


да“ лоо 
(течан) ее (9.50) 


(9.48) 
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which corresponds to a non-discrete upwind representation of o) An integral statement 


for this equation with a test function w with compact support in the integration domain Q 


becomes x А 
Га. (6 + Z eysen (f DES ACH 


which corresponds to an upstream-weighted integral average. ‘These crucial non-discrete 
upwind representations are amplified in Section 9.3. 








dQ — 0 (9.51) 





9.2.2 Perturbation Systems 


The generalization of a parabolic-perturbation scalar equation to a system with n equations 


may be expressed as 
да , Of(a) - 2. (оова й) = 0 (9.59) 








Ot Ox 


where ew denotes a positive perturbation parameter and В = B(q) indicates a non-linear 
perturbation matrix. This matrix is determined under the condition that the corresponding 
differential operator should prevent at each point the unbounded growth of any perturbation 
dq to the solution. Since it is the growth of such a perturbation that B should prevent, it 
suffices to investigate the evolution of infinitesimal perturbations. If B is effective, the 
perturbation does not grow beyond an infinitesimal magnitude; if the initial perturbation is 
not infinitesimal, an infinitesimal portion of it may be regarded as the emerging perturbation 
and the remaining magnitude may be associated with the solution itself. In either case, the 
evolution of perturbations in q at each point is controlled by the linear counterpart of (9.52). 
The analysis of the time evolution of the energy in the solution of this linear counterpart 
indicates that (9.52) is stable in the sense indicated when B possesses n distinct positive 
eigenvalues, as shown in the following developments. 








The solution q, flux vector f(q), Jacobian A = AEG. and matrix B(q) are expressed as 
до + да 
f(q) = Ј(9) + А(4)да 
~ OA 
A(q) = А(@) + 3:97 (9.53) 


ОЈ 
=ч 
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О 
OB 
B шша 
(до) + да ôq 
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Виа) = В) + 220 
where óq denotes a perturbation to qo, with both до and q corresponding to solutions of (9.52). 
In the expressions after the first, the mean-value theorem justifies the strict equalities, with 4 
indicating an appropriate mean-value average, all the derivatives of А and В being evaluated 
at mean-value averages, and до denoting the constant value of до at each point considered. 
With q a solution of (9.52), the insertion of (9.53) into (9.52) and elimination of higher 
order terms yield the linear system 


O(0q) 
дї 








+ А) — 2 (wem e) = 0 (9.54) 
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which governs at each point the time evolution of the perturbation (ôq). Let the matrix B 
possess n distinct eigenvalues for any до, hence any q; under this condition, this matrix may 
be expressed via the similarity transformation 





В(@) = XAX7! (9.55) 


where the diagonal matrix A contains all the eigenvalues of B and the constant matrix 
X = X(q) denotes the associated eigenvector matrix. Next, multiply system (9.54) by X~", 
which results in the associated linear system 








O(X- lóq) 


= X-MA(g 009 Z (eva? oe) = O (9.56) 


Ox 


The energy € in the solution (X^!óq) of this system and the time rate of change of this 
energy may be expressed as 


e=; „| (x ба) (Хајао > = [ а 29 90g (9.57) 








The time derivative of (X~'dq) in this integral may be replaced à la Lyapunov in terms of 
the system itself, which yields 


dé = - |, dubi" (<u (xcu)! 2") ndr 








dt 





= f a EE. Жар dO (9.58) 


In this expression, the first domain ы results from the hyperbolic part of the pertur- 
bation system, a part that always features in the time rate of change of €, independently 
of the presence of the perturbation matrix B. This expression thus allows determining the 
contribution of this matrix to the rate of change of €. The surface integral results from 
an integration by parts of the domain integral of the second-order term containing A; for 
a one-dimensional formulation this surface integral reduces to evaluations at two boundary 
points, evaluations that remain bounded because of enforced needed boundary conditions at 
these points. The crucial contribution of the A matrix, in comparison to the case when this 
matrix is absent, is the domain integral of the associated quadratic form. Due to the minus 
sign preceding the integral, it is when this form is positive that the evolution of € is lim- 
ited, which prevents any unbounded growth of the perturbation ôq; additionally, the limiting 
action of this quadratic form increases with a rise in the magnitude of ey. This quadratic 
form remains positive when all the diagonal elements of A remain positive. As anticipated 
at the beginning of this section, accordingly, the perturbation dq will not grow when all 
the eigenvalues of B are distinct, so that (9.55) definitely exists, and positive, so that the 
quadratic form associated with A in (9.58) remains positive. For any solution q = q(z, t), 
the parabolic perturbations developed in this book will all correspond to a matrix B = B(q) 
with distinct and positive eigenvalues. 
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9.3 Characteristics-Bias Resolution 


The characteristics-bias formulation induces an upwind bias at the partial differential equa- 
tion level, in the continuum, before any spatial discretization. Following the wave-propagation 
and parabolic-perturbation results respectively in Sections 9.1.4, 9.2.2 and relying upon a 
Flux Jacobian Decomposition (FJD), the formulation generates a companion system that 
features a parabolic-perturbation matrix with distinct positive eigenvalues. A traditional 
centered discretization of the companion system then automatically yields a consistent up- 
wind discretization of the original Euler equations. As its chief advantage, this formulation 
performs all the characteristics-bias developments in the continuum, which allows both to 
ensure stability of the resulting companion system and to employ a traditional Galerkin 
finite element spatial discretization. 

The non-discrete characteristics-bias formulation derives from an upstream weighted in- 
tegral statement associated with the governing system 


да ofla) _ 
ш шла. (9.59) 








The reference integral statement may be expressed as 


[А i (o - ф + ona) 9 dQ = 0 (9.60) 


which is equivalent to the governing system when it holds for arbitrary subdomains Осо 
and test functions © € НО) C НО). By comparison, the characteristics-bias integral is 


then defined as 
[oe |с“ EP 4 97 1. dQ = 0 (9.61) 


which must also hold for arbitrary subdomains : C О and test functions à € НЦО) C 
H'(Q). In this integral statement, superscript “С” denotes characteristics-bias terms. In 
particular, the characteristics-bias flux f ^ automatically induces within (9.61) an upstream- 


г : ; А : Of 
bias approximation for the hyperbolic flux divergence 27. 


9.3.1  Upstream-Bias Time Derivative and Source 


The expressions for СС and ФС are defined by the upstream weighted integral average 


f $640 = [w+ ове) dO, [oan = | (6 + ф6буфао (9.62) 





the variation 010 is then expressed as 


ad 

да) = 5,90. ór — sgn(u)e (9.63) 
where = indicates a length measure and the non-dimensional controller Y € НОО), 0 < 
w < O(1), determines the amount of upstream bias in this average. On the basis of this 
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average, via integrating the variation of 10 by parts, the characteristics-bias resolutions of 
the time-derivative of д and source term @ emerge as 


p ЕСТ X EP y; |evsgn(u ја (9.64) 


9.3.2 Flux Jacobian Decomposition and 
Upstream-Bias Integral Average 


According to the derivations in Section 9.1.4, when the eigenvalues of the flux Jacobian 
matrix all display the same algebraic sign, all the associated solution waves propagate in 
the same direction. As a result, a weighted integral average of the flux Jacobian with 
greater weight in the upstream direction, from where waves are convected, remains consistent 
with wave propagation. Additionally, Section 9.2.2 has indicated that a stable parabolic 
perturbation originates when all the eigenvalues of the perturbation matrix are positive. 
Relying upon the results of these two sections, the characteristics-bias flux f^ is established 
by first developing the flux Jacobian decomposition ( FJD ) into L contributions 


DI € OF a Og 
— = › A => ——= › Ar | 
Og rue cn От E ои От (9.65) 


where А; corresponds to a flux-Jacobian matrix component with uniform-sign eigenvalues 
and o; denotes a linear-combination function, possibly depending upon q. An integral aver- 


age of the Euler flux divergence A as expressed through decomposition (9.65) becomes 


OF да 
22—00 = f x ET dQ (9.66) 





By comparison, the flux f“ is therefore defined by way of an upstream-bias integral average 
as 


|а oF ао – [X6 «ho алаа (9.67) 
à дт Ox | 
where the rhs integral provides an upstream bias for each matrix component within the FJD 


n (9.65). 

The variation б,@ induces the appropriate upstream-bias for the test function 10 for 
each “C” component within (9.67). Depending on the physical significance, magnitude and 
algebraic sign of the eigenvalues of Ay, the variation б,@ can vanish or become algebraically 
positive or negative, which corresponds to an upstream bias respectively in the negative or 
positive sense of the x- axis. 


9.3.3  Characteristics-Bias Flux 


The variation 0,0 in (9.67) becomes 


2 m= P ue, aE = дрт (9.68) 
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where = denotes a local positive length scale, while the direction cosine а; can equal 0 or +1, 
—1, possibly also depending upon q. 
With these specifications, the upstream-bias integral average (9.67) becomes 


[a oF a= [65 Fans | cu S 10 (9.69) 


Considering that 10 has compact support in О, it vanishes on the boundary 00 of О. As a 
result, integrating (9.69) by parts generates 


lor? д да 
Lel = Da 2 (еру aarti )| dQ = 0 (9.70) 


which contains no boundary integrals. Since this integral must vanish for arbitrary test 
functions @ and domains €), its integrand must identically equal zero, which generates the 
following expression for the divergence of the characteristics-bias flux f° 











ој“ д О д9 
сн Б m Өт EX: | (9.71) 


and associated flux Је 


C. Fog a 
F=f- att Ac (9.72) 
(=1 


Expression (9.71) exhibits an upstream-bias artificial diffusion, in the form of a second-order 
differential expression with matrix 


L 
А = 5 соба (9.73) 


£I 


For physical consistency of the upstream bias in (9.67)- (9.71) and associated mathematical 
stability of the corresponding second-order differential expression, as shown in Section 9.2.2, 
all the eigenvalues of this upstream matrix must be distinct and positive. This requirement 
becomes a fundamental upstream-bias stability condition. 

The continuum expression (9.71) for the divergence of the characteristics-bias flux consti- 
tutes a non-discrete generalization of the various numerical-flux formulae employed in several 
CFD upwind schemes. It encompasses, generalizes, and unifies flux-vector and flux-difference 
schemes as shown by the following representative examples. 





9.3.4 Flux Vector Splitting 


Consider a representative Flux Vector Splitting ( FVS ), e.g. van Leer's. In this formulation, 
the inviscid flux f is "split" as 

= + (9.74) 
where the Jacobian matrices of f^ and f^ respectively possess non-negative and non-positive 
eigenvalues. 
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The FJD expression (9.65) encompasses (9.74) with L = 2 as 


= Of 7, 
У ae Ag = a + == Q1 = 1, Q9 = 1 (9.75) 
pl 


The corresponding characteristics-bias flux divergence for FVS accrues from (9.71) with 
ф = 1, а = 1, ag = —1 as 


or^ op әү (O_O) A) 3E әү (о IEN) gag 
Ox Ox Ox да да ) Ox) Ox Ox Ox Ox | 
which generalizes in the continuum the traditional numerical flux formulae for FVS con- 


structions. 
The associated upstream matrix A is 


Ју" ој“ 
А = | — | + | -— 9.77 
| да ) | да TUM 
The upstream-bias stability condition, however, is not automatically satisfied, even though 
each of the two matrices (4) and (- эг) has positive eigenvalues. This stability condition 


is not unconditionally satisfied because the sum of two positive-eigenvalue matrices does not 
necessarily yield a matrix with positive eigenvalues. As an example consider the following 
matrix sum of two positive - eigenvalue matrices 


аа) (а'а)+(5'4) (9.78) 


where c is a real number. One of the eigenvalues of this matrix sum is negative for о > 4. 
For instance, for с = 7 the eigenvalues are +9 and —1. 

Most likely, however, (9.77) satisfies the upstream-bias stability condition for most of the 
flow conditions considered in the technical literature, in view of the stable results reported. 
For subsonic flows, each of the two flux vector components in (9.74) remains unrelated 
to the physics of acoustics or convection. On the other hand, (9.74) is computationally 
advantageous, for it calls for the discretization of simple flux-vector components. 


9.3.5 Flux Difference Splitting 


Consider next a representative Flux Difference Splitting ( FDS ) development, e.g. Roe’s. 
In this formulation, the inviscid flux Jacobian of f is “split” as 
Of 


= XAXI + XA X! (9.79) 
q 


where X and A = A*—A- denote the right eigenvector matrix and eigenvalue diagonal matrix 
of the Jacobian, all evaluated at special average values of q, with А” and А“ respectively 


containing non- negative and non-positive eigenvalues. The matrices at the rhs of (9.79), 
therefore, will respectively possess non-negative and non-positive eigenvalues. 
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The FJD expression (9.65) encompasses (9.79) with L = 2 as 
L 
У arhe = XAXA ХА X, a, = 1, со = 1 (9.80) 
(=1 


The corresponding characteristics-bias divergence for this formulation accrues from (9.71) 
with ф = 1, a, = 1, ag = —1 as 


afe 8f a а vacvan 98 
oF - a -a (е(жах -XAX T) 
| Of o — eX i OF 
= =: (x(a M )Х У (9.81) 


which generalizes in the continuum the traditional numerical flux formulae for FDS соп- 
structions. 
The associated upstream matrix A is 


A=X(At—A~) хт (9.82) 


which has non-negative eigenvalues and therefore automatically satisfies the upstream-bias 
stability condition for any flow state for which no eigenvalue vanishes. The discretization of 
(9.81) calls for more computational operations than (9.76), while each of the two rhs com- 
ponents in (9.79) lumps into one matrix the matrices representative of the distinct acoustics 
and convection wave propagation mechanisms. On the other hand, numerous numerical 
results bear out the accuracy of an FDS formulation. 


9.3.6 Characteristics-Bias System 


As noted in Section 9.2, the unique weak solution associated with the unperturbed system 
is also obtained as the limiting solution of the non-linear equation 


да | окт) _ 9 ( (47) ) 





7 (9.83) 


Ot Ox Ox 


as the positive parameter = approaches zero. ‘This equation is but a prototype of the 
characteristics-bias system. Since practical computations solve the initial-boundary value 
problem with a perturbation parameter ew that remains commensurate with a decreasing, 
but finite, mesh spacing, for efficiency’s and accuracy’s sake, system (9.83) should be solved 
by an exact solution of the unperturbed system for finite ew, in the case of a Jacobian E 
with equal-sign eigenvalues, and generally admit solutions q^ that should rapidly converge to 
а weak-solution q for decreasing ey. It is to promote these properties that the perturbation 
in the previous sections has been developed from a characteristics-bias representation of the 
original system. Dispensing with superscript =, for simplicity, (9.61) and the developments 
in the previous sections lead to the characteristics-bias system 





О О О О Z О 
= = ЕСО ч -0+ == i Po. (sx паля ) = 0 (9.84) 
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Since 
Of д4 
еу _ A; | 
this system may be more lucidly expressed as 
д да 9f (q) д 2 да \ _ 
[ — исси) x – Ф + Эл ] Op epsgn(u) 2. (a; — 1) оАо” = 0 (9.86) 


This “companion” system contains the original system, its derivative with respect to x and 
a compensating second-order term that emerges from the upstream-bias stability condition 
on A. This compensating term, however, is only present when the eigenvalues of the flux 
Jacobian A do not all have the same algebraic sign; when they do, а; = 1, 1 € £ € L, and 
the characteristics-bias system becomes 





[ Е сеа) E rs 270), = 0 (9.87) 


which only contains the original system and its derivative with respect to 2. In these condi- 
tions, significantly, an exact solution of the original system will also satisfy this companion 
system for any finite ew. When the equations in this system are viewed as quasi-linear 
equations, independently of one another, and the fluid velocity u is considered constant, the 
equations are more clearly seen to remain hyperbolic, because of the presence of the mixed 
derivative with respect to both x and t. In a suitable neighborhood of a shock, where suf- 
ficient dissipation is needed to ensure essential non-oscillatory shock capturing, this mixed 
derivative will have to be eliminated, so that in the vicinity of a shock the characteristics-bias 
system becomes a more dissipative parabolic system. In this manner, 74! (€) solutions of this 
system may converge to H°(Q) solution of the unperturbed system. 





9.4 Galilean Invariance and 
Characteristics-Bias Diffusion 


The unperturbed Euler and Navier-Stokes systems are Galilean invariant. Only because of its 
characteristics-bias time derivative and source term can the characteristics-bias system (9.86) 
also satisfy this fundamental physical property. Satisfying this property is important because 
in this case the characteristics-bias system reduces the amount of induced characteristics-bias 
diffusion, as shown in this section. 

The Galilean invariance property reflects the notion that the law of conservation of mass, 
the second law of mechanics, and the first law of thermodynamics remain independent from 
the state of motion of flow reference frames that move with constant velocity with respect 
to one another, called Galilean frames and illustrated in Figure 9.3. The corresponding con- 
tinuity, linear-momentum, and energy equation thus remain formally invariant with respect 
to any co-ordinate transformation between Galilean frames. 

With V, the absolute velocity of the moving-reference origin В, and with V and и 
respectively the absolute and relative velocity of a fluid particle P, the co-ordinate sets 
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(X,Y) and (x, y) as well as velocity of P with respect to any two Galilean frames may ђе 


related as A. 
АЕ А "Ран у Ва => Ot = V, u=V— у, (9.88) 
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Figure 9.3: Galilean Reference Frames 


By virtue of this co-ordinate transformation, a function of (X,t) is cast as p(X,t) = 
p(X (2, #), +) and the derivatives with respect to (X,t) in the generalized Euler continuity 
equation, for instance 
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correlate with the derivatives with respect to (x,t) as 
A A| OX A A A 
Op Е др Ox P Op | дри _ дри (9.90) 
Ot |, OX |, OF), | Ot |. Ox |, OX |, 








Upon substituting these correlations for the corresponding derivatives, equation (9.89) be- 
comes 


OpA 


дрА OpA Op(V —V,)A 
5 0X 


~ OpA OpVA 
Ot| ^ Әх = 


= Me E . OX == Tb (9.91) 











t t t 


which coincides with (9.89) and thus proves Galilean invariance of the continuity equation for 
any magnitude of the mass transfer term rn, since this term remains unaltered by a Galilean 
co-ordinate transformation. Likewise, all the other source terms as well as several thermo- 
dynamic variables and the upstream-bias functions remain unaffected by this co-ordinate 
transformation because either they do not depend on the velocity of a reference frame or 
only involve relative velocities with respect to the flow channel, which velocities transform 
into one another, thereby retaining their form in the transformation. As a result, similar 
transformations of the other governing equations, also inserting the continuity equation into 
the linear-momentum equation and these two equations into the energy equation, show that 
both the linear-momentum and energy equations are Galilean invariant. 

Owing to the characteristics-bias expressions for the source term and time derivative 
of q, system (9.86) is also Galilean invariant. To show this it suffices to consider the 





Galilean Invariance and Characteristics-Bias Diffusion 261 





characteristics-bias generalized Euler continuity equation. Anticipating the developments 
of following chapters, this equation may be conveniently expressed for sgn(u)—1 as 
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where the last term corresponds to the characteristics-bias expression for the continuity- 
equation component of the flux f and the three terms to the left of it correspond to the 
characteristics-bias expressions for the source term and time derivative of p. А similar 
expression is obtained for incompressible and free-surface flows. ‘Transforming the derivatives 
in this equation following developments (9.89)-(9.91) yields 
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with analogous results for the linear-momentum and energy equations. All the terms con- 
taining У, cancel one another out, and as a result this equation coincides with (9.93). Not 
only is this result showing that the characteristics-bias system is Galilean invariant, but 
also that this system satisfies this fundamental physical property only when commensurate 
characteristics-bias expressions are also present for the source term and the time derivative 
of q. 

The importance of this fundamental, but seldom, if ever, mentioned, property in CFD 
lies in its connection with artificial diffusion. In order to highlight this notion it suffices to 
consider a linear continuity equation with constant positive A, и, €, V, Y, с, a 

2 + Т2 — E (ее + ew(ca + 92) s) (9.94) 
where у; = w for а Galilean invariant formulation. A generalized eigenfunction solution for 
this equation may be expressed as 


p(x,t) = exp( AM) exp(jw(x — ut), je wv-1 (9.95) 


where А = 0 corresponds to an exact solution of not only the equation with no bias, hence 
ew = 0, but also the characteristics-bias equation with а = 0 and у; = w, as directly 
established by substitution. When this substitution is executed for any positive o, v, the 
resulting expressions for the dissipation eigenvalue A is 

Е еси (М + а) — М) (1 + jwey:) 


WC 
а= аали ныт шшш 9.96 
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Since the real part of this eigenvalue remains negative, the characteristics-bias induces some 
artificial diffusion, which reaches a minimum for y, = Y, that is for a Galilean invariant 
formulation, a minimum that vanishes for а = 0. As discussed in Chapter 10, the semi- 
discrete formulation sets = = Az/2. Figure 9.4 thus displays the variation of the absolute 
value of the real part of Aj. for 0 € 2we < m, as obtained for two representative cases: 
a) M = 0.3 hence а = 0.4, and b) M = 1.2 hence а = 0. As this chart shows, for both 
subsonic and supersonic flows, the induced diffusion rapidly decreases as the characteristics- 
bias system approaches the Galilean invariant form. For supersonic flows, in particular, this 
induced diffusion vanishes. 

















































































































5.0 4 - 5.0 
45 4 Ке Аш)! L 45 
40 1 a) M= 0.3 " y, = 0.00 y b) M=1.2 | 40 
3.5 4 v W,=0.25 у - 35 
3.0 4 y= 0.50 y - 3.0 
2.5 E o  w,-1.00 y, Galilean Invariant li 25 
202 L 20 
L5 4 L LS 
Lü- „ашнен L 10 
0.5 - L 0.5 
0.0 - ОНО НОВО 45953549 L 00 

ттт т 2 7 за a г тт тт ге да па па га 

00 0.5 L0 L5 20 25 30 35 0.0 05 10 15 20 25 30 3.5 

ог OE 


Figure 9.4: Characteristics-Bias Diffusion: a) Subsonic Flow, b) Supersonic Flow 


A Galilean invariant characteristics-bias formulation, accordingly, provides a consistent up- 
winding, but with reduced levels of induced diffusions. As discussed in Chapter 13, the 
CFD procedure built upon a Galilean invariant characteristics-bias system generates mini- 
mally dissipative and essentially non-oscillatory solutions with a sharply captured contact 
discontinuity, which provides another justification for the particular form of upstream bias 
developed in this formulation for both the time derivative and source term. 





9.5 Non-Discrete Discontinuous Galerkin (DG) Form 


For both a weight function ш with non-vanishing trace and a solution q that is discontinuous 
on the boundary 0 of a subdomain О C Q, an integration by parts of both the flux 
divergence and the characteristics-bias expression in (9.86) generates the weak statement 
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(9.97) 
This statement may be viewed as а non-discrete Galilean invariant DG formulation. In 
respect of the second domain integral, this expression presents a direct counterpart of the 
“shock-capturing” term employed in current DG algorithms; rather than being a Laplacian 
expression added to the formulation, this term naturally emerges from the characteristics- 
bias procedure and system. With reference to the boundary integral, this expression features 
not only the flux vector f, but also an expression that corresponds to the characteristics 
bias resolution of f; as a result, the entire boundary expression may be viewed as a non- 
discrete ^numerical flux" for f. Rather than requiring the substitution of f with a numerical 
flux, as takes place in reported DG developments, the characteristics-bias system procedure 
directly leads to a surface integral with a specific non-discrete numerical flux, in this case the 
characteristics-bias resolution flux. A discrete DG algorithm may then result from a finite 
element discretization of (9.97). 


9.6 Non-Discrete 
Streamline Upwind Petrov-Galerkin (SUPG) Form 


For a weight function w with compact support in Q, a continuous solution q, and J indicating 
the identity matrix of appropriate rank, an integration by parts of the characteristics-bias 
expression in (9.86) generates the weak statement 
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The boundary integrals from the integration by parts do not feature in this formulation 
because either the weight function has vanishing trace on the boundary or the boundary 
conditions described in Chapter 13 are enforced. This statement is recognized as a Galilean 
invariant non-discrete SUPG integral statement for the generalized equations. As an al- 
ternative to the reported SUPG formulations, the upstream-bias term for the generalized 
equations in the first domain integral in (9.98) does not require any premultiplication by 
the transpose of the Euler flux Jacobian matrix, which reduces the number of required cal- 
culations; as the counterparts of the ть. and даља stability parameters, moreover, the 
characteristics-bias parameters ew and &v (a; —1) will explicitly depend on the square or cube 
of a local mesh spacing, respectively for shocked and smooth flows, which dependence has 
contributed to the definite asymptotic convergence rates detailed in Chapter 13. Тће second 
integral in this statement corresponds to the stability and shock-capturing terms of reported 
SUPG formulations. Unlike the common ad-hoc terms, the stability and shock-capturing 
terms in this formulation naturally emerge from characteristic wave propagation, for they 
are directly generated by the characteristics-bias decomposition of the Euler flux divergence 
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Of /Ox. Considering that а, = 1, 1 € £ € L, in regions of supersonic flow, these terms even 
identically vanish in such regions. In these conditions, the exact solution of the generalized 
unperturbed Euler system can only satisfy this statement when the characteristics-bias for- 
mulation is extended to the source term 6, as displayed in (9.98). For quasi-one-dimensional 
flows, the spatially discrete equations in this book derive from a finite element discretization 
of this integral statement. 


Chapter 10 


Characteristics-Bias 
Controller and Length 


This chapter introduces a controller of induced upstream-bias dissipation and a reference 
length for the characteristics-bias formulation. Denoted wv, this controller locally varies the 
amount of upstream bias within the algorithm, as non-linearly determined by the evolving 
solution. In this algorithm, ~ = 0 corresponds to no upstream bias, which leads to a classical 
centered formulation, whereas ф = Ymax = O(1) corresponds to maximum induced upstream 
dissipation, for essentially non-oscillatory capturing of shock waves. ‘The reference length = 
is established in terms of gradients of local coordinate transformations so that it can lead to 
a consistent upstream formulation along characteristic directions for multi-dimensional flows 
and arbitrarily shaped computational cells. 

The specific objective of letting v» vary locally as the solution evolves is to minimize in- 
duced upstream-bias dissipation for maximum accuracy within the prescribed computational 
stencil. As its distinguishing design feature, the characteristics-bias representation remains 
an authentic multi-dimensional upstream formulation for any Y with 0 < v < Ymax. 

The magnitude of the controller 1 within each element correlates with a local measure of 
solution smoothness. In regions of smooth flow, the algorithm locally minimizes upstream- 
bias diffusion, hence ф approaches Vmin, for accuracy. In regions of discontinuous solutions, 
the algorithm increases local upstream diffusion, hence w approaches Ymax, for stability. 

The controller will thus correlate with a bounded local measure ф of solution smoothness 
and monotonicity The following sections will detail this measure and then develop the 
correlation between this measure and the controller. The concluding sections will develop the 
multi-dimensional length measure = and then establish the magnitude of ew with respect to 
a mesh measure, a magnitude that will influence the order of accuracy of the characteristics- 
bias equations. 





10.1 Measure of Solution Smoothness 


А practical measure of local solution smoothness relies upon a set of points where the slopes 
of the discrete solution are generally discontinuous. For a finite element approximation this 
set of points 15 the set of finite-element side nodes, edges, or faces, shared by distinct finite 
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elements, for the continuous finite-element expansion changes basis function from element 
to element, which implies that solution slopes are generally discontinuous at element side 
nodes. 

For a one-dimensional case, this slope discontinuity at element end nodes is depicted in 
Figures 10.1-10.2 via the local normal unit vectors n^ and n^ respectively to the left and 
right of the slope-discontinuity point P, where there exist two distinct normal unit vectors, 
one for each of two elements sharing the node. 
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Figure 10.2: Monotone and Non Monotone Slope Distributions 
With reference to these figures, the magnitude ||n* — n} || of the vector difference n” — n^ 
becomes proportional to a bounded measure of local slope discontinuity. If the graph slope 
becomes continuous at P, then n^ approaches n and ||n* — n^|| approaches nought. On 
the other hand, when a slope discontinuity exists at P, as shown in the figure, || n7 — n | 
increases depending on the magnitude of the slope jump. With 0 the angle between the 
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unit vectors in Figure 10.1, a positive measure ф of slope discontinuity that vanishes for 
continuous slopes, remains bounded, and varies between 0 and 1, for 0 < 0 < 90°, may be 
defined as 








e = 1А: = Jln? п = V – сове) (10.1) 
where the final expression follows from the law of cosines. 

This concept of unit vector difference also allows measuring local solution monotonicity. 
Solution monotonicity signifies that solution slopes are locally increasing or constant or 
decreasing in the neighborhood of a finite element. With reference to Figure 10.2, consider 
the magnitude of the difference of vector differences ||An;—An,_;||. When the distribution is 
monotone, then this difference can approach zero because An;_; and Ат, point in virtually 
the same direction. On the other hand, when the distribution is not monotone, then this 
difference will exceed zero, because Am; , and An; point in opposite directions. 

The unit-vector difference and difference of differences may also be employed as indicators 
of needed local mesh refinement. The following developments determine the local solution 
measure for a one-dimensional flow. On the basis of these results, the subsequent section 
generalizes this determination to multi-dimensional flows. 
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10.1.1 One-Dimensional Flows 





The general expression of p; corresponding to a scalar measure q^ of the solution array q” 
directly derives from a finite element expansion. Such an expansion can be expressed in 
synthetic implicit form as F(q",2,t) = q^" — q"(x,t) = 0. Hence, a normal unit vector n 
can be cast at each time level t as n = grad F(q^, x, t)/||grad Е ||, where the vector operator 
“grad” encompasses the dependent variable q^. With eg and еј the unit vectors in the q- 
and z-directions, respectively, the expression for n is cast as 














n(z,t) — дт (10.2) 
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Let L and R denote the two elements that share а node In terms of the partial 


derivatives of q^, the unit-vector difference An; becomes 
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where the partial derivatives are determined through the finite element expansion. For a 
uniform grid, the form of expression (10.3) from the two elements sharing node “i” becomes 


Де Ag 
An; = 2 v 2 
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where the denominator never vanishes. This expression, furthermore, remains bounded for 
arbitrary nodal values of q^. These expressions are compactly cast as 


An; = удео Бле = p= vat? (10.5) 


where the coefficients vg and v, follow from inspection of (10.3). Accordingly, the square of 
the solution smoothness measure is calculated as 
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10.1.2 Multi-Dimensional Flows 


For a multi-dimensional flow the finite element scalar measure q? = 4. (2, #) of the solution 
array q” is expressed in implicit form as F(q^, x, t) = q^ — а (2,1) = 0. With eg and e; the 
unit vectors in the q- and x,-directions, 1 < £ < n, respectively, the expression for the unit 


vector n is cast as 
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А systematic and unique procedure is next presented to determine the local unit vectors 
n; and ng. This procedure generalizes the one-dimensional procedure, yet it still requires 
only two sets of unit vectors, as in the one-dimensional case. Consider the configuration in 
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Figure 10.3: Multidimensional Determination of Unit Vectors 


Figure 10.3, for a two-dimensional flow, for graphical clarity. The finite element associated 
with the two sets of unit vectors ту, and тр has centroid О; let this element be denoted as 
element O. Consider the streamline through O and identify the two element edges intersected 
by the line through O that is tangent to this streamline. These two element edges are called 
the streamline edges. Besides element O, each of these two edges corresponds to another 
element. ‘The solution over this other element is then used to determine one unit vector n 
and the solution over element О leads to the second unit vector in the set nzr, and ng at 
each streamline edge. Тһе second set of unit vectors ту and ng corresponds to the other 
streamline edge. When the tangent to the centroidal streamline within each element happens 
to intersect not an element edge, but a node, the procedure simply selects any edge that 
shares both that node and another element. When the tangent to the centroidal streamline 
leads to a boundary edge or node, then An = 0 at that location. This two-dimensional 
procedure naturally generalizes the one-dimensional formulation and directly extends to 
three-dimensional flows. In this case, the tangent to the centroidal streamline intersects two 
element faces, at which the differences of unit vectors Ат and Ат” are calculated. 

Employing this multi-dimensional procedure, in terms of the partial derivatives of q? and 
with L and А denoting the two elements sharing the edge or face where Ат is calculated, 
the expression for this vector difference becomes 
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This expression is compactly cast as 


An = Ug€o + p» ер; (10.9) 
£-1 





where the coefficients vp and vg, 1 < £ < n follow from inspection of (10.8). Accordingly, the 
solution smoothness measure ф is calculated as 


p= u + У 72 (10.10) 


In expression (10.8) each set of partial derivatives of qe is evaluated within each element that 
shares a streamline edge or face. 


10.2 Correlation between ф and фр 


The amount of induced upstream bias dissipation is determined by the upstream bias con- 
troller ф. Within each element, independently of flow dimensionality, there will be two edge 
controllers (Y); and (у); the element controller Y may then be expressed as the average of 
these two magnitudes. ‘The upstream dissipation will locally reduce to a minimum, hence 
ф = Wmin, When the solution is both smooth and monotone; this dissipation, instead, will 
approach a maximum, hence ф = Ymax, in the vicinity of a discontinuity, e.g. a shock. 

Each edge controller w directly correlates with the solution smoothness measure y. Given 
the definition of ф in (10.1), a magnitude for this measure that correlates with a locally 
continuous solution is py, = 0. The magnitude of y that should correlate with a local 
discontinuity may be selected with reference to Figure 10.4. In the neighborhood of a shock, 
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Figure 10.4: Local Unit Vectors at a Shock 
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the angle 0 can become greater than 90°, as shown in the figure for point t. The threshold 
Ө = 90° is thus selected for maximum induced dissipation, which from (10.1) leads to y, = 1. 
The controller ~ is then expressed as a cubic spline variation that depends upon y, so 
that ulpa) = Фа, V(*5) = wax and both a (Yo) and (Фр) vanish; in this fashion, v 
induces a gradual upstream-bias. The expression for w that satisfies these requirements is 
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as Shown in Figure 10.5 
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Figure 10.5: Variation of Controller %; 


In the neighborhood of a boundary geometric-discontinuity point 20, the controller w 
decreases from 2.0 to its local magnitude as follows. Let e, 2“, and 272 denote the 
characteristics-bias lengths, derived in the next section, as based on the mutually perpendic- 
ular unit vectors а, а, а^ and consider the ellipsoids Q4 and Qs both centered at £o and 
respectively with semi-axes ( 2e, 2€", 2272 ) and ( 4e, 46%, 45% ) along the a, а“, а^ 
directions, with а parallel to velocity. With these specifications, equals two within Q4 and 
linearly decreases to its local magnitude towards the surface of (25. The characteristics-bias 
formulation also employs controllers i»; and wv; to control the upstream bias on the source 
term and partial derivative with respect to time, with both of these controllers subject to the 


constraints Ye < 2/3, v, < 2/3, obtained as follows, after determining the one-dimensional 
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characteristics-bias length 2. As shown in Chapter 13, at each internal node of a uniform 
grid, for the simplifying case of constant Y, y+, and Yẹ on О”, the discrete system corre- 
sponding to the characteristics-bias formulation for the quasi-one-dimensional Euler system 
for a supersonic flow becomes 


(ar), *? (a1) (ваа) + (а), (а), J (o> nas) 


1 еШ 1 £V 
+ (Фа 1 + 24) (s T 2 + (26; + Фал) k = zd 


1 1 
doe) ee + z) d ДУ (za: = z) = (10.12) 


This result corresponds to a compact three-node upwind scheme as a linear combination of 
upstream and downstream contributions, with greater weight on the upstream terms, for 
Pi, Yo, Y are positive. This equation becomes a consistent fully upwind formula when all 
downwind contributions to (10.12) vanish. In order to establish a rational choice for & for 
this one-dimensional case, such a fully upwind formula for f is set to correspond to w = 1, 
which leads to the expression 
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Since ф controls the amount of induced diffusion, it is possible for Ymax > 1, yet Ymax < O(1), 
with Ymax > 1 simply inducing additional diffusion. The discrete upwinding of the source 
term does not involve any diffusion and the upwinding of the time derivatives induces anti- 
diffusion. Accordingly, this kind of upwinding is constrained in this study, with a maximum 
set to full upwinding. This requirement implies the following constraints 





| EW, 1 € 
— — 2 – – 1 > 10.14 
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which with = = Az/2, leads to 
2 2 
0< №, < 3 0 « V, < 3 (10.15) 


With reference to wy, when vy < 2/3, v, equals V, otherwise Yẹ = 2/3, hence y, = 
min(w, 2/3). In respect of y4, with v, < 2/3, this controller must rapidly decrease in the 
neighborhood of a discontinuity, as mentioned in Section 9.3.6, so that the characteristics- 
bias system may become parabolic in à shock region and thereby locally induce sufficient 
dissipation, for essentially non-oscillatory shock capturing. This study has established this 
needed variation as a relationship between qw; and ф. In this function, у; equals ф up to the 
threshold Yy, = min(2(y,,), 2/3), with фи = 3/4 and a threshold derivative Y., that equals 
either the derivative v (y,,), if v,, < 2/3, or zero, otherwise. Beyond the threshold w,,, the 
controller 4», decreases via another cubic spline down to v;(o,) = 0. The expression for Y 
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that satisfies these requirements is 


min( v(q), 2/3) ‚ (min 
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The variations of v, Ya, and у; are displayed in Figure 10.6. 
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Figure 10.6: Controllers ф, Yg, Yı 





Expressions (10.11) and (10.16) lead to  — Ymax and v, = 0 at a node where the 
computational solution experiences a discontinuity. These magnitudes are also sustained 
within a shock region where ф > 2/3. With “n” denoting the flow dimensions, this region 
encompasses the base element where ф > 2/3 and the 2n neighboring elements that share 
with the base element 2 nodes, 4 edges, or 6 faces, respectively for one-, two-, or three- 
dimensional flows. The specific individual magnitudes of these controllers within a shock 
region most directly contribute to non-oscillatory shock capturing. As the computational 
results have shown, only within a shock region may the three controllers differ from one 
another; in all other solution regions, instead, v, = Yẹ = v, which, in this case, only requires 
one controller. 








10.3 Multi-Dimensional Length e 


Since the streamline is a characteristic line, the multi-dimensional characteristics-bias length 
€ is calculated along the tangent to the centroid streamline, within each element, in such 
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a way that this length smoothly varies as the centroid velocity changes orientation. Тһе 
method presented in this section determines this length for multi-dimensional grids as a 
natural generalization of a one-dimensional procedure that establishes the result = = Ал/2, 
obtained in the previous section. For a one-dimensional flow, express the position vector r 
of a point along the x-axis in terms of a unit vector 2 and the one-dimensional coordinate 
transformation 
il zat 
= 5 - 8)2,4+ (1+ s)aqt (ЛОТ) 


where x, and x, denote the coordinates of the end nodes of a linear element. On the basis 
of this expression, the first-order variation of r with respect to s yields 


que Tas = (-52,i + tu) As= IA; =p; Ases] (10.18) 
where As denotes a stretching factor such that, for a smooth directional variation, Ar always 
results from the semi-length of a transformed 1-D element, or a radius of a circle, in 2-D, or 
sphere, in 3-D, inscribed in the transformed element, a semi-length or radius that equals one 
unit for isoparametric elements. With these considerations, (10.18) leads to the following 
generalized expression for = 

e = ||Ат ||, (10.19) 


where subscript “0” denotes а centroidal evaluation. ‘This expression yields the correct result 
є = Ат,/2, 1 € L < n, with n the flow dimensions, for two- or three-dimensional flows over a 
uniform grid of rectangular elements, when the flow is unidirectionally parallel to the 2, axis. 
This expression is expanded for the case of a general multi-dimensional flow on arbitrary 
grids of elements, of any admissible orientation and shape, as follows. 

With reference to Figure 10.7 
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Figure 10.7: Multi-Dimensional Position Vector Variation Ar 
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the multi-dimensional expression for = in terms of the local coordinate-transformation deriva- 
tives of the position vector r is elaborated as 


дт КЕ Or Әт дт дә | Or Om А. 
Os |. \On, Os дь ðs дт Os 


where s in this case denotes a local coordinate along the straight axis originating at the 
element centroid and remaining tangent to the centroidal streamline, like the unit vector 
a. With reference to Figure 10.8 the elementary variations 6s and 07;, 1 <i < n, at the 
element centroid, are correlated as 








e=||Ar||,, Ar= (10.20) 
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The direction cosines cos 6;, 1 < i € n, are then expressed in terms of inner products of unit 
vectors as 
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Figure 10.8: Direction Cosines of a 





The partial derivatives 2% and variations Am;, 1 € i < n, are thus expressed in terms of 
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The condition that Ar should result from a unitary radius leads to the expression for As as 
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from which As always equals one when (71, 72, 73) correspond to orthogonal coordinates. 
Results (10.23) and (10.24) complete the multi-dimensional expression (10.20) for computing 
=. This expression returns the correct result = = Ал; /2, 1 < i € n, for any flow direction, in a 
uniform grid of square elements. Since € is measured along the velocity direction within each 
element, (10.20), for uniform rectangular grids, correctly computes = = Ату /2 or € = Az»/2, 
depending on whether the flow is parallel to either the x; or т» axis, in complete agreement 
with one-dimensional results. 

When the flow is not locally parallel to any Cartesian axis and since each of the first three 
terms in (10.23) results from the product of a constant and the velocity direction vector a, 
expression (10.20) always returns the radius of an ellipse associated with each element, as 
shown in Figure 10.9 for two-dimensional flows; for three-dimensional flows, (10.20) returns 
the radius of an ellipsoid ellipsoid associated with each element. When the element is either 
a rhomboid or a regular tetrahedron, this ellipse, in 2-D, or ellipsoid, in 3-D, is inscribed 
within the associated physical-space element. 
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Figure 10.9: Characteristics-Bias Length as Ellipse Radius 


Considering that the characteristics-bias length & is а radius within а smooth closed 
surface, this mesh measure will always vary smoothly as a function of the velocity direction, 
within each element of an arbitrary grid. By virtue of (10.18), additionally, this length will 
always remain commensurate with a mesh spacing, which is beneficial because the upstream- 
bias coefficient ew influences the order of accuracy of the discrete equations. 


10.4 Magnitude of g, p, ew 


This section correlates the magnitudes of o, Y, and ew with a power of a mesh spacing Az. 
For the sole purpose of determining the order of y with respect to Az, for a smooth solution 
over any two contiguous elements, the discrete solution values qe, in (10.4), 4i - 1 < j < 
i + 1, over the corresponding elements, can be considered as the nodal values of a single 
auxiliary continuous functions q.(x,t) that interpolates the q.,’s over the elements. With 
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this specification, the Taylor's series expansion of (10.4) yields 





pe О Ае ofa) cjr (dead) о (де) поз 
1+ (ада) 2 2 
where superscript prime indicates differentiation with respect to x and K denotes the local 
curvature. This expansion reveals that y; decreases for vanishing Az. Even for large slopes, 
furthermore, y; remains of order Az in regions of small curvature. Only when both curvature 
and slope drastically rise, e.g. at a shock, will y; increase, precisely as needed. 

With reference to Wmin, the characteristics-bias system formulation allows this stability 
parameter to decrease in relation to a grid spacing measure as 
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г = саг = My 10.2 
нап = Co ( Е Cy Ax (10.26) 


with Со and Azo specified constants, e.g. Azo = 1/100, Co < + ( A ] x and with ту = 1 


for shocked flows, and my = 2 for continuous flows; expression (10.26) also applies to Ymax, 
with m, = 0 for shocked flows. For small o, significantly, the order of the variable v also 
coincides with Az". То show this result, ~ may be expanded as 

др 9^ Oy 
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(0); _ + O(o РЈ (10.27) 


as obtained with (0) = Ymin and a5 (0) = 0. As shown in (10.25), the order of with 
respect to Ax is 


e-K 1 + (902,0) Е E (Аа?) (10.28) 


As a result, Y, Wy, and у; remain of order (Ат), with ey of consequent order (Ах). 
This order has contributed to convergent computational solutions, with and without shocks. 


Сћарђег 11 


Computational Analysis of 
Quasi-1-D Incompressible Flows 


This chapter describes a characteristics-bias procedure for the computational analysis of in- 
compressible flows. Within an incompressible-flow field, the propagation speeds of acoustic 
and convection waves become unbounded. It is however possible to investigate characteristic 
information propagation for the finite wave speeds associated with a slight-compressibility 
form of the continuity equation, which emerges from a direct polytropic correlation between 
pressure and density. This procedure naturally resembles an artificial-compressibility for- 
mulation for the incompressible-flow Navier-Stokes equations. In this book, however, this 
formulation is exclusively employed both to investigate information propagation and to de- 
velop а corresponding characteristics representation. The terminal continuity equation in 
this representation arises from a limiting form for an unbounded polytropic exponent and 
eventually features no time derivative of pressure. This result ensures an unbounded signal 
propagation velocity and thus leads to consistent numerical investigations of both steady 
and unsteady incompressible flows. 

The slight-compressibility system matrices model coupled convection and acoustic prop- 
agation. The acoustic components correspond to the slight-compressibility acoustics equa- 
tions, which physically meaningful building blocks for the non-discrete upstream-bias for- 
mulation detailed in Chapter 9. The characteristics-bias formulation for incompressible 
flows, rests on а decomposition of the Euler system matrix components that model the 
physics of acoustics and convection and this chapter documents performance of the Acoustics- 
Convection Upstream Resolution Algorithm for the computational solution of the quasi-one- 
dimensional incompressible Euler equations. Despite the absence of any time derivative of 
pressure within the continuity equation, the algorithm simultaneously solves the coupled con- 
tinuity and linear - momentum equations and directly generates pressure and velocity fields 
for both steady and unsteady flows, without requiring any post processing of the pressure 
and velocity. 

Тће discrete equations originate from a Galerkin finite element discretization of the 
characteristic-bias system, which employs the same order of elements for both pressure and 
speed. This finite element discretization naturally and automatically leads to consistent 
boundary differential equations and a new outlet pressure boundary condition that requires 
no algebraic extrapolation of variables and allows the direct calculation of pressure-driven 
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flows. Тһе resulting discrete equations correspond to an essentially centered discretization 
in the form of a non-linear combination of upstream diffusive and downstream anti-diffusive 
flux differences, with greater bias on the upstream diffusive flux difference. This formula- 
tion, furthermore, directly accommodates an implicit solver, for required Jacobian matrices 
are determined in a straightforward manner. The finite element equations form a system of 
algebraic and differential equations. Despite the absence of any pressure time derivative in 
this system, the equations are directly integrated in time within a compact block tri-diagonal 
matrix statement by way of the implicit non-linearly stable Runge-Kutta algorithm (8.5). 

As documented by several computational results for both steady and unsteady flows, the 
acoustics-convection solver induces but minimal artificial diffusion and generates essentially 
non-oscillatory solutions that reflect available exact solutions. The calculations for steady 
flows rapidly converge to steady state and for steady and unsteady flows the algorithm 
conserves both mass and stagnation pressure. 











11.1 Slight-Compressibility Continuity Equation 


For the quasi-one-dimensional compressible-flow continuity equation 
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consider the isentropic correlation between pressure p and density р 








0 (11.1) 


p = p(p) (11.2) 
For a perfect gas this result becomes 
y 
p 
P = ро | — (11.3) 
(У 


where y = с/с, denotes the ratio of specific heats. A general polytropic equation of state 


emerges as 
ү" 
р=» (2) (11.4) 
fo 
with к > 0 denoting the polytropic exponent. With this result, the time derivative of density 
correlates with the time derivative of pressure as 
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which leads to the continuity equation 
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For an incompressible flow, hence p ~ constant, this equation transforms into 
| аА 
с ы ж (11.7) 
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For к = 1, this equation becomes the slight-compressibility continuity equation, which gov- 
erns the low-speed flow of a perfect gas. ‘This is the equation employed in the characteristic 
analysis of incompressible flows and associated development of a characteristics-bias formu- 
lation. As noted in Section 4.2.3, ср = c, for incompressible flows, hence у = 1, which is the 
magnitude of у used in this шша. e corresponding formulation for incompressible 
flows then results by replacing = OP wath = 10р, showing in Section 11.6 that the corresponding 
characteristics-bias ба! шй in the new system remains stable for апу к > 0, and then 
taking the limit for к — oo. With this limit, the resulting continuity equation achieves a 
form that does not contain any time derivative of pressure. 


11.2 Incompressible Flow “Characteristics” 


The unsteady quasi-one-dimensional Euler equations are cast as 
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Тһе solution of this time independent system also accrues as the steady-state solution of the 
slight-compressibility unsteady system 
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which formally coincides with (11.8) for к — оо. 
This Chapter develops the characteristics-bias formulation for an equation system that 
contains the slight-compressibility continuity equation 
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For non-trivial solutions q, the characteristic speeds of this system are the Euler eigenvalues 
of the system matrix 


А 3 


A= | | e ) (11.13) 


These eigenvalues have been exactly determined in closed form as 


А = и + (и +£), Х = ш – (и +72) (11.14) 
р р 


The expression yp/p formally coincides with the square of the compressible-flow speed of 
sound c. These eigenvalues are thus expressed as 


AP = и +y (и? ++ c, АЎ = u — \/(и? + с? TL15 
1 2 


with non-dimensional form 
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where S denotes the incompressible-flow number 
u 
$ = 11.17 
С (11.17) 
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For а vanishing magnitude of S, these eigenvalues vary like S + 1; for any magnitude of 
S, one eigenvalues always keeps positive, the other always remains negative, as Figure 11.1 
shows. 
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Figure 11.1: Slight-Compressibility Eigenvalues 


Slight-Compressibility Acoustics Equations 283 





This situation portray an incompressible flow. These eigenvalues correspond to the slopes 
of the characteristics, as portrayed in Figure 11.2 





Figure 11.2: Slight-Compressibility Characteristics 


This figure shows the characteristics in a suitable neighborhood of a flow field point P in 
а (t,x) plane. Wave propagation remains subsonic, which occurs by both convection and 
acoustics, bi-modally from both upstream and downstream toward and then away from P; for 
small <, wave propagation is essentially acoustic. The upstream CFD algorithm in this book 
mathematically models this coupled acoustic-convection wave propagation. The algorithm 
identifies the genuine convection and acoustics components within the incompressible-flow 
system matrix and then establishes a physically consistent upstream approximation for each 
of these components. 


11.3 Slight-Compressibility Acoustics Equations 


The quasi-one-dimensional slight-compressibility equations 


да да _ 
3x $*4(05--0 (11.18) 
where 
0, 
A(q) = | 7? ) (11.19) 
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contain the pseudo-acoustics equations for vanishing 5% numbers. Identification of these 
equations yields the acoustics component of the system matrix for any & number. Upon 
writing the velocity component и in terms of the S number as и = cSu/|u| the quasi-one 
dimensional system (11.18) becomes 
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and for a vanishing S number, these PM reduce to the non-linear acoustics system 
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The dependent variables in these equations correspond to those in a flow field that originates 
from slight perturbations to an otherwise quiescent field. 


The matrix A? 
"2 QO , Ур 
A? — | Е 0 ) (11.22) 


да = + |у = xe (11.23) 
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Where c corresponds to the isentropic speed of sound. This matrix, accordingly, is the 
acoustic matrix. This matrix naturally features a complete set of eigenvectors and thus 
possesses the similarity form 


Аз ХАХ = XAT X T+ XAT ХУ, А = ATLA (11.24) 


has the eigenvalues 


where A^* and A% respectively contain non-negative and non-positive eigenvalues as follows 


v (50) м - (002) (11.25) 


The eigenvector matrices X and X~! аге 
1 
же» m che xxi 4 (11.26) 
D. =È 2%үрс , 7p 


This similarity transformation is employed in the following section to determine a decompo- 
sition of the system matrix in terms of acoustic components. 


11.4 Incompressible-Flow Acoustics-Convection 
System-Matrix Decomposition 


The characteristic-bias formulation for the quasi-one dimensional slight-compressibility sys- 
tem 


Op pen ypu dA 
ôt "7 Рәх ша A dx nii 


ди Of р и аА _ 
AC JE. ý 


(11.27) 


emerges from a decomposition of the matrix А = A(q) in this system into acoustic, con- 
vection, and pressure-Jacobian components. The following developments apply for arbitrary 
bounded as well as unbounded magnitudes of у, which makes the formulation also applicable 
to authentic incompressible flows. 
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11.4.1 Convection and Pressure-Jacobian Components 


The system matrix A = A(q) can be decomposed into convection and pressure-Jacobian 
components as 


A(q) = A%(q) + А? (9) (11.28) 
where the matrices A%(q) and A?(q) are defined as 


ло = ( | E. А?(9) = | 1 | jJ (11.29) 


With reference to Section 11.2, for any S number, the eigenvalues of A(q) 
Ay = S4+V149%, AQ=S-vV14+ 82, (11.30) 


have mixed algebraic sign and an upstream approximation of the matrix product Aðq/ðx 
along one single direction remains inconsistent with the two-way propagation of acoustic 
waves. Without pressure in the momentum equation, however, the speed of sound c vanishes 
and the corresponding system eigenvalues remain all non-negative. The resulting pure- 
convection system matrix can then be upstream approximated along one single direction. 
The system matrix product is thus decomposed as 

да („да p» Od 

= А Эт + А m (11.31) 
For low and vanishing < numbers, however, this decomposition is insufficient for an accurate 
upstream modeling of acoustic waves. For an S number that approaches zero, the eigenvalues 
of the matrix components A? and A? are 


M=0; M-2w X20 (11.32) 


which certainly all keep the same algebraic sign, but for vanishing < number remain far less 
than the dominant speed of sound c. For low & numbers, therefore, an upstream approx- 
imation for the components in (11.31) would inaccurately model the physics of acoustics. 
This difficulty is resolved by further decomposing the pressure matrix in (11.31) in terms of 
a genuine acoustic component, for accurate upstream modeling of acoustic waves. 


11.4.2 Acoustic Components 


Based on the acoustic equations (11.21), the system matrix product can be alternatively 
decomposed for arbitrary S numbers and corresponding dependent variables p and и as 


A(g) 54 = Ata) SE + АР(д) 5! = Atlas! + (ACA) + Аа) 2 


Ox Ox Ox Ox oe) 


where the matrices A^(q) and A”°(q) are defined as 


al WP шо cop 
ми (0 P) oes (5: 7) "T 
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The matrix A"* can be termed a “non-linear coupling” matrix, for it completes the non-linear 
coupling between convection and acoustics within (11.33). АП the eigenvalues of A"* iden- 
tically vanish. No need exists, therefore, to involve A"* in the upstream-bias approximation 
of the system matrix A — A(q). The eigenvalues of A* are exactly determined in closed form 


as 
да = + |у = +е (11.35) 
| 0 


This matrix, accordingly, can be used for an acoustic upstream bias formulation. With 
reference to the similarity transformation (11.24) for this matrix, decomposition (11.33) 
becomes 

да дд 


А(д 5 = (XA** X7 + ХА ХТ + А%(ч) + AG) = 


Since the two acoustics matrices at the rhs of (11.36) respectively possess non-negative 
and non-positive eigenvalues, a characteristics-bias resolution of these matrices involves an 
upstream approximation of the first matrix and a downstream approximation of the second 
matrix. ‘These approximations naturally lead to the following absolute acoustics-matrix 
upstream expression 


(11.36) 





«| OF _ a+ a— aq _ с, 0 да 
Ala = X (А MOX x = (6 | ЈЕ (11.37) 


The beautifully simple result ensues 


О О О 
| А“ | E = eL E 2 I = identity matrix (11.38) 
which indicates for this matrix product the equivalence of replacing | A^| with the matrix cJ, 
of which all eigenvalues equal +c, for all S numbers. 


11.4.3 Combination of Matrix Decompositions 


The previous sections have shown that the system matrix product А(4)04/дх can be equiv- 
alently expressed as 
да , дьда 


А0) — +A 
да | (Hae Т Ox 


(Qa = 


да (11.39) 
(XA* X^! + XAT X7 + Абд) + А") т 

2 
where the first expression is convenient for a characteristics-bias approximation for high S 
numbers and the second expression is needed for low 3 numbers. А decomposition for all 
S: numbers is thus cast as a linear combination of these two decompositions, with linear 


combination parameter a, О < о < 1 


да 
Ox 


= (1 – a) (A*(g) + AP(q)) 92 


A(q) Эт 
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+a (XA** X^ + ХА Хі + Ад) + А") 1 (11.40) 
| 
which leads to the following acoustics-convection decomposition, with 6 = 1 — а 
да S cop 0g да да Од 
А(9) == = а (ХАЛАХ + ХАЛХ) — + AN(g)— + дА (а) -— + аА" (11.41 
(a = 9 ( i lodo на за qM 
The streamline acoustic expression a (X A** ХТ! + XA*- X 1) 22 accounts for the bi-modal 


propagation of acoustic waves; this expression is thus employed for an acoustic upstream-bias 
approximation for low S numbers. As SY increases a greater fraction of the pressure gradient 
AP (9) 55 may be involved in the upstream-bias approximation along with the acoustic ma- 
trix; accordingly, as SY increases, the upstream-bias function а may concurrently decrease. 
No need exists to involve the matrix А" in the upstream-bias formulation because this ma- 
trix is devoid of physical significance and all its eigenvalues vanish. For any magnitude of 
both pressure and pressure gradient, the convection field uniformly carries information along 
streamlines; hence, the entire convection term A1(q) 34 can receive an upstream bias along 


д 
the single streamline direction. 





11.5 Characteristics-Bias System Matrix 


Given the algebraic sign of the eigenvalue set of each matrix term in (11.41), the associated 
direction cosines a; for the upstream-bias expression corresponding to (9.71) are 





ai = +1, a = —1, аз = a4 = s = sgn(u), a5 = 0 (11.42) 


where s = sgn(u) denotes the algebraic sign of и. With (11.38), (11.41), and (11.42) the 
general expression (9.71) leads to the acoustics-convection characteristics matrix resolution 





да О 


Fo = А(4) => – — [eo (acl + sA‘(q) + зд А (q)) x (11.43) 


Or Ox 15 
where J denotes the identity matrix of appropriate size. The terms in this expression, 


furthermore, directly correspond to the physics of acoustics and convection. For low S 
numbers, 6 ~ 0 and (11.43) reduces to 


да О 


pe == А == 
Urs Ox 


(11.44) 





Е (acI + sA%(q)) ч 


Ox 


which essentially induces only an acoustics upstream. In the limit of a “vacuum” flow, hence 
large S, а — 0 and 6 — 1. Expression (11.43) in this case becomes 


F^ = AQ – eoe 25 | 





(11.45) 


which corresponds to an upstream approximation of the entire system matrix product. 
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11.5.1 Consistent Upstream-Bias 


The acoustics-convection upstream functions а and 6 depend on the 3 number. They 
are determined by enforcing the stability condition on the perturbation matrix within the 
characteristics-bias resolution 


Ода 


_ д4 
Or Ou 


ew (acl + sA%(q) + só A" (q)) D 





ЕС = A(q) (11.46) 


The terms between parentheses collectively constitute the upstream-bias dissipation matrix 
A = acl + sA‘%(q) + 88 AP(q) (11.47) 


All the eigenvalues of the stability matrix .A have been analytically determined exactly in 
closed form. Dividing through by the speed of sound c, the non-dimensional form of these 
eigenvalues is 


ip =at+9+4(9? +6)” (11.48) 


In order to ensure physical significance for the characteristics-bias matrix in (11.43), hence 
for the upstream-bias approximation to decomposition (11.41), the upstream bias functions 
а and 6 are determined by forcing the upstream-bias eigenvalues (11.48) to remain positive 
for all S numbers. 

Eigenvalues (11.48) remain real for any positive a and 6 and A4 remains positive for any 
positive a. The eigenvalue А remains positive when а and д lead to the constraint 


a--S—VS2?.-6-0 = о? +2а% > 6 (11.49) 


In particular, since б = 1 — а, this constraint becomes the following constraint on а 


а > 441+ (S + 1/2) — (3 + 1/2) (11.50) 


Апу а and 6 that satisfy (11.49), (11.50), therefore, will lead to non-negative characteristic- 
bias eigenvalues. 


11.5.2 Upstream-Bias Eigenvalues and Functions а and б 


Rather than prescribing some expression for а or ô and accepting the resulting variations 
for these eigenvalues, the function а is determined by correlating the characteristic-bias 
eigenvalues (11.48) with the system matrix eigenvalues (11.16). From А; and А in (11.48), 
the corresponding expression for а = a(SY) is 


Ау + Аг 


us) = ; 





-9 (11.51) 


As one way to correlate the characteristic-bias eigenvalues (11.48) with the system-matrix 
eigenvalues, consider the absolute non-dimensional system-matrix eigenvalues 


AP = 9 + У1+92, A| = 1+9 9 (11.52) 
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These expressions lead to the average absolute eigenvalue 


ж us и 


The average characteristic-bias eigenvalue in (11.51) is thus set equal to this expression. 
With this connection, the expression for o from (11.51) becomes 


o(8) = /У1+ 92-3 (11.54) 


which happens to coincide with b , satisfies (11.49), and rapidly decreases for increasing 
S. With this result for a, the corresponding expression for ô becomes 


§=1l-a=14+9-vV1l4+2% (11.55) 


which increases for increasing S. Owing to expressions (11.54) and (11.55), the upstream bias 
eigenvalues remain positive, which corresponds to a physically consistent characteristic-bias 
formulation. 

The variations of the upstream-bias functions а = a(S) and ô = ó(SY) and the corre- 
sponding eigenvalues (11.48) are presented in Figures 11.3, 11.4, respectively. Figure 11.3 
indicates that the upstream-bias functions as well as their slopes remain continuous for all 
Sy numbers. As 6 = ó(SY) rises, the upstream-bias contribution from the acoustics matrix 


correspondingly decreases. 
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Figure 11.3: Upstream-Bias Functions 


With reference to Figure 11.4, the characteristics-bias eigenvalues (11.48) remain positive. 
These eigenvalues and their slopes remain continuous for all S numbers and smoothly ap- 
proach 1 for vanishing SY, indicating a physically consistent upstream-bias approximation of 
the acoustic equations embedded within the slight-compressibility equations. For increasing 
S, these eigenvalues approach the corresponding absolute slight-compressibility eigenvalues. 
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Figure 11.4: Upstream-Bias Eigenvalues 


11.6 Incompressible-Flow Formulation 


Following the developments in Chapter 9 and in the previous sections, the characteristics-bias 
formulation for the slight-compressibility continuity equation can be expressed as 





p ди ди Op 
г. F == le + + acs— || = 0 11.56 
эү 10® + YP a =| ps e — урфр + IPT 4) (11.56) 
where Фр denotes the complete source term in the continuity equation. As anticipated in 
Section 11.1, the corresponding characteristics-bias DA а E totally incom- 
pressible Hows originates from this equation upon replacing Әр with 2 x 2р. The complete 
characteristics-bias system becomes 


Op Ou О 1 Op Ou Opi _ 
ОР кард, + куро = ка lev E: Bp PO» + YP- аад) =o 


ди д р д ди iP Ou д(р/р)\ | _ 
ааа — bua 36 РЕЗЕ \| o 
(11.57) 


Since the polytropic exponent к no longer equals one, the eigenvalues of the characteristics- 
bias parabolic expression within this system will now equal the eigenvalues of the matrix 
product ТА, where 7/,, denotes a positive diagonal matrix with ones on the leading diagonal 
with the exception of the entry on the first row and column, which equals к. The eigenvalues 
of this matrix have been exactly determined as 


1 || : 
га = а (5) 494 (a (L5) жа) + (11.58) 
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which revert to (11.48) for к = 1. These eigenvalues remain positive for any к as results 


from the inequality 
1 1 – A 
a (15) toy (a (555) +9) ка (11.59) 


This inequality leads to 











o? + 208 > 8 (11.60) 


which no longer depends upon к. This results mirrors (11.49) and is unconditionally satisfied 
by the expressions already selected for both а and 6. Eigenvalues (11.58) thus remain 
positive. Figure 11.5 portrays the variation of the eigenvalues (11.58) for к = 10, with 
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Figure 11.5: Asymptotic Upstream-Bias Eigenvalues 


topologically similar curves arising for any other к > 1. ‘These curves show these eigenvalues 
remain positive and approach eigenvalues (11.48) in the limit of a vacuum flow, that is 
S oo. 

As shown, these eigenvalues remain positive for any positive к including unbounded 
magnitudes. The characteristics-bias expression within (11.57), therefore, remains stable for 
unbounded &. This special case corresponds to the incompressible-flow equations, which 
are formally obtained by dividing the continuity equation in system (11.57) by кур, setting 


^y — 1, and taking the limit for & — oo. The limiting system becomes 


X -ф— Aa x: leys (22: АЕ 
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проба het) 
0 


д ди Ə f> p ðu O(plp)V| _ 
E evs (97 — but = ( +2) + асва + (0 – 1) Эл ) = 0 (11.61) 


This system supplies the characteristics-bias formulation for incompressible flows. It does not 
contain any time pressure derivative in the continuity equation, which thus allows consistent 
computational simulations of not only steady, but also unsteady flows. 





11.7 Variational Statement and Boundary Conditions 


In terms of the arrays qp, qu, fp, and f?, which follow from inspection, and for w € (9), 
an integral statement associated with (11.61) becomes 








fu [a - w- c. 2}, -pó + acs) јаг=• 
Оди O fu 
fe - uu d jas 
д Odu OF i Ou о 
- [we [eis (ж - uo h + асв=® + (8 — ye) а =0 (11.62) 


An integration by parts of the characteristics-bias perturbation in this statement generates 
the following weak statement 


|| СЕ: E Є )) (22 - 2 + [ È Te је“ (acs | dx 
Q 
“(wu (Bc mmy 
P О T=Tin 
(9+9) (5% - " Z3 +[5 9208 СЕ n£) dx 
- (used ЕЕ Фа oh bog % qid es p j)) =o (11.63) 














"ар Ox 


Тһе ey boundary expression is eliminated by enforcing a weak Neumann-type boundary 
condition for the hyperbolic-parabolic characteristics-bias perturbation. One part of this 
condition imposes that the original system should be satisfied at the boundary; the remaining 
terms are also set to zero as part of this weak boundary condition. Clearly, the single 
Neumann-type condition corresponds to the entire boundary expression set to nought. For 
increasing <% number, а decreases and ô increases; as a result, this boundary condition 
approaches the enforcement of the governing system on the boundary. The resulting weak 
statement is expressed as 


(оен (E) (e) an f 2 (=) е (осна) ae =e 


L=Lin 
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Оди O fu Оди Oft _ 
КСЕ x) x - ut. ) ae + f eps (асов + (6 - 02) az =o 


(11.64) 
For all test functions w € 9 (9), the variational formulation seeks a solution q € H'(Q) 
that satisfies this weak statement. 
This statement is subject to prescribed initial conditions q(x,0) = qo(x) and boundary 
conditions on д0 = Q\Q. Synthetically, these boundary conditions are expressed as 














B50 ust) — Gy (ss, E) (11.65) 


where С, (2,0; t) corresponds to the array of prescribed Dirichlet boundary conditions, with 
а zero entry for each corresponding unconstrained component of q, and B(r,,) denotes a 
square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
corresponding unconstrained component of q. 

The number of boundary conditions at inlet and outlet depends on the number of negative 
eigenvalues of A(q)nz, where n, denotes the z-component of the outward pointing normal 
unit vector n. A negative eigenvalue signifies a wave propagation in the direction opposite n, 
hence toward the flow domain, a propagation that carries information from the flow outside 
the domain, which information is embodied in a corresponding boundary condition. 

At an inlet, A(q)n, always displays one negative eigenvalue; pressure is thus constrained 
by the Dirichlet boundary condition 


Plm t) = q,(t) (11.66) 


where д (t) denotes a prescribed bounded function. 

Similarly, at an outlet, A(q)n, always displays one negative eigenvalue, which requires 
one boundary condition. ‘This study has selected a physically meaningful boundary condition 
on the pressure p, enforced via the linear-momentum integral statement as follows. With 
fa = fu — fP, w(x,,) = 0, and w(x...) = 1 in this statement, an integration by parts of not 
only the characteristics-bias expression, but also the pressure gradient yields 


9 2) (= - dos + i) ae +f? acts (ac D 000) ae 


дир + (8 —wse ЕЕ p + acs бе + (5 — 9f 3) =0 (1167) 











о Ox Pu Ox Ox 


The entire boundary expression is then set to a prescribed outlet external pressure р, /р; 
this boundary condition selection serves the double duty of both providing a boundary con- 
dition for the parabolic perturbation in the characteristics-bias system and forcing the outlet 
pressure to approach p,,, since = is set equal to a mesh spacing. The stability, accuracy, and 
numerical performance of this pressure boundary condition are discussed in Section 11.11. 
As elaborated in Section 11.10.3, this set of boundary conditions remains consistent with 
the physics and mathematics of a quasi-one-dimensional incompressible flow. Mechanically, 
an incompressible flow within а duct can be induced by lowering the outlet pressure in 
comparison to the inlet pressure, which generates a force that promotes the flow. ‘The 
outlet pressure boundary condition is thus naturally enforced as shown. The inlet pressure 
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boundary condition cannot be enforced within the inlet linear-momentum equation. If this 
were done, the continuity equation would receive no boundary equation and the resulting 
discrete continuity equations could not contribute to the determination of pressure and speed 
because these equations form a linearly-dependent system. Any other pressure boundary- 
condition enforcement strategy that does not involve at least the inlet discrete continuity 
equation has not generated a stable numerical solution. Instead, the first discrete continuity 
equation at node i = 1 is replaced by the pressure boundary condition shown. 


11.8 Finite Element Weak Statement 


The finite element solution exists on a partition О”, O^ C О, of О, where superscript “h” 
signifies a spatial discrete approximation. This partition Q^ has its boundary nodes in 
дО" on the boundary 0€) of О and results from the union of N, non-overlapping elements 
Qe, Q^ = 0%, О. With Pi(Qe) and P,,(0,) the finite-dimensional function spaces of 
respectively diagonal square matrix-valued and vector-valued linear polynomials within each 
О, for each “t”, the corresponding diagonal square matrix-valued and vector-valued finite 
element discretization spaces employed in this study are defined as 





S(O") = jw" (0%): ш |, є P(A), 0, e ОЁ, Bee, ји а а) = o) 


S10") = fut E НО"): w? jwt (a 





=. = Pele), VQ, є О”, B(x Deus 


oo^ әд”? 


9, 
(11.68) 
Based on these spaces, the finite element approximation for both speed и and pressure р is 
sought as q" € S”. Significantly, the characteristics-bias formulation does not seem to be 
constrained by the LBB condition and thus permits use of the same approximation space 
for both u and p. As a result, the spatially discrete solution q^ is determined for each “t” as 


the solution of the finite element weak statement associated with (11.64) 


h 
l. (w dogaja” p (=) Es - of) ae +[ gp — = (55) (^ 23 dx = 0, 
I, e + ер" ) (2 -o4 As Ja 











да ofr 
c^ hh h.h.Jh tu h u 

o^ —] dx = 0 11.69 
[o ye CT ZA Jas ( ) 
where s^ = врп(и”) denotes the sign of и” at the centroid of each element; the linear- 


momentum discrete weak statement for an outlet node then results from a finite element 
discretization of (11.67) when an outlet pressure boundary condition is enforced. Since 
every member w^ of S! results from a linear combination of the linearly independent basis 
functions of this finite dimensional space, statement (11.69) is satisfied for N independent 
basis functions of the space, where N denotes the dimension of the space. For N mesh nodes 
within О”, there exist clusters of “master” elements О??, each comprising only those adjacent 
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elements that share a mesh node z;, which implies existence of exactly N master elements. 
Note that each master element represents a “finite volume" as used in finite volume schemes, 
which, however, do not employ the following finite element “pyramid” test functions. On 
each master element 0, the discrete test function w^ = w; = w;(x), 1 < i € N, will 
coincide with the pyramid basis function with compact support on 427". 
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Figure 11.6: Adjacent Finite Elements, Master Element, Pyramid Test Function w;(r) 


ouch a function equals one at node 2;, zero at all other mesh nodes, and also identically 
vanishes both on the boundary segments of О?” not containing z;, and elsewhere within the 
computational domain outside 9. Statement (11.69) yields a non-linear SUPG formulation, 
because the controller Y” does not remain constant, but varies as a function of a local measure 
of the discrete solution q^, as detailed in Chapter 10. As supported by several computations, 
with subscript “i” denoting numerical value at node 2, this measure is established as 


h 


dim 


Uref 


h 
__ Ра 
i Pref 1 


һ 


Џена 





= p| + u" (11.70) 








i 


and when the nodal и? is positive, this measure becomes the nodal 44 norm of qj. 


11.8.1 Galerkin Finite Element Expansions and Integrals 
The discrete solution q^ € S} at each time t assumes the form of the following linear com- 
bination 


qnse» wq (11.71) 


Me 


1 


j 
of nodal solution values and trial basis functions that coincide with the test functions w;(x) 
for a Galerkin formulation. Similarly, the source ф = ó(r,q(r,t)) and fluxes f = /f(q(x,t)), 
ft = f*(q(x,t)) and f? = f(q(x,t)) are discretized through the group expressions 


ф" (x,t) = 219; (x) ` ф [m^ (27,5) ’ y (x,t) = 219; (x) ` f (g^ (29) 


{© (0) = Y wi) f(a (ар), Peds шу m (гр) arm 


j= 


н: 
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The notation for the discrete nodal variable and fluxes is then simplified as q;(t) = q^" (2;, t), 


Qu) Sg леу u.s Ў (z5,t), i= f" (x;,t). With implied summation 
on the repeated subscript index 7, expansions (11.71)-(11.72) are then inserted into (11.69), 
which yields the discrete finite element weak statement 


У СЕС Mp — а) (92%, - wy dQ 
a О i „Ош 
LA) Cte) 
У С + =" ЕУ | wtu — Wj Pu; + 2) dQ? 


Xf ux 20. Пју а (обећа, + potes 1), ) 09 = 0 (11.73) 
" J 








where 1 < i,j < N and =" is set equal to a reference length within each element Qe, as 
shown in Chapter 10. While an expression like (11.71) for v^, o^, c^, s”, and 6” can be 
directly accommodated within (11.73), each of these variables in this study has been set 
equal to а piece wise constant for computational simplicity, one centroidal constant value 
per element Oa hence у? = a, o^ = аб, c" = со, 8" = Se, 6" = де, where We, Ae, Се, Se, 
де denote centroidal constants. Ву the same token, the remaining semi-discrete pressure 
term p^ in the characteristics-bias expression within the continuity equation is also set to 
one centroidal constant value p, within each element Qe. This simplification is only and 
exclusively employed in the characteristics-bias expression within the continuity equation; 
the discrete pressure within the entire momentum equation, including the characteristics- 
bias expression within such an equation, is precisely expressed through expansion (11.71). 
With this specification, the discrete equations simplify as 


У, С “Р себ | e Ip; = w¢ dQ 


а Gece OW; Е 
XL » (= ado, ) Е 


е 


V дш; ди, дш; 
2. L С пр i) СЕ = Шуфи, T Fhe dX? 


в Ow; дш; p 
D» |, өе тее, (ecesetn, + (8 — 1) fe, ) dt =0 (11.74) 

















Since the test and trial functions 10; are prescribed functions of x, the spatial integrations 
in (11.74) are then exactly carried out, which transforms (11.74) into a system of ordinary 
algebraic-differential equations (OADE) in continuum time for determining at each time level 
t the unknown nodal values q” (2;, t). 
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11.8.2 Discrete Upstream Bias 





For a clear comparison between traditional finite difference/volume schemes and the acoustics- 
convection finite element algorithm (11.74), at any interior node “i” of the representative 
grid in Figure 11.6, equations (11.74) with & = (Ат; 1)/2 can be equivalently recast in 
difference notation as 


Ах (1, sy Ах (1 sj 
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for the continuity equation and 
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for the linear-momentum equation. The set of equations (11.75) and (11.76) provide ап 
algebraic-differential system for the determination of both p; and u; at each and every node 
^j" within Q^. Equations (11.75), which are the discrete characteristics-bias counterpart of 
the incompressible-flow continuity equation, are the algebraic equations, for they do not fea- 
ture any time derivative of pressure. Equations (11.75), instead, are the differential equations 
in this system, for they are the discrete characteristics-bias counterpart of the incompressible- 
flow linear-momentum equations. As their structure shows, equations (11.75) and (11.76) 
feature a linear combination of two-point upstream and downstream flux differences. In these 
finite element equations, the values of the controller Y” determines the combination weights 
of the downstream and upstream expressions, and since v^ remains non-negative, these 
equations induce the appropriate upstream bias, since the upstream weight 1 + 1, 1 always 
exceeds the downstream weight 1 — w;, 1. As a result, the finite element weak statement 








(11.74) generates consistent variable-upstream-bias discrete equations that correspond to 
an upstream-bias discretizations for the original incompressible-flow quasi-one-dimensional 
Euler system within a compact block tri-diagonal matrix statement. 
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11.8.3 Boundary Equations and Pressure Boundary Condition 


The integral statement (11.74) directly yields a set of boundary equations, for both inlet 
and outlet pressure and speed. Unlike algebraic extrapolations of variables, these boundary 
equations consistently couple boundary- and interior-node variables, including time deriva- 
tives of nodal variables when the corresponding differential equation feature a derivative with 
respect to time. 

For the linear elements in this study, let N and N — 1 denote the nodes within the outlet 
boundary element, with N corresponding to the outlet node. For the discrete finite element 
equation associated with boundary node су, the test function w satisfies the conditions 
wW(zxy 4) = 0, w(ry)-— 1. From (11.74), the outlet-node algebraic-differential equations are 
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Р ) (ру — рм-1) — (1 + (st) y_1) (uy — UN-1) (11.77) 


for the continuity equation and 
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for the linear-momentum equation. These equations directly couple the time derivatives of 
the speed и at the adjacent boundary and interior nodes ry, and xy ,. A similar equation is 
then obtained at an inlet, mutatis mutandis. 

Concerning the pressure outlet boundary condition, this is naturally enforced within the 
surface integral that emerges in the momentum-equation weak statement (11.67), as shown 
in the previous section. The linear finite element discretization of such an equation leads to 
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In this equation, py denotes the outlet-node pressure, as calculated through the discrete equa- 
tions, whereas, quite significantly, Pout corresponds to the specified outlet pressure boundary 
condition. With reference to the inlet pressure boundary condition, this is directly imposed 
as pı = Pin, Which replaces the discrete continuity equation at the inlet node. 
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11.9 Implicit Runge Kutta Time Integration 





The finite element equations (11.75)-(11.76) along with appropriate boundary equations and 
conditions form a system of algebraic and differential equations. Тһе discrete continuity 
equations provide the algebraic equations and the discrete linear-momentum equations sup- 
ply the differential equations in the time variable. Although these equations feature no time 
derivatives of pressure, the implicit Runge-Kutta time integration procedure (8.5) succeeds in 
simultaneously solving the discrete continuity and linear-momentum equations and directly 
yielding the solution for both pressure and speed. 

The complete discrete characteristics-bias algebraic-differential system, inclusive of inlet 
and outlet pressure boundary conditions is cast as 


Ü = pi — Pin, 
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for the inlet node, i = 1, 
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2 
for the internal nodes, 2 < i < N — 1, and 
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= (1+ (80) уз) (му — uias) – (806) (рх — Ру-1) — (pou — Ру) – Pw-1) (11.82) 
for the outlet node, + = N. With Q denoting the array of nodal pressure and speed 


9 — . (11.83) 


UN 


and F denoting an array of fluxes, source terms and characteristics-bias expressions, equa- 
tions (11.80)-(11.82) are abridged as the non-linear algebraic-differential system 
dQ (t 
Meo — F(t, Q(t) (11.84) 
Since the discrete continuity equations within (11.80)-(11.82) do not contain any time deriva- 
tives of pressure, the “mass” matrix M contains N zero rows in addition to rows expressing 
the coupling of time derivatives of nodal speeds. ‘This matrix can be expressed in the form 





0 
Тој 1199 M23 
0 
М = i e (11.85) 
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A set of representative equations for pressure and speed at an internal node are thus cast 


as 


0 = ш Di (t, Q) 
du; 4 du; ди 
» TOM ee E е 11. 
dt + Mii dt + Mi 2+1 dt Ui (6 Q) ( 86) 


where F, (t, Q) and F,,(t,Q) correspond to the right-hand sides in (11.80)-(11.82). 
The algebraic-differential system (11.84) is integrated through the two-stage implicit 
Runge-Kutta procedure 
Qni ба = буку + 05А 

МЕК = AL (la + CAT, C) “Р аду Kı) 

M Ko = Al: d. (tin + Co А, am + Ao, Kı + 125 Кә) (11.87) 
The Runge-Kutta arrays Kı and К» correspond to variations AQ; and AQ» of the solution 
array Q. The first expression in (11.87) thus corresponds to the linear combination 


Сада — Qn = АС + 62246 (11.88) 


The terminal numerical solution for the second and third expression in (11.87) is then 
determined using Newton’s method in linearized one step mode or non-linear form. For the 
implicit fully-coupled computation of the IRK arrays К;, Newton’s method is cast as 


M — ам (25) (KP — Kf) = At F(t, + GAt, Qf) - MK; 
u 0Q Qt 1 1 n 1 ) «1 i 


Qf = Qn + a4 Kf + а К (11.89) 
where а; = 0 for j > i, superscript # denotes the iteration index, and Kf = K; for i = 2; in 
direct solution mode, £ = 1 and К} = 0. For a representative set of discrete continuity and 
linear-momentum equations, expression (11.89) becomes 


E B) | (Kf — Kf) = Fo (tn + At, Qf) 





£ 
м. agit e | (KP — Kf) = At F, (ta Њом Qf) – м.к; (11.90) 
02 Jo! 

Despite the absence of any time derivatives of pressure within (11.84), such equations 
simultaneously couple the discrete continuity and linear-momentum equations and yield the 
solution for Au and Ap. The distributions of p and и within Q then directly evolve from 
the first expression in (11.87), hence 





Dni — Ра = — 51A pi + Ар» 
Until ~ Un = бу Дил + by Aug (11.91) 


As the results in the following section bear out, the simultaneous solution of the coupled 
discrete characteristics-bias continuity and linear-momentum equations directly generates a 
stable solution for both pressure and speed without requiring any further post-processing 
calculations for pressure or speed. 
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11.10 Reference Exact Solutions 


The incompressible quasi-one-dimensional flow within a converging - diverging nozzle is 
uniquely defined by the nozzle cross-sectional area distribution and the inlet and outlet 
pressure. The cross-sectional area and one pressure, inlet or outlet, can be freely prescribed. 
The remaining pressure has to satisfy a constraint that prevents the manifestation of a 
vacuum flow at the nozzle throat. This section details the reference exact solution of the 
quasi-one-dimensional incompressible-flow equations 





ди udA _ 


on ae ШЕШ - 
11.92 
DI. D^ ues и? dA 


The absence of any time derivative of pressure in the continuity equations, as shown, leads 
to unbounded wave propagation speeds. Аз a direct result, inlet and outlet pressure bound- 
ary conditions lead to physically meaningful pressure and speed that do depend upon time, 
but do not exhibit a finite-speed wave propagation structure and remain independent of 
the initial spatial distributions of speed and pressure. А theoretically instantaneous adjust- 
ment of speed and pressure throughout the nozzle occurs from an initial distribution to the 
distributions induced by both the nozzle shape and pressure boundary conditions. 





11.10.1 General Solution 


System 11.92 can be cast as 
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The continuity equation in this system yields 
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where u; and и, respectively denote the inlet and outlet nozzle speeds. ‘This solution leads 
to the following time derivative of the local speed и = u(x,t) 





(11.94) 
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Insertion of this derivative into the linear-momentum equation in system (11.93) yields the 


differential equation 
du; А, О u? 
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which can be integrated in space to yield 
du; [= A; u^ (x, t) и? (t) 
= gU X = ———— pa а 
dt J4 A(X) gt Piet) — 5 








- pit) (11.97) 


11.10.2 Particular Solution 


The particular solution corresponding to prescribed inlet and outlet pressure boundary condi- 
tions evolves from the general solution as follows. Let x, denote the nozzle outlet coordinate. 
Equation (11.97) at x = x, thus yields the ordinary differential equation 
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Through (11.94), this result becomes 
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For prescribed р; = p;(t) and p, = р,(#), therefore, this differential equation yields both the 
inlet speed и; = u;(t) and its time derivative, consistent to a prescribed initial inlet speed 
u;(0) = шо. The distribution of nozzle speed и = u(x,t) follows as 


А 
t) = u,—~ 11.101 
щш) = war (11.101) 
and with this solution, equation (11.97) fully determines the distribution of nozzle pressure 
p = p(z, t). 









































р(2,+) = p;(t) + > [ – Cx) – а Ја AX) dX (11.102) 
11.10.3 Solution Properties 
The particular solution can be expressed as 
mi +ай = b(pi(t - polt)) TORT 
А; 
a= (11.103) 
p(x, t) = pit) T 9 [ > e n dt " А(Х) 
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A visual inspection of this solution reveals several unique properties. Despite the absence 
of any time-derivative of pressure in the continuity equation, both speed и and pressure p 
do depend upon time. However, the solution does not posses a finite-speed wave structure 
for either speed u or pressure p. Furthermore, no dependence exists on any initial spatial 
distribution of either и or p. The spatial distributions of both и and p throughout the nozzle, 
therefore, instantaneously follow the inlet and outlet time variations of pressure. The second 
equation in (11.103) shows the volumetric flow rate Q(t) = u(z,t)A(x) = u;A; does not 
depend upon x but only on t. At each time level, therefore, Q remains constant at every 
location along a duct axis. 

The discussion on the boundary conditions that promote a physically meaningful solution 
remains delicate. Тће characteristic analysis for the incompressible quasi-one-dimensional 
equations has revealed that at both inlet and outlet one eigenvalue remains negative and the 
other remains positive. One boundary condition only is thus required at both the inlet and 
outlet 

Suppose the inlet speed were prescribed. ‘This selection would immediately constrain 
the outlet speed, following the second equation in (11.103). A constrained outlet speed 
corresponds to an outlet boundary condition on speed. No further boundary conditions could 
then be prescribed. This selection of boundary constraints, however, would not completely 
determine pressure, for the first equation in (11.103) would only determine the pressure 
difference p;(t) — p,(t), hence pressure would remain defined up to an arbitrary constant only. 
Similar conclusions follow when the outlet speed is initially specified. The specification of 
any boundary speed, therefore, yields no complete solution for pressure. 

Even though it appears system (11.103) algebraically allows the specification of one speed 
and one pressure, effectively such specification corresponds to 3 boundary conditions, hence 
an over specification. Likewise, it even appears (11.103) allows the specification of pressure 
and speed both at the inlet or the outlet, but such exclusive specification contradicts the 
two-way unbounded-speed information propagation of an incompressible flow, which requires 
one boundary condition at the inlet and one at the outlet. 

The resolution of this seemingly paradoxical situation remains simple. From whatever 
combination of boundary specifications that include one boundary pressure, system (11.103) 
provides the corresponding inlet and outlet pressure magnitudes. Use of these magnitudes 
as pressure boundary conditions in (11.103) or in a numerical solution of (11.92) will then 
yield а physical flow that provides the initial combination of boundary specifications. 























11.10.4 ‘Transient Solution 


System (11.103) generates a transient solution that asymptotically attains a steady state, 
subject to the simple specifications 


Ap = p;(t) — ро(ћ) = constant, u,;(0) = 0 (11.104) 
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With these specifications, the ordinary differential equation in (11.103) is exactly integrated, 





which yields the following solution for the inlet speed и; = u;(t) 
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(11.105) 


This solution for u;, in turn, leads to the following distributions for the nozzle speed and 














pressure 
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11.10.5 Steady State Solution 
For unbounded time, the transient solution 
1 — exp (-2¢ abAp) 
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and (11.106) lead to the steady state solution 
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(11.107) 


(11.108) 


(11.109) 


(11.110) 


where p,, and p,. respectively denote the stagnation and throat pressure. The first equation 
in (11.109) corresponds to a non-dimensional Bernoulli equation and shows the stagnation 
pressure p,, results from a theoretically vanishing speed, which, in turn, correlates with a 
theoretically unbounded “reservoir” cross section A,. The equation additionally shows p,, 
does not depend upon т, but only on t. At each time level, therefore, the sum of local 
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pressure and half of the speed squared remains constant at every location along a duct axis. 
Accordingly, as the duct speed increases the local pressure p will decrease. 

The distribution of и = u(x), in particular, shows that the speed increases as the cross 
section decreases and thus the maximum speed takes place at the nozzle throat. For a 
physical flow, however, this maximum speed cannot increase unboundedly, but must remain 
constrained by the condition that pressure must remain positive and cannot vanish. The 
minimum pressure, that is the throat pressure р,., must remain non-negative, which leads to 


the constraints 
AY ps 
bit» 


Aa | 

Ar 
Furthermore, for a mechanically realistic flow from duct inlet to outlet the inlet pressure p; 
must exceed the outlet pressure po, hence 


A tai 
А. А, 
КА. 
=] —1 
5 | 
These pressure specifications lead to the following constraint on the ratio of outlet pressure 


over inlet pressure 
A (Ay 
Ag As Po 


med (11.113) 
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The condition of a “vacuum” corresponds to a vanishing throat pressure p,, which the- 
oretically can exist at the “vacuum” throat A,. This reference cross-section area is defined 


by 
AN? 
(i) -1 A, 
0 = p; – Apr“ de (11.114) 
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The corresponding vacuum speed evolves as 
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11.10.6 Similarity Solution 





The defining flow information can be expressed as 

(8) -G 
A, : А, < Ро 2 
Ay 

which uniquely establishes a quasi-one dimensional isentropic incompressible flow within a 


converging-diverging nozzle. The corresponding vacuum cross sectional area and stagnation 
pressure follow as 





A = A(x), р, Po with 
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Likewise, the vacuum and inlet speeds become 
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Stagnation- and Vacuum-State Reference 





By definition, the incompressible-flow number is expressed as 
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+= — (11.117) 
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The ratio of local over stagnation pressure then depends on Š as 
u? чя з р 2 
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The vacuum state corresponds to a vanishing pressure. Result (11.118) shows a vanishing 
pressure obtains for an unbounded < number 


li = 0 (11.119) 
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Soo 2 + Sy? 

The vacuum speed u,, therefore, corresponds to an unbounded & number. Independently of 
the vacuum condition, let и, denote the throat speed. The definition of the S number leads 
to the ratio 














2 см2 см2 см2 2 ES g2 
U S$ 5 S$ 

а : OQ a се 2+ 22 смо : (11.120) 
uU Веја Pade, 3^ (= 


308 CFD Investigation of Quasi-1-D Incompressible Flows 





The corresponding ratio based on the vacuum speed follows as 
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The corresponding area ratio and S number in terms of area ratio become 
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Inlet-State Reference 


With these results, the inlet and local < number evolve as 














The local flow pressure and speed can then result from the ratios 
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which provide a complete solution for the steady quasi-one-dimensional flow within а converging- 
diverging nozzle. 

















11.11 Computational Results 


The computational results have validated the accuracy and essential-monotonicity perfor- 
mance of the acoustics-convection upstream resolution algorithm for unsteady, transient, and 
steady incompressible flows. ‘The benchmarks in this section cover a total of 3 different flows 
within a convergent-divergent, Venturi, tube. 

The non-dimensional cross-sectional area distribution for this Venturi tube is 
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Figure 11.7: Variation of Non-dimensional Cross-sectional Area A = A(x) 


The nozzle cross-section area distribution remains continuous with continuous slopes, but 
contains a discontinuous throat curvature, as shown in Figure 11.7. This feature induces a 
nozzle-throat discontinuous curvature in the flow variables. For this cross-sectional area, the 
exact-solution integrals exactly evaluate as follows 
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The corresponding spatial computational domain €) for all the results presented in this 
section is defined as: О = [a,b] = [0,1], uniformly discretized into 100 linear finite elements, 
hence Az — 0.01. For each benchmark, the calculations proceeded with a prescribed constant 
maximum Courant number Cmax defined as 


At 
Cmax = maxt[u + Уш? + c|, ju — vu? + e|} x CET) 


Given Az and Сах for each benchmark, the corresponding time step At is thus determined 


as 
Cn AT 


шах |u + vu? + с, |u — Vu? + еј] 


As detailed in Chapter 10, the upstream-bias controller uses one scalar component of the 
dependent variable q. In this study, the algorithm has employed static pressure p to calculate 


ф. 





At = (11.128) 
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All the solutions in these validations are presented in non dimensional form, with pressure 
p made dimensionless through inlet pressure p;. The non-dimensional speed is obtained by 





the reference speed и, = /pi/p. The results in this section show the characteristics-bias 
procedure has consistently and directly generated non-oscillatory results for both pressure p 
and speed и that reflect available exact solutions. 


11.11.1 Unsteady Flow: Periodic Outlet Pressure 


This benchmark determines the genuinely unsteady incompressible flow that results from 
a periodic time variation of the outlet pressure. With a constant inlet pressure, the flow 
within the Venturi tube is characterized by a pressure distribution that approaches the time 
variation of the outlet pressure, at locations near the tube outlet. The associated distribution 
of speed remains unsteady throughout the tube. 

For the given nozzle, the pressure-ratio constraint (11.113) yields the minimum outlet- 
inlet pressure ratio 
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For a genuinely unsteady incompressible flow, consider then the following pressure magni- 


tudes 
2 E 
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and impose a cosine-wave variation of the outlet pressure. These specifications yield the 
time-dependent variations 
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The general ordinary differential equation for the inlet speed u; 
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specifically corresponds to the prescribed nozzle and pressure boundary conditions through 
the following magnitudes of the constants a and 5 
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The terminal non-linear differential equation for и; thus becomes 
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With this equation, both u; and » have been determined numerically, subject to the initial 


condition u;(0) = 0. Since at every instant t the inlet pressure remains greater than the 
outlet pressure, the flow will continuously proceed from the inlet to the outlet. At t = 0, the 
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outlet pressure begins to decrease from its maximum and the flow starts developing. After 
the initial transient, the distributions of pressure and speed at each location within the tube 
become periodic functions of time. 

Figure 11.8-a) shows the variation of outlet pressure р, and the calculated variations of 
both inlet speed и; and its time derivative. 
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Figure 11.8: Unsteady Flow, 0 € t < 100: a) po, ш, => vs. t; b) ш, тщ VS. Do 


This variation for u; results from a numerical solution of equation (11.133) and reflects the 
corresponding variation from the characteristics-bias discrete equations. This figure presents 
these variations for a total of 16 complete periods of outlet pressure, corresponding to the 
time range 0 € t < 100. As the figure shows, the transient for both u; and i completes 
d become periodic functions 


toward their periodic states, but 








in about 1.5 periods of outlet pressure. Thereafter, u; and 
of t. Figure 11.8-b) also shows the evolution of u; and Du 
in a different format. This figure displays u; and D plotted versus p, and shows that the 
periodic variations of these two variables versus p, correspond to variations within closed 
elliptical orbits. 


Figures 11.9-a)-b) present similar variations for u; and 








du; 
dt ` 
variations for a reduced time range, 0 < t < 30 and Figure 11.9-b) shows 





Figure 11.9-a) presents the 


du 
dt 





i Versus Uj. 
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Figure 11.9: Unsteady Flow, 0 < t < 30: a) po, uj, du; vs. t; b) du, VS. Ui 





The characteristics-bias algorithm has generated the spatial distributions for pressure p 
and speed u at a Cmax = 1, as shown in Figures 11.10-а)-ђ) and Figures 11.11-a)-b). The 
controller minimum and maximum were set to Ymin = 0.3 and Ymax = 0.5; nevertheless, the 
calculated ~ remained nearly equal to its minimum without ever rising to its maximum. It 
was observed the calculated solution for both p and и remained close to the exact solution for 
0.3 € v. These calculated distributions for p and u reflect the corresponding exact solutions 
indicated with a solid line. In particular, the CFD solutions remain smooth and undistorted. 

The figures present these distributions for 5 time levels. The first time level correspond 
to t = 2.69, which virtually lies in the middle of the transient phase. ‘The corresponding 
distribution of pressure at this stage does not yet reflect the variation of the tube cross- 
sectional area, unlike the distribution of и, which must always correlate with the distribution 
of cross-sectional area, because of the absence of any time derivative of pressure within the 
continuity equation. ‘The other 4 time levels correspond to instants after the first 9 periods 
of outlet pressure. 
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the characteristics-bias numerical solutions for p and и remain indistinguishable from the 
exact solutions. In particular, the outlet boundary-condition enforcement strategy within 
the linear-momentum equation leads to a smooth pressure distribution throughout the tube. 

The numerical solution in figures 11.11-a)-b) correspond to the incompressible-flow num- 
ber SY and the volumetric flow rate Q = u(z,t)A(x). For all time levels, the distribution of 
S closely reflect the exact distribution. The calculated distribution of volumetric mass low 
rate Q conveys the ability of the characteristics-bias algorithm to conserve mass, a critical 
requirement of any incompressible-flow solver. For any tube cross-sectional area distribu- 
tion, Q = u(z, t) A(z) must not vary with 2, as implied by the continuity equation. However, 
Q can vary with time, as a result of a time variation of the inlet speed u;. Although the 
characteristics-bias continuity equation features a reference acoustic term that depends on 
pressure, the calculated distribution of Q remains constant at all positions within the tube 
and it increases following the rise in inlet speed. These distributions, furthermore, reflect 
the exact volumetric flow rate. Despite the absence of any time-derivative of pressure, the 
characteristics-bias algorithm, therefore, has generated distributions for p and и that follow 
the exact solution at all time levels. These results have been generated by a direct numer- 
ical solution the incompressible-flow continuity and linear-momentum equations subject to 
physical pressure boundary conditions. 











11.11.2 Transient and Steady State Flow 


This benchmark tests the capability of the algorithm to calculate transient and steady dis- 
tributions of pressure and speed. ‘The flow evolves from an initially quiescent field with 
uniform pressure that is the subject to а constant inlet pressure, which exceeds a constant 
outlet pressure. 
The specified distribution of tube cross-sectional areas lead to the following area magni- 
tudes 
5 3 A; 5 


A; m "m A = | A, — 5 == 11.154 
2 7 2" А. 3 ( ) 


From result (11.113), the outlet-inlet pressure ratio has to satisfy the constraint 








125. -Po 
0.0014 ~ — < — «1 11.135 
189 ~ 


Pi 
A realistic flow can thus evolve from the pressure specifications 


3 1 
Pi = 1, Do = A = 0.77, Pi — Po = Д (11.136) 





This flow is numerically calculated by enforcing a constant step decrease in outlet pressure, 
from the initial p, = 1 to the terminal p, = ч 


Transient Flow 


Figures 11.12-11.13 present the solution generated with Cmax = 1.0. The controller minimum 
and maximum were again to Ymin = 0.3 and Ymax = 0.5; nevertheless, the calculated wv 
remained nearly equal to its minimum without ever rising to its maximum. It was observed 
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the calculated solution for both р and и reflect the exact solution for 0.3 < ф. With these 
settings for v», the calculated solution remains smooth throughout the computational domain. 

Figure 11.12-a)-b) present the transient distributions for p and и for 4 time levels. At 
the first time level t = 0.5 the corresponding distributions for p and и lie close to the initial 
state. The distribution of pressure at this stage does not yet reflect the variation of the tube 
cross-sectional area, yet the sudden change from the initial condition remains quite evident 
in the figure. 

The distributions for p and и at the other time levels show the transient progression 
toward the terminal steady state. In particular these distributions display a curvature dis- 
continuity at the tube throat, as induced by the curvature discontinuity in the distribution of 
tube cross-sectional area. The smooth variations of pressure reflect the exact solution at all 
time levels, and show that the calculated outlet pressure remains equal to the prescribed pres- 
sure, which confirms the reliability of the boundary-condition enforcement strategy through 
the linear-momentum equation. The variations of speed и also reflect the exact solution at 
all time levels. These variations remain smooth and display the expected increase in и at 
the tube throat as the solution approaches its steady state 
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Figure 11.12: Transient-Flow Distributions: a) Pressure р; b) Speed и 


Figure 11.13-a)-b) show the calculated incompressible-flow number S and volumetric flow 
rate Q = u(z,t) A(x). 
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Figure 11.13: Transient-Flow Distributions: a) S; b) Volumetric Flow Rate Q 


For all time levels, the distribution of S remain indistinguishable from the exact variation. 
The distribution of Q shown in Figure 11.13-b) remains constant at all positions within the 
tube and it increases following the rise in inlet speed. These distributions, furthermore, 


reflect the exact volumetric flow rate. 


Steady Flow 


The pressure specifications (11.136) induce the following reference quantities 
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Figures 11.14-11.16 present the steady solution generated with Сах = 200. 
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(11.140) 


Computational Results 517 








1 Н рү, 14 


0.9 





Initial 
0.8 Conditions | 
0.7 1 
0.6 0.8 
0.5 
0.4 о 
0.3 0.4 
Initial 
0.2 Conditions 
0.2 
0.1 Exact И | 
0 0 
0 0.2 0.4 0.6 0.8 1 
а) x 





0.2 0.4 0.6 0.8 1 
b) x 





Figure 11.15: Steady-Flow Distributions: a) S; b) Characteristics-Bias Functions a, б 


As in the calculation of the transient flow, the controller minimum and maximum were 
again set to Ymin = 0.3 and Ymax = 0.5. The calculated ф remained nearly equal to its 
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minimum without ever rising to its maximum. Again, the calculated solution for both p and 
и remained close to the exact solution for 0.3 < vy. With these settings for v, the calculated 
solution remains smooth throughout the computational domain. 

The distributions of pressure and speed in Figure 11.14 a)-b) follow the corresponding 
exact solutions, with the curvature discontinuity at the tube throat clearly resolved. ‘These 
distributions of pressure and speed also reflect the reference magnitudes (11.137)-(11.140). 

Figure 11.15 presents the distribution of the incompressible-flow number <, which also 
reflect the exact solution, and the corresponding distributions of the acoustics and pressure- 
gradient characteristics-bias functions а and д. According to these distributions, the acous- 
tics upstream-bias a controls rapidly decreases for increasing S. For these SY magnitudes, 
therefore, the effect of the characteristics-bias spatial derivative of pressure term within 
the continuity equation quickly diminishes. Regardless of this pressure term, however, the 
calculated solution is seen to mirror the exact distributions. For increasing <, the pressure- 
gradient controller д briskly rises, which increases the upstream-bias in the approximation 
of the pressure gradient. 

The characteristics-bias approximation ensures stability in the direct numerical solution 
of the continuity and linear-momentum equations. It also leads to distributions that conserve 
both mass and stagnation pressure, as Figure 11.16-a) illustrates in terms of the calculated 
S, Q, and p,,. Despite the significant variation of S, hence p and u, the calculated volumetric 
flow rate Q and stagnation pressure p,, remain essentially constant throughout the Venturi 
tube and reflect the exact magnitudes in (11.137)-(11.140). 
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Figure 11.16: Steady-Flow Distributions: a) S, Q, pst; b) Convergence Rate 





Figure 11.16-b) presents the convergence rate toward steady state, measured through the 
maximum residual at each time level. The steady state was achieved in about 50 time steps, 
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with Cmax = 200 and a reduction of the maximum residual by 14 orders of magnitude, down 
to machine zero. A reduction of the maximum residual by over 8 orders of magnitude was 
achieved within 25 time steps. Not only does the characteristics-bias formulation generate 
smooth solutions that mirror exact distributions, but it also provides an essentially monotone 
rapid convergence to a steady state that remains genuinely steady. 


11.12 Computational Performance 


The acoustics-convection upstream resolution algorithm rests on the physics and mathemat- 
ics of acoustics and convection. It introduces a decomposition of the flux vector Jacobian 
into acoustics and convection matrix components and generates the upstream bias at the 
differential equation level before any discrete approximation. This characteristics-bias algo- 
rithm generates a characteristics-bias flux that generalizes in the continuum the traditional 
upwind-scheme numerical fluxes. Such a formulation also admits a straightforward implicit 
implementation, features a computational simplicity that parallels a traditional centered dis- 
cretization, and rationally decreases superfluous artificial diffusion. Despite the absence of 
any time derivative of pressure within the governing equations, the algorithm simultaneously 
solves the coupled continuity and linear - momentum equations. Without employing any ar- 
tificial time derivative of pressure, the procedure directly generates pressure and velocity 
fields for both steady and unsteady flows. This formulation directly enforces the outlet pres- 
sure within the surface integral that emerges in the momentum-equation weak statement. 
The computed solutions at nozzle outlets remain smooth and undistorted and mirror the 
exact reference solutions, which bears out the reliability of this pressure boundary condition. 
А natural finite element discretization of the characteristics-bias system, with equal- 
order elements for pressure and speed, generates an essentially centered approximation of 
the incompressible-flow Euler equations, in the form of a non-linear combination of upstream 
diffusive and downstream anti-diffusive flux differences, with greater bias on the upstream 
diffusive flux difference. The study in this chapter has implemented the algorithm using a 
linear approximation of fluxes within two-noded cells, without any MUSCL-type local extrap- 
olation of variables. According to the solution-driven numerical values of the upstream-bias 
controller, the computed solutions resulted from a mostly centered discretization. ‘This find- 
ing indicates that a uniformly fully upwind formulation is not strictly necessary within a 
characteristics-bias algorithm to generate essentially crisp and non-oscillatory solutions for 
genuinely unsteady, transient, and steady incompressible flows. The algorithm reduces arti- 
ficial dissipation and generates asymptotically converging solutions that agree with the exact 
reference solutions. The calculations for steady flows rapidly converge to steady state and 
for steady and unsteady flows the algorithm conserves both mass and stagnation pressure. 

















Сћарђег 12 


Numerical Study of Generalized 
Quasi-1-D Free Surface Flows 


This chapter documents performance of the Gravity-Wave-Convection Upstream Resolu- 
tion Algorithm for the numerical investigation of adiabatic and non-adiabatic generalized 
free-surface flows also with embedded hydraulic jumps. The algorithm employs a gravity- 
wave-convection decomposition of the system flux Jacobian and induces the upstream bias 
at the differential - equation level, before any discretization, within a characteristics-bias 
system associated with the governing equations. This characteristics-bias system essentially 
combines the governing system with a regularizing hyperbolic-parabolic; the perturbation 
parameter is then linked to the product of a mesh measure and solution smoothness measure, 
so that the regularized solution approaches the corresponding weak solution of the governing 
equations as the mesh is refined. 

This formulation becomes Galilean invariant and allows the exact solution of govern- 
ing equations also to satisfy the characteristics-bias system in regions of supercritical flow. 
Directly resulting from the upwind-bias representation of the source term and time deriva- 
tive, this property reduces upwind diffusion and practically leads to converging essentially 
non-oscillatory or monotone solutions for both steady and unsteady problems, with crisp 
capturing of not only hydraulic jumps, but also energy contact discontinuities. For low sub- 
critical Froude numbers, this formulation returns a consistent upstream-bias approximation 
for the wave celerity equations. For supercritical Froude numbers, the formulation smoothly 
becomes an upstream-bias approximation of the entire inviscid flux. With the objective of 
minimizing induced artificial diffusion, the formulation non-linearly induces upstream-bias 
essentially locally in regions of solution discontinuities, whereas it decreases the upstream- 
bias in regions of solution smoothness. 

The gravity-wave-convection flux Jacobian decomposition consists of components that 
genuinely model the physics of gravity-wave propagation and convection. These components 
combine the computational simplicity of FVS with the accuracy and stability of FDS and also 
feature eigenvalues with uniform algebraic sign. This formulation eliminates the unstable 
linear-dependence problem in steady low-Froude-number flows and satisfies by design the 
upstream-bias stability condition. 

The discrete equations originate from a Galerkin finite element discretization of the 
characteristic-bias system. This finite element discretization naturally and automatically 
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leads to consistent boundary differential equations and a new outlet pressure boundary con- 
dition that does not require any algebraic extrapolation of variables. The resulting discrete 
equations correspond to an essentially centered discretization in the form of a non-linear com- 
bination of upstream diffusive and downstream anti-diffusive flux differences, with greater 
bias on the upstream diffusive flux difference. ‘This formulation also directly accommo- 
dates an implicit solver, for the required Jacobian matrices are analytically determined in 
a straightforward manner. The finite element equations are then integrated in time within 
a compact block tri-diagonal matrix statement by way of an implicit non-linearly stable 
Runge-Kutta algorithm for stiff systems. 

The operation count for this algorithm is comparable to that of a simple flux vector split- 
ting algorithm. The developments in this study have employed basic two-noded cells, which 
has thus led to a block tridiagonal matrix system, for the implicit formulation. To determine 
the ultimate accuracy of linear approximations of fluxes within two-noded cells, for a compu- 
tationally efficient implementation, this study employs no MUSCL-type local extrapolation 
of dependent variables. Several numerical investigations document the theoretical accuracy 
of the formulation and show that for the linear-basis implementation, the corresponding so- 
lutions asymptotically converge in the H? and H! norms, at a rate that equals up to 3, in 
the H? norm, and exponentially converge to steady state, with Courant numbers up to 200. 
Displaying but minimal upwind artificial diffusion, the computational results for generalized 
free-surface flows reflect available exact solutions for flows within straight and converging- 
diverging channels with shaft work, mass as well as heat transfer, wall friction and variable 
bathymetry. These results keep mass flow and enthalpy constant across hydraulic jumps 
and show the direct mass-transfer and bed-slope effect on the location and strength of a 
hydraulic jump, with sufficient mass transfer and upward bed slope capable of leading to 
complete hydraulic jump elimination. 





12.1 One-Dimensional 
Free-Surface Flow Characteristics 


Following the developments in previous chapters, the generalized non-dimensional depth- 
averaged equations, with respect to an inertial reference frame, are expressed as 
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where s = sgn(m) and rh, is defined as 
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This quasi-one-dimensional system can be expressed as 
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where the independent variable (x,t) varies in the domain D = Оу х fto, T], Ој = [пл x. 
and the system consists of the continuity, linear-momentum, and energy equations. ‘This 
system consists of the continuity, linear- momentum and total-energy equations, with arrays 
of dependent variables q = q(z,t), f = f(q) and ¢ = ф(х, д) defined as 
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The characteristic speeds associated with system (12.3) are the eigenvalues of the flux 
vector Jacobian 
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These eigenvalues have been exactly determined in closed form as 


М =u, 2 = ис, c=vh (12.6) 
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where superscript “f,” indicates a free-surface eigenvalue and “с” denotes the gravity-wave 
celerity. Dividing by c, the corresponding form of these eigenvalues is 


A= Fr, М№з = Ет +1, ma (12.7) 





where Fr denotes the Froude number. Figure 12.1 
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Figure 12.1: Free-Surface Flow Eigenvalues 


portrays the variation of these eigenvalues and shows A4 remains negative for subcritical 
flows, Fr < 1, vanishes for critical flows, Fr = 1, and becomes positive for supercritical 
flows, Fr > 1. This change in sign affects the direction of wave propagation depending on 
Fr: 

These eigenvalues correspond to the slopes of the characteristics, as portrayed in Fig- 
ure 12.2 for representative hypercritical, supercritical, critical, and subcritical flows. This 
figure shows the characteristics in a neighborhood of a flow field point P in a (t, x) plane. As 
an interesting geometric difference among supercritical, critical, and subcritical flows, a time 
axis through P is respectively outside, on the boundary, and inside the domain of dependence 
and range of influence of point P. Wave propagation for supercritical flows essentially occurs 
by convection, mono-axially from upstream to downstream of P; the critical case becomes a 
limiting case; for subcritical flows, instead, wave propagation occurs by both convection and 
gravitation, bi-modally from both upstream and downstream toward and then away from Р; 
for vanishing Froude number, wave propagation is essentially gravitational. 

Since free-surface wave propagation physically occurs by gravitation and convection, the 
characteristics-bias formulation in the following sections is mathematically based on this 
coupled gravitational-convection wave propagation. ‘The formulation identifies the genuine 
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Figure 12.2: Characteristics: a) Hypercritical, b) Supercritical, с) Critical, 4) Subcritical 


convection and gravitation components within the flux Jacobian and then establishes a 
physically consistent upstream representation for each of these components. The next section 
identifies and discusses the gravity-wave components. 


12.2 Gravity-Wave Equations 


The free-surface system 

да _ 4, 9100) 

Ot Ox 
contains the gravity-wave equations for vanishing Froude numbers. Identification of these 
equations yields the gravity-wave component of the free-surface flux Jacobian for any Froude 
number. Upon restricting the source term @ to the variable-width terms, for simplicity, and 
expressing momentum m in terms of the Froude number Fr as m = hcFr u/|u|, c = gh, 
the free-surface system (12.8) becomes 


= 0 (12.8) 
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and for а vanishing Froude number, these equations reduce to the gravity-wave system 
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Heed that the energy equation toward steady state, in this case, is no longer linearly indepen- 
dent from the continuity equation. The dependent variables in these equations correspond 
to those in a flow field that originates from slight perturbations to an otherwise quiescent 
field. The matrix A?" 
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has the eigenvalues 
At =0, №з= Жс (12.12) 


This matrix, accordingly, can be termed the “gravity-wave” matrix, for its eigenvalues equal 
the gravity-wave celerity c for any Froude number. Despite its zero eigenvalue, A?" features 
a complete set of eigenvectors and thus possesses the similarity form 
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where the diagonal matrix Л" equals 


= = U x UU 
ASP = | 0 , -c , 0 (12.14) 
бу О . 0 


The corresponding eigenvector matrices X and X~! are 
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This similarity transformation is employed in the gravity-wave flux-Jacobian decomposition, 
as shown in the next section. 
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12.3 Free-Surface Gravity-Wave-Convection 
Flux Jacobian Decomposition 


The characteristics-bias formulation for the free-surface system 
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emerges from a decomposition of the flux-vector Jacobian д] /0q into gravity-wave and con- 
vection components. The following section determines these components. 


12.3.1 Convection and Pressure-Gradient Components 





The flux divergence A can be decomposed into convection and pressure-gradient components 
as 
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where f1 and f? respectively denote the convection and pressure fluxes, defined as 
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The non-dimensional eigenvalues of the flux vector Jacobian Of /0q = Of4/0q + Of? /Oq are 
Ау = Fr, Мо = BPO (12.19) 


For supercritical flows, the eigenvalues (12.19) all have the same algebraic sign and the entire 
flux divergence can be upstream approximated along one single direction. For subcritical 
flows these eigenvalues have mixed algebraic sign and an upstream approximation for the 
flux divergence along one single direction remains inconsistent with the two-way propagation 
of gravity waves. Without the pressure gradient in the momentum equation, however, the 
corresponding flux-Jacobian eigenvalues all have the same algebraic sign and the resulting 
convection flux divergence can then be upstream approximated along one single direction. 
The flux divergence can thus be decomposed as the linear combination 

Ж 4 er” Of? 

a = [resa | + Ја ae). 0<8<1 (12.20) 
where the positive pressure-gradient partition function 8 can be chosen in such a way that 
all the eigenvalues of each of the two components between brackets in (12.20) keep the 
same algebraic sign for all Froude numbers. In this manner, these entire components can 
be upstream approximated along single directions. This choice for 2 is possible because 
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the eigenvalues of a matrix are continuous functions of the matrix entries and hence all the 
eigenvalues for the components in (12.20) will continuously depend upon 8. The function 8 
will gradually increase toward 1 for increasing Froude number, so that an upstream approx- 
imation for the components in (12.20) smoothly approaches and then becomes an upstream 
approximation for the entire A along one single direction. Decomposition (12.20) is thus 
used for an upstream approximation of the flux divergence for subcritical and supercritical 
flows. 

For low and vanishing Froude numbers, decomposition (12.20), however, is insufficient 
for an accurate upstream modeling of gravity waves. For a Froude number that approaches 
zero, the free-surface eigenvalues (12.19) can all keep the same algebraic sign only if the 
gravity-wave celerity contribution vanishes, which corresponds to a vanishing pressure gradi- 
ent contribution and hence 8 approaching zero. But for 8 approaching zero, the eigenvalues 
associated with the components in (12.20) approach the eigenvalues of the Jacobians 








0 , 1 , 0 
: 2m 
ој“ E all 
fela) т | а í 9 (12.21) 
Од m (p, ће n 1 EA ђе m 
h? 2) 7 2) > h 
and 
0 0 0 
D И ’ 
or =|c ,0, 0 (12.22) 
d 0,0, 0 
The eigenvalues of these Jacobians respectively are 
№ 3 = n (12.23) 
and 
Ма= 0 (12.24) 


which certainly all keep the same algebraic sign, but for vanishing Froude number remain 
far less than the dominant gravity-wave celerity c. For low Froude numbers, therefore, an 
upstream approximation for the components in (12.20) would inaccurately model the physics 
of gravity-wave propagation. This difficulty is resolved by further decomposing the pressure 
gradient in (12.17) in terms of a genuine gravity-wave component, for accurate upstream 
modeling of gravity waves. 





12.3.2 Gravity-Wave Components 


Based on the gravity-wave equations (12.10), the flux divergence ог сап be alternatively 


decomposed for arbitrary Froude numbers and corresponding dependent variables ћ, m, and 


pus 0f aft о др ој a 
ae = о + (дев a 5 


Ox Ox Ox Ox (1220) 
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In this decomposition, the matrices A9" and А" are defined as 


0, 1 ‚ 0 0 , =] „ U 
2 
0 
А#®=| © ? 1 p2 Д. , А" = 1 : z Ж. (12.26) 
cuius aa zm 
о (+). 0 o, (2+5), о 


Heed, in particular, that no flux component of (9) exists, of which the Jacobian equals A9". 
The eigenvalues of the matrix A"* have been determined in closed form as 

Aja = 0 [12:27 
which identically vanish for any Fr. The matrix A"* can be termed a “non-linear coupling” 
matrix, for it completes the non-linear coupling between convection and gravity-wave prop- 
agation within (12.25) so that the two free-surface eigenvalues Aż% in (12.6) do correspond 
to the sum of a convection speed and gravity-wave celerity. Since decomposition (12.25) 
will be used in the upstream- bias formulation for small Froude numbers only and consid- 
ering that the eigenvalues in (12.27) identically vanish, no need exists to involve A"* in the 
upstream-bias approximation of the flux Jacobian in (12.25). 

The eigenvalues of A?" are exactly determined in closed form as 


Ar e. №з = mc (12.28) 
This matrix is thus used for the a gravity-wave upstream bias. With reference to the simi- 


larity transformation (12.13) for this matrix, the free-surface flux divergence decomposition 
(12.25) becomes 








Ta (xax qo p arc of + m a 
Ox Og Ox 
which exposes the gravity-wave and convection components. Since the two gravity-wave ma- 
trices at the “rhs” of expression (12.29) respectively possess non-negative and non-positive 
eigenvalues, a characteristics-bias representation of these matrices involves an upstream rep- 
resentation of the first matrix and a downstream representation of the second matrix. ‘The 
combination of these two representations directly leads to the following absolute gravity-wave 
matrix 


(12.29) 


90| = X (A+ — A?"-) x 1 (12.30) 
which depends on the diagonal matrices A9"*, A9"-. with different selections inducing dis- 
tinct magnitudes of upwind diffusion. The following matrices 


1 2с , 0 А 0 | 0 , 0 К 0 
А+ = 7 0,0,0 |, А" = E (ET « 0 (12.31) 
0 | 0 ‚ C 0 , 0 » С 
lead to the following absolute gravity-wave matrix statement 
да 109 да 
A| — = X (A9"* Де) XZ = cI 12:82 
Al ( X a ada (12.32) 


which indicates for this matrix product the equivalence of replacing |A9"| with the matrix 
cl, of which all eigenvalues approach +c. This computationally advantageous form of the 
gravity-wave upstream-bias is used essentially in the low subcritical-flow Froude number 
regime. 
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12.3.3 Combination of Flux-Jacobian Decompositions 


The previous sections have shown that the flux Jacobian can be equivalently expressed as 


"HENCE 


= (12.33) 


AVAX LAIN A a = 0j" + A” Pd 
Og ox 


where the first expression is convenient for a characteristics-bias approximation for high- 
subcritical and supercritical Froude numbers and the second expression is needed for low- 
subcritical Froude numbers. 

A decomposition for all Froude numbers may thus be cast as a linear combination of 
these two system decompositions, with linear combination function а, 0 Са € 1 


A ааа аст) 


Ој“ 
Од 


Pd 


E: (12.34) 


-— a [Xi x7 LOC ANN ше м £a] 
Relying on the simplifying function 6 = G(1—a), the final form of the gravity-wave-convection 
flux-divergence decomposition becomes 





ОЈ да = _1ү 09 
O t oal YUE gw- ped 
0.05 а ( + ХЛА°°”-Х = 
Of? Of? o fP Og 
—— 1 — aA" — 
+ EAE. + ( ч + 2. (12.35) 


This decomposition leads to а consistent upstream-bias representation due to the physical 
significance of its terms. The streamline gravity-wave term a (X A'"* X1 + ХЛ X71) 24 
accounts for the bi-modal streamline propagation of gravity waves; this term is thus employed 
for a gravity-wave upstream - bias approximation along the streamline, for low Froude num- 
bers. Since this term already models free-surface-height induced gravity-wave propagation 
along each streamline, no upstream-bias is needed for аА" 28 , for an upstream of this term 
would essentially add only algebraic complexity to the КАСЕ ен since its coefficient а 
rapidly decreases and then vanishes for supercritical and high subcritical Froude numbers 
and all the eigenvalues of the Jacobian of this term vanish. By the same token, there is no 
need to develop an additional upstream bias for the (1 — a — 5) or also considering that 
the coefficient (1 — a — 6) term vanishes for gravity-wave and ш ait cal flows and all the 
eigenvalues of the Jacobian of this term identically vanish. Besides, as the Mach number 
rises, an increasing fraction of the pressure gradient receives an upstream bias in the term 
[P + s + 65 ae This expression is counted as one term because the eigenvalues associated with 





this term ‘will all keep the same sign, since 6 = (1— a)8 < 8. For any magnitude of both 
pressure and pressure gradient, the convection field uniformly carries information along the 
streamline; accordingly, this entire term can receive an upstream bias along the streamline 
direction. 
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12.4  Characteristics-Bias Flux Divergence 


Given the algebraic sign of the eigenvalue set of each matrix term in (12.35), the associated 
direction cosines а; for the general upstream-bias expression (9.71) аге 


а = +1, а = —1, аз = s = sgn(u), a4 = a5 = 0 (12.36) 





where s = sgn(u) denotes the algebraic sign of u. With (12.35) and (12.36) the upstream-bias 
expression (9.71) leads to the gravity-wave-convection characteristics flux divergence 


OF? OF > | c ој“ =) 
- ew 


Oc Ox Ox aca жа сга Ox 





(12.37) 


The operation count for expression (12.37) is then comparable to that of an FVS formulation. 
The terms in this expression, furthermore, directly correspond to the physics of gravity waves 
and convection. Up to an arbitrary constant, this expression leads to the characteristics-bias 
flux 


СА ој“ 
_ M бф 12.38 
fl =f-ed С + 5 Эл +s Эт ) ( ) 
Heed that the components within f^ remain linearly independent of one another, which 
avoids the linear-dependence instability in the steady low-Froude-number free-surface equa- 


tions. For low Froude numbers, ô = 0 and (12.37) reduces to 


от“ д д Of? 
T = ~ E ev (acd C3, ы) (12.39) 











which essentially induces only а gravity-wave upstream. For supercritical flow, а = 0 and 
ô = 1. Expression (12.37) in this case becomes 


Of" g О О 
or = 2 ~~ Е cj | (12.40) 





which corresponds to an upstream approximation of the entire free-surface flux divergence. 


12.4.1 Consistent Upstream-Bias 


The gravity-wave-convection characteristics-bias functions а and д depend on the Froude 
number. Тћеу are determined by enforcing the upstream stability condition on the upstream 
matrix for (12.37). The divergence of the characteristics flux f© in (12.37) becomes 


of Of Әд Of OF? 
dn e+ | га (oct + + ari (12.41) 














where / denotes the identity matrix of appropriate size. The terms between parentheses 
collectively constitute the upstream- bias dissipation matrix 


q р 
Дата = 6 


12.42 
T F (12.42) 
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Despite the formidable algebraic complexity of A, all of its eigenvalues have been analytically 
determined exactly in closed form. Dividing through by the gravity-wave celerity c, the non- 
dimensional form of these eigenvalues is 


Ay = a4 Fr, dog — a 4- Fr t м (12.43) 


In order to ensure physical significance for the characteristics- bias flux within (12.37), hence 
for the upstream-bias approximation to decomposition (12.35), the upstream bias functions 
а and 6 are determined by forcing the upstream-bias eigenvalues (12.43) to remain positive 
for all Froude numbers. Rather than prescribing some expressions for а and д and accepting 
the resulting variations for these eigenvalues, physically reasonable expressions for these 
eigenvalues are instead prescribed and the corresponding functions for а and à determined. 


12.4.2 Upstream-Bias Eigenvalues and Functions а and б 


The prescribed eigenvalues A; and Аз respectively correlate with Fr and |Fr — 1|. These 
eigenvalues directly lead to o and д. 

The eigenvalue A, correlates with Fr, but must remain distinct from |F'r — 1|, for eigen- 
value separation, and approach 1 for vanishing Fr, because all the non-dimensional eigenval- 
ues of the absolute gravity-wave matrix equal 1. With =, = Л, in this work, one expression 
for Ај that meets this requirements is the composite spline 





1— Fr+ QFr)er | 0 < ТЕ = i 
Fr—-1y i-e, 
А (Рт) = Ал 2 аі Я 3 ~ fr x 5 + Ep, (12.44) 
i ) 5 + Er, = Fr 


2 


The eigenvalue Аз correlates with the absolute-value free-surface eigenvalue |Кт — 1|. As 
a consequence, Аз will vary between 1 and 1 — Fr for 0 € Fr < 1 — 2, and smoothly shift 
from 1 — Fr to Fr — 1 within the critical transition layer 1 — €p, < Fr < 1 + £r., where 
Er, denotes a transition-layer parameter; in this work ££, = Л. One expression for Аз that 
remains smooth and meets these requirements is the composite spline 





1— Fr ; 0 < Fr < less 
pues в 
№(Ет) = B | еер eT cw Loree (12.45) 
Ет — 1 , leg < Fr 


which is graphed in Figure 12.3. Observe in this curve the smooth transition in the critical 
region within the transition layer, where this Аз does not vanish, but remains not less than 
Epel 2. 
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Third Characteristics-Bias Eigenvalue 
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Figure 12.3: Characteristics-Bias Eigenvalue Аз 


With these А; and Аз, the corresponding expressions for both а = a(Fr) and 6 = ó(Fr) 
from (12.43) have been exactly determined as 


а(Ет) = №(Ет) – Fr, (Ет) = (Ai(Fr) — A3(Fr)) (12.46) 


The variations of the upstream-bias functions а = а(Кт) and 6 = ó(Fr) and the corre- 
sponding eigenvalues from (12.43) are presented in Figures 12.4-12.6. Figure 12.4 indicates 
that the upstream-bias functions as well as their slopes remain continuous for all Froude 
numbers, with 0 < а,6 < 1 and a = 0 as well as 6 = 1 for Fr > lle. As 6 = (Ет) 
rises, the upstream-bias contribution from the gravity-wave matrix decreases rapidly, reduc- 
ing to less than 25% of its maximum at Fr = 0.39. The variation of ô = ó(Fr) shows 
that the pressure-gradient contribution to this upstream-bias formulation increases mono- 
tonically, while remaining less than 25% of its maximum, for 0 € Fr < 0.7. When ó(Fr) = 1 
for supercritical Froude numbers, the entire pressure-gradient is upstreamed with the same 
weight as in the convection flux, in complete agreement with the physical mono-axial wave 
propagation within supercritical flows. 

Figure 12.5 presents the eigenvalues Луз of the convection / pressure-gradient Jacobian 
ER + 627]. Obtained from (12.43) as Аја = Лз — a, these eigenvalues, as anticipated, 
remain positive, which justifies treating this Jacobian as one single term in the characteristics- 
bias divergence. 
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Characteristics-Bias Functions 


Convection / Pressure-Gradient Eigenvalues 
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Figure 12.4: Upstream-Bias Functions 
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Figure 12.5: Convection / Pressure-Gradient Eigenvalues 


For vanishing Froude numbers, д approaches zero and the contribution to this Jacobian 





from pressure is virtually eliminated. As the Froude number, hence б, increases these eigen- 
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values separate and smoothly approach the eigenvalues Fr, Fr + 1 for supercritical flows. 
These eigenvalues do not approach |Кт + 1| for vanishing Fr, which is the reason why the 
gravity-wave upstream-bias, hence the а term, is developed. The complete characteristics- 
bias streamline eigenvalues (12.43) are shown in Figure 12.6. As shown in Figure 12.6, these 
eigenvalues remain positive and their variations and slopes remain continuous for all Froude 
numbers. These eigenvalues smoothly approach 1 for vanishing Fr, indicating a physically 
consistent upstream-bias approximation of the gravity-wave equations embedded within the 
full system. For subcritical flows, Ај remains greater than Fr, a feature that is compensated 
by а A» that is less than F’r+1 in the same flow regime. These eigenvalues remain positive as 
well as smooth, and their slopes remain continuous for all Mach numbers. For Fr > 1+ €,,, 
these eigenvalues respectively coincide with the system flux Jacobian eigenvalues Fr, Fr + 1, 
Ет — 1, which corresponds to an upstream-bias approximation of the entire flux vector, for 
supercritical flows. 
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Figure 12.6: Upstream-Bias Eigenvalues 


12.5 Variational Statement and Boundary Conditions 


With фу, Фа, Фе denoting the components of the source term Ф, respectively in the continuity, 
linear-momentum, and energy equation, the developments in Chapter 9 and the preceding 
sections lead to the following characteristics-bias integral equations for generalized quasi- 
one-dimensional depth-averaged free-surface flows 


Oh Әт д Oh Әт Oh 
fom) 10 – | w-- [ses (Z = on ae + acs) an - o (12.47) 
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n" » Ие (c (ss ya (12.48) 
- | w5 ACIES -ø+ 5 (7 (Е + 5) наво) Jano (12.49) 


These equations are expressed as the single system 


eea E - е 


-[ СОЕ yr) dQ = 0 (12.50) 


An integration by parts of the characteristics-bias perturbation in this statement generates 
the following weak statement 


Ow \ (0 О О О 
NES (Z-a 2) йб + f evde (acs s - 1) AJ an 


- usce (21 – 9 + FE нас 0048-1052) ЕХ (12.51) 


The ew boundary expression is eliminated by enforcing a weak Neumann-type boundary 
condition for the hyperbolic-parabolic characteristics-bias perturbation. One part of this 
condition imposes that the original system should be satisfied at the boundary; the remaining 
terms are also set to zero as part of this weak boundary condition. Clearly, the single 
Neumann-type condition corresponds to the entire boundary expression set to nought. For 
supercritical flows with Fr > 1+ £r, а = 0 and д = 1 and this boundary condition, 
accordingly, enforces the governing system on the boundary. The resulting weak statement 
is expressed as 


f or (Z -e 3) 10+] sente [о es E + (5-1 UA) ano (12.52) 


For all test functions w € ^1! (Q0), the variational formulation seeks a solution q Є H"(Q) with 

п = 0 or n = 1 respectively for shocked or smooth flows, that satisfies this weak statement. 
This statement is subject to prescribed initial conditions (2,0) = qo(x) and boundary 

conditions оп д0 = 010. Synthetically, these boundary conditions are expressed as 








L=Lin 





В (2204 250» t) = Gulan: t) (12.53) 


where G,(r,,,t) corresponds to the array of prescribed Dirichlet boundary conditions, with 
а zero entry for each corresponding unconstrained component of q, and B(r,,) denotes a 
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square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
corresponding unconstrained component of q. 

The а а boundary conditions at inlet and outlet depends ор the number of negative 
eigenvalues of 2 2, where ng denotes the z-component of the outward pointing normal unit 
vector n. А negative eigenvalue signifies a wave propagation in the direction opposite n, 
hence toward the flow domain, a propagation that carries information from the flow outside 
the domain, ur information in embodied in a corresponding boundary condition. 

At an inlet, orna displays two negative eigenvalues; free-surface height or mass flow and 
total energy are ins constrained by the Dirichlet boundary conditions 


Oh дЕ / 


3 (inst) = а, (t), э (Bint) = q,,(t) (12.54) 


where q, (t) and q, (t | ) denote prescribed bounded functions. If the inlet is supercritical, the 





third eigenvalue of 2 orna is negative and the similar Dirichlet constraint 


om ‚ 


2r (Vint) =й (2) (12.55) 


is enforced on mass flow, with а (t) à prescribed condition. 
No Dirichlet constraint is enforced on either m or ћ at a subcritical inlet because the 
third eigenvalue of orna is positive, implying that the boundary magnitude of either m or h 





is determined by the downstream flow conditions. In this case, the integral statement (12.52) 
for the corresponding linear-momentum or continuity equation is employed, using a weight 
function w with a non-vanishing trace at the inlet. 

Similarly, at a supercritical outlet no p constraints are imposed on the dependent 
variable “q” because all the eigenvalues of 2 Bq ^n, are positive, implying that the boundary 
magnitude of q is determined by the upstream flow conditions. In this case, the integral 
statement (12.52) is employed, using a weight function w with a non-vanishing trace at the 
outlet. 

At a subcritical outlet, two eigenvalues of rna are positive, but one remains negative, 
implying that one exterior condition is required to determine the upstream flow. This study 
has selected a physically meaningful boundary condition on the pressure p = h?/2, enforced 
via the linear-momentum integral statement as follows. Considering that w(x) = 0 and 
по (Ломе) = 1 in this statement, an integration by parts of not only the characteristics-bias 
expression, but also the pressure gradient yields 


Эш ој, дт | Off 
f (ovske) (57 E dE A an f cus (ac эт + aa) до 


а (S =u e – bm + Т" ae га + (6 —1)57®)) ш 








Јо Ax 2 Ox Ox 


The entire boundary expression is then set to a prescribed outlet external pressure б = 
(h?/2).,.; this boundary condition selection serves the double duty of both providing a bound- 
ary condition for the hyperbolic-parabolic perturbation in the characteristics-bias system and 
forcing the outlet pressure to approach p,,, since = is set equal to a mesh spacing. The stabil- 
ity, accuracy, and numerical performance of this pressure boundary condition are discussed 
in Sections 12.6.3, 12.9. 
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12.6 Finite Element Weak Statement 


The finite element solution exists on a partition О”, O^ C Q, of Q, where “h” as a superscript 
in this case, signifies not free-surface height, but rather spatial discrete approximation. This 
partition О” has its boundary nodes in д0" on the boundary д0 of О and results from the 
union of №, non-overlapping elements Qe, Q^ = UX, Qe. With n = 0 or 1] = 1, respectively 
for shocked or smooth flows, and with P,(Q.) and P(Q.) the finite-dimensional function 
spaces of respectively diagonal square matrix-valued and vector-valued linear polynomials 
within each Qe, for each “t”, the corresponding diagonal square matrix-valued and vector- 
valued finite element discretization spaces employed in this study are defined as 


5 (05 jw" EHO : w^ 





€ P (0.), VQ, € О”, Bw, w"(w, ,) = o} 
51007) = [wh HYD): whl, € Prol), We E Q^ BCE ји E ont) = Gier, s) 


(12.57) 
Based on these spaces, the finite element approximation q^" € 57, is determined for each “t” 
as the solution of the finite element weak statement associated with (16.86) 


f. bn + ен ESI – 6+ а dQ 


Qe 


Ow" ðq” 9f" 
hh hh hish _ І 
д ДО = 12. 
+f em Эл CET Uu 0, vw^es (12.58) 
where s^ = sgn(u") denotes the sign of u^" at the centroid of each element; the linear- 


momentum discrete weak statement for an outlet node then results from a finite element 
discretization of (12.56) when an outlet pressure boundary condition is enforced. Since 
every member w^ of S! results from a linear combination of the linearly independent basis 
functions of this finite dimensional space, statement (12.58) is satisfied for N independent 
basis functions of the space, where М denotes the dimension of the space. For N mesh nodes 
within Q^, there exist clusters of “master” elements Q7", each comprising only those adjacent 
elements that share a mesh node z;, which implies existence of exactly М master elements. 
Note that each master element represents a “finite volume" as used in finite volume schemes, 
which, however, do not employ the following finite element “pyramid” test functions. On 
each master element 9”, the discrete test function ш” = w; = wi(x), 1 € i € N, will 
coincide with the pyramid basis function with compact support on 0). 
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Figure 12.7: Adjacent Finite Elements, Master Element, Pyramid Test Function а; (2) 


Such a function equals one at node 2;, zero at all other mesh nodes, and also identically 
vanishes both on the boundary segments of 027" not containing z;, and elsewhere within the 
computational domain outside 9. Statement (12.58) yields a non-linear SUPG formulation, 
because the controller Y” does not remain constant, but varies as a function of a local measure 
of the discrete solution q^, as detailed in Chapter 10. As supported by several computations, 


with subscript “2” denoting numerical value at node т, this measure is established as 
a m^ E 
h | dim dim dim h h 
eh т | = =k PI FE 12.59 
oe 2 Rivet 1 Пе 1 те! |; | | | ) 














and when the nodal те is positive, this measure becomes the nodal 4 norm of qj. 


12.6.1 Galerkin Finite Element Expansions and Integrals 
The discrete solution q^ € 57 at each time t assumes the form of the following linear com- 


bination 


q^ (x,t) = Ушу (x) 59 (23,0) (12.60) 


Me 


1 


J 


of nodal solution values and trial basis functions that coincide with the test functions w;(x) 
for a Galerkin formulation. Similarly, the source ф = ó(r,q(z,t)) and fluxes f = /f(q(x,t)), 
ј = f?(q(x,t)) and f? = f?(q(x,t)) are discretized through the group expressions 


$^ (2,0) = dw; (2) -¢ (2,0 (x;,t)) „ газе dw; (x) f (a (x;,t)) 


~ 
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m 
~ 
| 

m 


"(ође Y rw (в) Pr (d (0). — PG = У иу (а) Ј (a (2,5) 0261) 


j=l =]. 
The notation for the discrete nodal variable and fluxes is then simplified as q;(t) = q” (2;, t), 
pit) = $^ (25,20), Бај (et), J = f* (25,1), = f?” (25,1). With implied summation 
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on the repeated subscript index j, expansions (12.60)-(12.61) are then inserted into (12.58), 
which yields the discrete finite element weak statement 


Ow да! 
hh 1 | Ou | hun 
ИСЕ Эг ИСЕ 


Wi W; on Ws 

+f С d Gan до + fe = һд ” EO 7 (ане + s^ (6^ — 1f? ) dO e 0 
(12.62) 

for 1 <i < N, with v? = v5 = v^ for smooth flows, whereas фу 4 v; A 0" in a three- 

element hydraulic jump region; in respect of 2, this term is set equal to a reference length 

within each element, typically a measure of the element size, equal to Az/2 within each 

element Qe of length Az, as described in Chapter 10. 

Within each element Qe, in the upstream-bias integrals 
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(12.63) 


the functions a”, 5", c^, y”, and Weg, standing for both у and Yh, all depend on the variable 
(x,t), Y” and фу, through an expression like (12.60) and а", ó^, and c^ through 


o" = а (Ет (q^ (x, t))) „ 0 So (Fr (a^ (x, t))) ‚б eng (q^ (x, t)) (12.64) 


For the linear basis functions in this paper, each derivative Ow;/Ox becomes a constant, 
which simplifies (12.63). These integrals directly influence non only the stability, but also 
the accuracy of the computational solution, especially in the neighbourhood of a discontinu- 
ity. Accordingly, within each element where the flow is smooth, these integrals are evaluated 
by way of a 3-point Gaussian quadrature, with abscissae { — 3/5, 0, |/3/5 } and weights 
{5/9,8/9,5/9 |, a rule that supplies a 5th-order accurate integration. A 5th-degree continu- 
ous polynomial representation of a hydraulic jump, however, contrasts with its discontinuous 
nature. As a result, within a three-element hydraulic jump region, integrals (12.63) are eval- 
uated via a l-point quadrature, with abscissa {0} and weight {2}, a rule that returns a 
simple centroidal average for each of these integrals. According to the computational re- 
sults, in comparison to a uniform use of either the 3-point or 1-point quadrature throughout 
the computational domain, the use of the separate-quadrature strategy has contributed to 
non-oscillatory hydraulic jumps and accurate computation of the jumps in the discontinuous 
dependent variables. 

Since the test and trial functions w; are prescribed functions of x, linear functions in 
this paper, the remaining spatial integrations in (12.62) are then exactly carried out. The 
completion of each indicated spatial integration transforms (12.62) into a system of ordinary 
differential equations (ODE) in continuum time for determining at each time level t the 
unknown nodal values q^ (z;, t). 





12.6.2 Discrete Upstream Bias 





For a clear comparison between traditional finite difference/volume schemes and the gravity- 
wave-convection finite element algorithm (12.62), at any interior node “i” of the representa- 
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tive grid in Figure 12.7, equations (12.62) with &; 1 = (Az;, 1) /2 can be equivalently recast 


in difference notation as : 
dq; dq; 
Е SU, 9 4 + Qi--1 
2 1 dt dt 
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which couples several time derivatives at each node and features a linear combination 
of two-point upstream and downstream flux differences. In these finite element equations, 
the values of the controller v^ determines the combination weights of the downstream and 
upstream expressions, and since Y” remains non-negative, these equations induce the appro- 
priate upstream bias, since the upstream weight 1 4- Vii always exceeds the downstream 
weight 1 — v;, i +1. As а result, the finite element weak statement (12.62) generates consistent 
variable- upstream- bias discrete equations that correspond to an upstream-bias discretization 
for the original system (12.1), within a compact block tri-diagonal matrix statement. 

For smooth solutions, these equations will still couple upstream and downstream points 
even for supercritical flows. Such an algorithm remains mathematically consistent with the 
physics of mono-directional wave propagation for supercritical flows on the basis of Courant's 
and Hilbert’s classical developments for non-linear hyperbolic systems. These developments 
show that while waves do propagate along characteristics, smooth solutions can be expanded 
in Taylor's series within arbitrary regions encircling any given point and along any direction, 
radiating upstream or downstream from the point. 

For a closer comparison with upwind finite-volume schemes, the finite element equations 
(12.65) can be rearranged to generate the “numerical flux” 

А А 9.11 50), 1 
Pa = hihu — Piri OR (dii — Gi) + -= о јен | a (fii J 
(12.66) 
which corresponds to the discrete counterpart of the characteristics-bias flux (12.38). By 
virtue of this numerical flux, equations (12.65) are recast as 
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which shows that the finite element weak statement (12.62) naturally leads to a conservative 
discrete algorithm. 
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12.6.3 Boundary Equations and Pressure Boundary Conditions 


The integral statement (12.62) directly yields a set of consistent boundary differential equa- 
tions, for both unconstrained boundary variables and for pressure, to enforce a pressure 
boundary condition at a subcritical outlet. These equations do not require any algebraic 
extrapolation of variables, but rather couple the time derivatives of boundary- and interior- 
node variables within the boundary cell. 

For the linear elements in this study, let N and N — 1 denote the nodes within the outlet 
boundary element, with № corresponding to the outlet node. For the discrete finite element 
equation associated with boundary node су, the test function w satisfies the conditions 
WO Dig a) ero ле mL 

The boundary differential equation from (12.62) corresponding to an outlet node becomes 
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This equation directly couples the time derivatives of the solution q at the adjacent boundary 
and interior nodes xy and ry ,. A similar equation is then obtained at an inlet, mutatis 
mutandis. 

Mechanically, a quasi-one-dimensional flow within a channel is induced by lowering the 
outlet pressure in comparison to the inlet pressure. Such an outlet pressure boundary condi- 
tion is naturally enforced within the surface integral that emerges in the momentum-equation 
weak statement, as shown in the previous section. The linear finite element discretization of 


(12.56) yields 
1 sy, dqn-1 | ,dqn 
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– (1+ (s)y_1) (fh — fh) – (зуб ла (FR — а) – (QR — FR) — а) (12.69) 
In this equation, ју denotes the outlet-node pressure, whereas, quite significantly, ја can 
correspond to the specified outlet pressure boundary condition. ‘This strategy for imposing 
an outlet pressure boundary condition remains intrinsically stable. Suppose, for instance, 
that some numerical perturbation forces ју to decrease below the imposed ffas- In this 
case the outlet boundary equation (12.69) induces a negative time rate of change for m,, 
which leads to a corresponding reduction in m,, and consequent negative space gradient of 
momentum at the outlet. From the continuity equation in (12.62), such a negative gradient 
leads to an increase in h, which corresponds to a stable restoration of the outlet height toward 
the imposed outlet boundary condition. A similar conclusion on the stability of (12.69) is 
achieved by considering a perturbation increase in Ју. The results in Section 12.9 confirm 
the accuracy and stability of this pressure boundary condition procedure. 
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12.7 Implicit Runge Kutta Time Integration 


The finite element equations (12.65) along with appropriate boundary equations and condi- 
tions form a system of non-linear ordinary differential equations in the time variable. The 
discrete characteristics-bias differential system, inclusive of inlet and outlet pressure bound- 
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ary condition is cast as 





= (1 = 69914) d$ = FD – (1 = (896), 1) (#— ff) (12.70) 
for the inlet node, i = 1, with appropriate components replaced by (12.54), 
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for the outlet node, + = N. 
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With Q denoting the array of nodal free-surface height, momentum, and total energy 
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(12.73) 
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and F denoting an array of fluxes, source terms and characteristics-bias expressions, and 
boundary conditions, equations (12.70)-(12.72) are abridged as the non-linear differential 


system 

dQ(t 

RD FE QH) (12.74) 
where the “mass” matrix M couple the discretization nodal time derivatives. A representa- 


tive equation at an internal node “i” is thus cast as 





dqi—ı dqi dqi+ı 
2 Е == F. 12. 
d Tm 3i + т; i Fite) (12.15) 


where F;(t, Q) corresponds to the right-hand sides in (12.70)-(12.72) at node “2”. 
The differential system (12.74) is integrated through the two-stage implicit Runge-Kutta 
procedure 
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The Runge-Kutta arrays Kı and К» correspond to variations AQ; and AQ» of the solution 
array Q. The first expression in (12.76) thus corresponds to the linear combination 


не БАО ЗАО, (12.77) 


The terminal numerical solution for the second and third expression in (12.76) is estab- 
lished using Newton’s method, which for the implicit fully-coupled computation of the IRK2 
arrays K;, 1 < 4 < 2, is cast as 
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Qi = Qn raa КҮ + ai K$ (12.78) 


where а; = 0 for j > i, p is the iteration index, and K? = К, for i = 2; for linear finite 
elements, the Jacobian 


р 
11. до о? 
becomes а block tri-diagonal matrix. Since the Jacobians of the controllers Y, у; and v; and 
functions а and д are computationally expensive, these parameters are kept equal to their 
magnitudes at each time level n, during the determination of the Runge-Kutta arrays Ку 
and K>, a specification that does not require their Jacobians; all the other Jacobians have 
been exactly determined analytically. For all the results documented in the next section, the 
initial estimate КО is set equal to the zero array. The practical implementation of Newton’s 
method for (12.78) has specified a maximum number of Newton iterations for the non-linear 
determination of each IRK array K;. ‘This number was set to 4, yet the algorithm only 
employed 4 Newton iterations when the absolute value of the maximum component of the 
residual F in (12.78) exceeded the prescribed tolerance of 5.0 x 1079, otherwise the algorithm 
employed fewer iterations, mostly 1. As detailed in Section 12.9, this implementation has 


led to a rapid convergence to steady states, with Courant number reaching 200. 











12.8 Reference Exact Solutions 


In terms of the primitive variables u and A, the steady-flow continuity and linear-momentum 
free-surface equations become 


D (huW) — 0 
12.80) 
8 ,, a (у l 


For smooth flows, for which the derivatives of the primitive variables exist everywhere within 
the flow, the continuity and linear-momentum equations yield 


2 
D. Е n ij =й (12.81) 


which expresses conservation of mechanical energy. 


12.8.1 Channel-Width Rule 


From the equation expressing conservation of mechanical energy, the gradient of the free- 
surface height is expressed in terms of the gradient of speed as 


Oh Ou 
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From the continuity equation, the same free-surface height gradient depends upon the speed 
and channel width gradients in the form 


Oh ћ ди h OW 
ðr ид W ôr 0 





The combination of these two expressions for the gradient of the free-surface height yields 
the expression for the channel-width rule 


1 OW 1 Ou ц? 1 ди 2 
Wop = 55 (1-5) — == (1— Fr’) (12.84) 





This result shows that besides the speed gradient, the sign of the area gradient depends on 
the Froude number Fr. This number remains less than one as the speed increases from a 
negligible magnitude. Га these conditions the channel-width rule predicts a speed increase 
along a channel with decreasing width. As the speed keeps on increasing, Fr will eventually 
equal one. The channel-width rule then shows the channel width no longer decreases for the 
width gradient vanishes. Hence, the channel width where Fr equals one corresponds to the 
channel reference critical throat. When Fr exceeds one, the speed keeps on increasing along 
a channel with increasing width, since in these conditions the channel-width rule provides a 
positive width gradient for a positive speed gradient. These basic considerations show that 
Fr critically impacts the correlation between speed and width gradients. 














12.8.2 Exact Integrals 


The continuity equation in this system yields 
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(12.85) 





where u;, hi, И; and uo, ho, and И, respectively denote the inlet and outlet speed, free- 
surface height and channel width. The integrated form of the mechanical-energy equation 


becomes Р А 
А + h(x) = E + hj (12.86) 


Insertion of the expression for и, into this result leads to ш, uo, and и = u(x) in terms of 
prescribed inlet and outlet free-surface height and channel width 
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Substitution in the mechanical-energy equation of the expression for u(r) yields a cubic 
equation for h = h(x). The complete solution for h = h(a) and и = u(x) can thus be cast as 


2 опена 
By. TW | ushi Wi _ 
ћу (x) (3 D h(x) + Wü) - 0 








IN (12.88) 


һү 
hoW, 
The first equation can be solved for h = h(x). With this h, the second equation in this 


system supplies u. Even though this solution procedure is theoretically complete, an elegant 
alternative procedure results from formulating the solution in similarity form. 





12.8.3 Similarity Solution 


The defining flow information is 
W= W (x), h;, fis 


which uniquely establishes a quasi-one dimensional free-surface flow within a converging- 
diverging channel. On the basis of this information, a unique steady similarity solution 
emerges solution emerges from (12.88). 


Reference Variables 


The mechanical-energy equation can be cast as 


u^ (ш) 


2 
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where hs denotes the “stagnation” free-surface height. With reference to the expression for 
ui, the free-surface height is expressed as 


h;i — ho 
hiW; \” : 
һь г 

The maximum speed Umax obtains in the limit of a vanishing height h. Correspondingly, the 
mechanical-energy equation leads to 
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The associated “maximum” channel width becomes unbounded as 
ЬУ; 
ИЛ мах = limig = oo (12.92) 
һ—0 Шс 
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The channel-throat Froude number equals one, hence 


= s4 =i; (12.93) 


T 


With the mechanical-energy and continuity equation, this equality leads to expressions for 
the throat free-surface height, speed, and channel width 
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Non-Dimensional Ratios 


The ratio of local over stagnation pressure depends on the Froude number Fr as 





u? Fr? Fr? h 2 
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Let u, = ,/ћ, denote the throat speed. The definition of Fr leads to the ratio 

ц? h hh ЗЕт? и З 
— = Fr = Fr? = ——— = — = Fr, | —_— 12.96 
u Rh, —— hah, 24Fr u. ^ V24 Fr (enun) 


From the continuity equation, the ratio W/W, follows as 
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The distribution of channel width W = W (x) is given. The expression for the ratio W/W,, 
can thus be viewed as the following equation for Fr itself 


2/3 
ulis e) Fr’? +2 =0 (12.98) 


17 


which can be solved numerically. With the solutions of this equation, the corresponding 
free-surface height and speed directly follow from (12.95) and (12.96). 


12.8.4 Hydraulic Jump Calculation 


Five quantities are necessary to determine a flow with embedded hydraulic jump. ‘They 
consist of the inlet and outlet free-surface height h; and h, along with the inlet, throat, and 
outlet channel widths Ил, W,., Wo. With reference to Figure 12.8, the complete determi- 
nation of the flow with embedded hydraulic jump involves the calculation of 9 quantities. 
They are the inlet and outlet speeds u; uo, the pre- and post-jump free surface heights and 
speeds hy, hg as well as u1, u2, the hydraulic-jump channel width Ил = W, = И and the 
channel-throat free-surface height and speed ^, up. This determination, therefore, requires 
9 equations. 
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Figure 12.8: Hydraulic Jump 


These equations involve Fr, = 1 at the channel throat, the conservation of mass and linear 
momentum across the hydraulic jump, and the integrated continuity and mechanical-energy 
equations expressed in terms of the inlet and throat conditions, inlet and pre-jump conditions, 
and post-jump and outlet conditions. Grouped in sets, the forms of these 9 equations are 


па h М; = us. hu М. 
uh М; = uh iW, 


2 2 


U; U 
a c h; = = h , b 2 2 
и = hy 2 d 
tilti = usho usha W, = Uoho Wo 
c) h? hà. d)4 из 2 (12.99) 
uh + 1 = ч» + 2 oth = F th 


The first system in this set directly yields the following equation for Fr; 


2 W; а 2/3 


T 





which can be solved numerically for Fr;. The difference between this equation and the 
formally identical equation (12.98) lies in W,,. In (12.98), W, represents a reference channel 
throat width, which may or may not coincide with the actual throat width. In (12.100), 
instead, W, equals the actual channel throat width, because the flow must be critical at the 
throat for a hydraulic jump to develop. The determination of the outlet Froude number Fr, 
employs the following equation, which results from the continuity equation from systems 
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(12.99) b), c), d) 





: | 3/2 
Fr = Ри (ту) (12) (12.101) 


The corresponding inlet and outlet speeds result from the definition of the Froude number 


B (= Fri h;, is = Fra hs (12.102) 


Heed that the determination of the inlet and outlet Froude numbers and speeds do not 
require the hydraulic-jump Froude numbers. 

The pre- and post-jump Froude numbers Fr, and Ето satisfy an equation that results 
from system (12.99) c). The linear-momentum equation therein is cast with the difference 
hi — h? at the right-hand side. The square of иә in the resulting expression is then eliminated 
through the continuity equation. As a result of these substitutions a quadratic equation for 
hə/hı emerges with physically meaningful solution 


ho V1+8Fr?-1 (12.108) 
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The continuity equation is then expressed in terms of Fri, Fro, and h4/hs as 
A 3/2 
pu Ffi e (12.104) 
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From these two results, the expression that supplies Frs in terms of Fr, becomes 


23/2 Fr 


3/2 
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The ratio hs, /hs, of the post- and pre-jump stagnation pressures Ast and hg, is ex- 
pressed in terms of inlet and outlet free-surface height and Froude number using the me- 
chanical - energy equations in systems (12.99) b), d). These equations are expressed as 
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From these equations, the expressions for h;,,, һә, and А, / № become 
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The inlet and outlet free-surface heights are prescribed and the corresponding Froude num- 
bers are determined through equations (12.100) and (12.101). The corresponding stagnation 
heights As and hst as well as their ratio hy. /hs:, are calculated independently of the pre- 
and post-jump Froude numbers. 

In terms of hst, Asta, and hj,/h,,, the ratio of post- and pre-jump free-surface heights 
һә, hy and their ratio Һ»/ һу follow from (12.106) as 
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The substitution in this equation of results (12.103) and (12.105) respectively for h3/h; and 
Ет», yields the single equation for the pre-jump Froude number Fr, 


ы, 2 3 
(пе) (24 Fr) (Vi e 8Fr? – 1) -2(y1+8Fr?- 1) —8Fr?=0 (12.109) 


which can be solved numerically for Fri. With this solution, the post-jump Froude number 
Ето follows from (12.105). 

The pre- and post-jump free-surface heights are then obtained from (12.108) and the 
corresponding speeds follow from the definition of Froude number as 


ш = Friyh, и; = Fr ha (12.110) 


The channel width W,, where the jump takes place, results from the continuity equation 
in system (12.99) b) as 
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The reference post-jump throat speed u,, and channel width W, then follow from (12.96) 
and (12.97) as 
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From the first and second expressions in (12.94), the рге- and post-jump throat speed and 
channel width ratios W, /W,, and u, /u,, depend upon hst /ћа, as 
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АП of the results in this section allow a complete calculation of а free-surface flow with 
embedded hydraulic jump, based solely on the prescribed throat channel width and inlet 
and outlet channel widths and free-surface heights. 


12.9 Computational Results 


The characteristics-bias system formulation with continuum gravity-wave-convection up- 
stream bias has generated physically consistent computational solutions for smooth and 
shocked mixed subcritical / supercritical flows with bed-shape and channel-width variations, 
shaft work, mass as well as heat transfer, and wall friction. The 10 different benchmarks in 
this section encompass one dam-break flow and several flows with shaft work as well as heat 
transfer, mass transfer, wall friction with bed slope, bed-shape and channel-width variations 
without and with hydraulic jumps, wall friction, and mass as well as heat transfer. 

The spatial computational domain €) for these benchmarks is defined as: О = |, Vou] = 
10, 1], uniformly discretized through linear finite elements, for five progressively denser grids, 
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as employed in the asymptotic convergence rate studies. These grids respectively contain 50, 
100, 200, 400, and 800 linear elements. For each of these grids, every computational solution 
that admits a steady state rapidly converged, with the norm of the residual driven to the 
machine zero of 5.0 x 1071; the figures documenting the computational solutions in this 
section correspond to the 200-element grid. For each benchmark, the calculations proceeded 
with a prescribed constant maximum Courant number Cmax defined as 


At 
Се = max{|u + c|, [u — el с) (12.114) 
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Given Ал and Cmax for each benchmark, the algorithm automatically calculated the corre- 


sponding At as 

At _____(зажА (12.115) 

max{|u + c|, |u — cl, с} 

with variable controller ф determined as detailed in Chapter 10. Unless otherwise stated, 
all the computational solutions were obtained with a Courant number set equal to 200 and 
Umin = 0.25. Although {мах was set equal to 1.00, the formulation automatically kept 
iv essentially equal to Фр in regions of solution smoothness and only increased it in the 
vicinity of a discontinuity. These computational solutions exhibit rapid convergence rate 
to a steady state and definite asymptotic convergence rate in both the H? and H! norms, 
for continuous solutions, and in the H? norm for shocked solutions. The formulation has 
produced monotone and essentially non-oscillatory results that also reflect available exact 
solutions, with correctly predicted continuous mass flow and total enthalpy across hydraulic 
jumps. 








12.9.1 Work Driven Flows 


Although only summarily cited in some books on open-channel flows, shaft work affects these 
flows in the vicinity of pumps and turbines. Both shaft work and heat transfer feature in the 
same term in the generalized energy equation. The effect of this work on a flow, however, 
remains markedly different from the effect of heat because, unlike heat, mechanical work 
also induces a corresponding force in the linear momentum equation. 

For a stage efficiency equal to 1, hence x — 1, it is possible to generate a basic steady- 
state exact solution, which has been determined for this study. On the basis of such a 
solution, the computational predictions for subcritical and supercritical flows in a straight 
rectangular channel are found in complete agreement with the mechanics of these flows. 
For the benchmarks for these flows, the non-dimensional specifications as well as boundary 
conditions for the subcritical case are: h;, = 2.924, pox = (h?/2),,, = 0.813, with w,, = 1.400 
and E, = 7.370 without heat transfer, hence дт = 0.000, or Ei, = 1.177 with heat transfer 
and дт = 2.000, corresponding from the exact solution to Fr, = 0.200, m,, = 1.000 and 
Frou, = 0.695. For the supercritical case, the corresponding specifications and boundary 
conditions are: ћ, = 0.481, ты = 1.000, with wm = 1.100 and Е, = 3.560 without heat 
transfer, hence дт = 0.000, or E = 2.560 with heat transfer and g4 = 2.000 corresponding to 
Fr, = 3.000, pour = 0.358 and Ёт = 1.283 for the supercritical flow. The initial conditions 
throughout the duct correspond to a linear interpolation between the inlet and outlet states, 
resulting in an initial flow that is then advanced in time to a steady state. 
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According to basic thermodynamic considerations, extracting work from a subcritical flow 
decreases free-surface height, as expected, but consequently increases the Froude number; 
conversely when work is extracted from a supercritical flow, it is free-surface height that 
increases, while the Froude number decreases. ‘These precise trends are reflected in the 
computational solutions shown in Figure 12.9, which mirror the exact solutions for both 
subcritical and supercritical flows. 
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Figure 12.9: Work-Driven Flow: a) Free-Surface Height, b) Froude Number 


While keeping mass flow unchanged, these flows can only produce work by expending 
total enthalpy. Such a canonical thermodynamic balance is reflected in the computational 
solutions graphed in Figure 12.10. Obtained for a constant shaft work, these solutions 
correctly display a constant mass flow coupled with a linearly decreasing total enthalpy. 
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Figure 12.10: Work-Driven Flow: a) Mass Flow, b) Enthalpy 


Since the total-energy equation ordinarily remains decoupled from the continuity and 
linear momentum equations, any heat transfer would only affect the energy distributions. 
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For both subcritical and supercritical flows, the results in Figure 12.11 indicate that a channel 
flow with significantly less inlet energy is still capable to evolve to an outlet-energy magnitude 
comparable to the adiabatic-flow level, when heat is transferred to the flow. 
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Figure 12.11: Energy in Work-Driven Flow: a) Subcritical Flow, b) Supercritical Flow 





The asymptotic convergence rate of these solutions is graphed in Figure 12.12. 
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Figure 12.12: Error Norms: а) H? Norm, b) Ht Norm 


This rate achieves an order as high as 3.00, for the H? norm, for the subcritical flow, and 
an order as high as 1.55 for the Н! norm, for the supercritical flow. These norms reflect 
convergence of not only the solution itself, but also its gradients. 


12.9.2 2HMass- Transfer Flows 


Infrequently covered in reference books, mass-transfer flows remain of practical importance, 
for they model flows in the vicinity of tributaries and distributaries. The considerations and 
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developments in these books have again led to an exact solution for the case of constant 
mass transfer in a direction orthogonal to the channel axis, a solution that depends the 
mass-transfer magnitude mp. The benchmarks for these flows encompass a subcritical and 
a supercritical flow in a straight rectangular duct, both flows subject to a uniform mass 
addition. For these benchmarks, the non-dimensional specifications as well as boundary 
conditions are: ћ, = 1.667, E, = 1.111, р. = 0.646, with ть = 0.555, corresponding 
from the available exact solution to Pr, = 0.2000, m,, = 0.430 and Frou = 0.814, for the 
subcritical flow, and h,, = 0.397, Mma = 0.751, En = 2.107, with ть = 0.240, corresponding 
to Pr, = 3.000, Pous = 0.397 and Ёт = 1.178 for the supercritical flow. The initial 
conditions throughout the duct correspond to a linear interpolation between the inlet and 
outlet states, resulting in an initial flow that is then advanced in time to a steady state. 

Presented in Figure 12.13, the computational results are seen to reflet the exact solution, 
with mass addition inducing an increase or decrease in Froude number, respectively for a 
subcritical or a supercritical flow. 







































ЕВ Mass Transfer Flow | 2 
1.6 - 3.0 
АУ ыы ы | 2.9 
B Uu | | D 
12 о  Subcritical B uw F 2.0 E 
= 1.0 Supercritical — 2 
© Ехасї Ce Г 15 'g 
= 0.8 ls E 
= 
0.6 3 
0.4 
0.2 








00 02 04 06 08 10 





Figure 12.13: Mass-Transfer Flow: a) Free-Surface Height, b) Froude Number 


Since no heat transfer affects this flow, the total enthalpy remains constant, yet the mass 
flow rate theoretically increases proportionately to the added mass. This feature is reflected 
in the computational results in Figure 12.14, which correctly presents a constant enthalpy 
and a linearly increasing mass flow rate. 
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Figure 12.14: Mass-Transfer Flow: a) Mass Flow, b) Total Enthalpy 


The available exact solution allowed the calculation of the H? and H! norms of the error 
associated with solutions for increasingly denser grids. Indicating solution convergence, these 
error norms are displayed in Figure 12.15 
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Figure 12.15: Error Norms: a) H? Norm, b) H' Norm 





The asymptotic convergence rate achieves an order as high as 3.00, for the H? norm, for 
the subcritical flow, and as high as 1.55, for the H! norm, for the supercritical flow. These 
norms reflect convergence of not only the solution itself, but also its gradients. 

Any amount of mass added in a direction parallel to the normal to the channel axis 
does not alter the linear momentum along the channel axis, for sin@ = 0 in the linear 
momentum equation in (5.124). The effects of mass addition along a direction at an angle 
with this normal depend on the ratio W,4,/ L of channel reference width over length; for 
W/L = 0.200, the corresponding results are displayed in Figure 12.16 
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Figure 12.16: Inclined Mass Transfer Flow: a) Subcritical Flow, b) Supercritical Flow 


In this case, mass addition increases the channel-flow linear momentum. Accordingly, these 
results correctly show an increase in the overall Froude-number distribution, for both sub- 
critical and supercritical flows. 


12.9.3 Adiabatic Smooth and Shocked Flows with Friction 


Bed and wall friction affect any channel flow. Directly altering flow momentum, wall friction 
leads to not only smooth, but also shocked steady flows. ‘This section details computational 
solutions of frictional subcritical and supercritical flows, without and with hydraulic jumps, 
within a straight duct with rectangular cross section. lt is possible to develop an exact 
closed-form solution that depends upon not only the friction factor fp, but also the non- 
dimensional ratio W,.;/h,¢ of reference channel width over free-surface height; this solution 
has been employed to asses the accuracy of the computational solutions. 

Employing the critical state as the reference state, the non-dimensional specifications as 
well as boundary conditions for the subcritical case are: h;, = 1.406, Ein = 2.526, pou, = 0.604, 
with Иља = 10.000, fp = 0.270, corresponding to Fr, = 0.600, Mmi = 1.000 and 
Fr, = 0.868, for the subcritical flow. For the supercritical case, the specifications as well 
as boundary conditions are h;, = 0.481, Min = 1.000, Е, = 2.529, with W./h,., = 10.000, 
fp = 0.250, Кт, = 3.000 corresponding to Pae = 0.398 and Fras = 1.187 for the supercritical 
flow. The initial conditions throughout the duct correspond to a linear interpolation between 
the inlet and outlet states, resulting in an initial flow that is then advanced in time to a 
steady state. 

Analogously to the Gas Dynamic Fanno flow, friction in a channel flow decreases free- 
surface height yet increases the Froude number, in a subcritical flow, but increases free- 
surface height, yet decreases the Froude number in a supercritical flow. Such trends resonate 
with those in flows with work extraction because both friction and work extraction induce a 
force that opposes the flow. These trends are also reflected in the computational solutions in 
Figure 12.17 that are seen to mirror the exact solutions for both subcritical and supercritical 
flows. 
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Figure 12.17: Frictional Flow: a) Free-Surface Height, b) Froude Number 


The asymptotic convergence-rate trends of these solutions are displayed in Figure 12.18. 
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Figure 12.18: Error Norms: a) H? Norm, b) H! Norm 





The asymptotic convergence rate achieves an order as high as 3.02, for the 4? norm, for the 
subcritical flow, and as high as 1.55 for the Ht norm, for supercritical flow. As noted for the 
previous results, these norms reflect convergence of not only the solution itself, but also its 
gradients. 

The next benchmark involves a steady frictional channel flow incorporating a hydraulic 
jump that remains localized in the channel. This benchmark allows testing the capability of 
the characteristics-bias system formulation to generate an essentially non-oscillatory shocked 
frictional flow. The accuracy of the computational prediction is then assessed against the ex- 
act solution. For this benchmark with ИУ, А, = 5.000 and fp = 0.25, the non-dimensional 
specifications as well as boundary conditions are: ћ, = 0.481, m;, = 1.000, En = 2.529 at the 
supercritical inlet, and рф = 0.717 at the subcritical outlet. These specifications correspond 
to Fr, = 3.000 and Fr, = 0.763 with a steady hydraulic jump that develops at x = 0.75 
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with upstream and downstream shock Froude numbers Fr, = 1.503 and Fr, = 0.688. Also 
for this case, the initial conditions result from a linear interpolation between the inlet su- 
percritical state and outlet subcritical state. ‘The resulting flow is then advanced in time to 
a steady state. 

Achieved via a Courant number equal to 100, the computational solution is summarized in 
Figures 12.19-12.20 in terms of free-surface height, Froude number, speed, mass flow, energy 
and enthalpy. ‘These variations remain monotone with a crisp hydraulic jump captured in 
at most one node; significantly, this hydraulic jump is captured at the theoretically exact 
location of « = 0.75, with accurately calculated free-surface height ratio and Froude numbers 
across the hydraulic jump. In the neighborhood of the outlet, the results remain devoid of any 
spurious oscillations, which reflects favorably on the enforcement of the pressure boundary 
condition indicated in Section 12.6.3. With accurately calculated hydraulic jump and outflow 
state, this solution reflects the reference exact solution. 
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Figure 12.19: Frictional Flow: а) Free-Surface Height, b) Froude Number 





Despite the hydraulic jump, mass flow remains unchanged and total enthalpy does not 
vary in an adiabatic flow. Reflecting the physical consistency of the gravity-wave-convection 
characteristics-bias formulation, the computational solution is consistent with these features, 
as shown in Figure 12.20. This solution correctly predicts constant mass flow and enthalpy 
that remain undistorted by the hydraulic jump in the other variables. 
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Figure 12.20: Frictional Flow: a) Speed and Mass Flow, b) Energy and Enthalpy 


The characteristics-bias formulation with gravity-wave-convection flux-Jacobian decom- 
position depends on the upstream-bias functions a, б, v. Presented in Figure 12.21 for 
this shocked frictional flow, the variations of these functions and the nodal /, norm of the 
а“ solution show that a vanishes for Fr > 0.6, while б, as expected, experiences a sharp 
decrease as the flow switches from supercritical to subcritical. Significantly, following the 
distribution of the nodal norm, the formulation leads to Y = Wmin, for most of the flow, 
and Y = Ymax at the hydraulic jump. Accordingly, the formulation automatically manages 
the level of induced upstream-bias, keeping it to a minimum in regions of smooth flow, and 
focusing an increase only at hydraulic jumps, in order to generate a solution that remains 
both accurate and stable. 
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Figure 12.21: Frictional Flow: a) а and 6, b) Nodal Norm and v 


Also for this shocked flow has the formulation generated an asymptotically convergent so- 
lution in the 7{° norm, with corresponding convergence-rate curves presented in Figures 12.22 


a)-b). 
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Figure 12.22: Error Norms: a) Shocked Solution, b) Continuous Solution Branches 


Figure 12.22 a) displays the error norm for the entire solution, including the hydraulic jump, 
while Figure 12.22 b) displays the error norm for the union of the continuous subcritical 
and supercritical solution branches, a union obtained by only considering the computational 
and exact solutions in the interval |0.00, 0.66] U[0.86, 1.0]. The shocked solution converges 
at a rate of 0.61, yet in respect of the continuous solution branches their union is seen 
to converge at a rate of 2.0. This expected difference in convergence rates between these 
two solution sets indicates the normal hydraulic jump dominates the overall convergence 
rate. The formulation thus generates a computational solution that converges also for a 
discontinuous flow. 





12.9.4 Shocked Flows with Friction, Mass Transfer and Bed Slope 


Difficult to solve analytically in closed form, this problem involves the shocked flow described 
in the previous section as altered by uniform mass transfer and bed slope along the entire 
duct length. Numerically, this problem tests the performance of the algorithm accurately to 
compute a shocked flow simultaneously subject to wall friction, mass transfer and bed slope; 
physically, this problem illustrates the quantitative measurable effect of mass transfer and 
bed slope on a channel flow and the position as well as strength of a hydraulic jump within 
the flow. 

The solutions generated by the characteristics-bias formulation for this investigation cor- 
respond to the same initial conditions as well as inlet and outlet boundary conditions dis- 
cussed in the previous section for the shocked frictional flow, coupled with different mag- 
nitudes of the mass-transfer and bed-slope source terms in the generalized hydrodynamics 
equations. The computed results correspond to иу = 0.40, for mass transfer alone, and 
Umin = 0.60 for mass transfer and bed slope; the non-dimensional magnitudes of bed slope 
and mass transferred to the flow are: m, = +5.00 x 107°, 0b/Ox = +5.00 x 1072, where 
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the positive determination corresponds to an upward bed slope and mass addition, while the 
negative determination corresponds to a downward bed slope and mass removal. 

Corresponding to a Courant number equal to 100, the computational solutions for mass 
addition and removal, upward and downward bed slope are summarized in Figures 12.23- 
12.24 in terms of free-surface height and Froude number variations. As in the previous 
investigations, these variations remain essentially non-oscillatory with crisp hydraulic jumps 
captured in at most two nodes. For all the cases considered in this frictional flow, no outflow 
distortion emerges for any position of the hydraulic jump within the duct, again reflecting 
favorably on the pressure boundary-condition enforcement procedure in Section 12.6.3. 

For the prescribed single constant outlet-pressure boundary condition, the position of the 
hydraulic jump is entirely determined by the magnitude of mass transfer and bed slope. As 
the figures show, the hydraulic jump propagates upstream under mass addition and upward 
bed slope, but downstream under mass removal and downward bed slope. As noted before, 
mass addition tends to increase the Froude number for subcritical flow, but to decrease it 
for supercritical flow. 
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Figure 12.23: Free-Surface Height in Frictional Flow with Hydraulic Jump: 
a) Mass Added, Upward Bed Slope, b) Mass Removed, Downward Bed Slope 
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Figure 12.24: Froude Number in Frictional Flow with Hydraulic Jump: 
a) Mass Added, Upward Bed Slope, b) Mass Removed, Downward Bed Slope 
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Figure 12.25: Frictional Flow with Hydraulic Jump and Mass Transfer: 
a) Mass Flow, b) Enthalpy 


In comparison to the baseline case of no mass transfer and flat bed, indicated by the 
unmarked solid line, an upward bed slope and mass addition move the hydraulic jump 
upstream; these perturbations force a greater drop in Froude number on the supercritical 
side of the flow, which in turn allows a greater increase in Froude number on the subcritical 
side of the flow. Тће addition of mass further disturbs a supercritical flow into an upstream- 
shifted stronger hydraulic jump, but further energizes а subcritical flow both to negotiate 
the adverse friction force and meet the imposed pressure boundary condition. 

Conversely, a downward bed slope and mass removal move the hydraulic jump down- 
stream in comparison to the baseline case. As it extracts energy from the flow, mass removal 
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forces a smaller decrease in Froude number on the supercritical side of the flow, which in turn 
correlates with a smaller increase in Froude number on the subcritical side. ‘The removal 
of mass lessens the disturbance of a supercritical flow and thereby sustains it for a longer 
distance, but also reduces energy of a subcritical flow and thereby decreases its spatial ex- 
tent. For this reason the hydraulic jump moves downstream, so as to accommodate a shorter 
region of subcritical flow that can only negotiate a smaller amount of adverse friction force, 
but can still meet the prescribed outlet pressure boundary condition. 

These are the only computations known to this author that employ CFD to investigate a 
channel flow with hydraulic jump, wall friction, bed slope and mass transfer. These results 
quantitatively indicate the effect of bed slope and mass transfer on the eventual position 
and strength of the normal hydraulic jump. These mechanism may be employed to control 
a hydraulic jump. 














12.9.5 Smooth and Shocked Flows over a Bump 


This section details the computational solutions for subcritical, supercritical and shocked 
adiabatic flows over a channel bed shaped like a bump. The accuracy of these solutions is 
then assessed against a corresponding exact solution of the governing equations. For these 
flows, the non-dimensional bed-shape expression is: 6(х) = (1 + соѕ((22 — 1)т))/8. The 
first flow involves a completely subcritical flow over the bump. The reference inlet Froude 
number is Fr = 0.300, with non-dimensional inlet mass flow and total energy m;, = 1.000, 
Ел = 3.089 as the two needed boundary conditions at the subcritical inlet; from the exact 
solution the corresponding free-surface height is ћ, = 2.231. At the subcritical outlet, the 
pressure boundary condition is Pou = 2.490, which corresponds to Ёт = 0.300. The initial 
conditions throughout the duct correspond to a uniform flow from the reference inlet Froude 
number, a flow that is then advanced in time to a steady state. 

The computational solution, shown in Figure 12.26, remains smooth, correctly matches 
the imposed outlet pressure boundary condition, and reflects the corresponding exact solu- 
tion. 
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Figure 12.26: Subcritical Channel Flow: a) Free-Surface Height, b) Froude Number 
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As shown in Figure 12.27, the computational solutions for denser grids asymptotically 
converge in both the H? and H! norms with a converge rate as high as 3.0 in the H? norm. 
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Figure 12.27: Error Norms: а) H? Norm, b) Н! Norm 
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The next computational solution corresponds to a supercritical flow. The reference inlet 
Froude number is Fr — 3.0, with non-dimensional inlet free-surface height, mass flow, and 





total energy h;, = 0.481, Min = 1.000 E, = 1.086 as the three needed boundary conditions 
at the supercritical inlet. No boundary conditions are required at the outlet, for at this 
region of the channel, the flow is supercritical. ‘The initial conditions throughout the duct 
correspond to a uniform flow from the reference inlet Froude number, a flow that is then 





advanced in time to a steady state. 


The eventual steady-state computational solution in Figure 12.28 remains smooth and 
correctly predicts at the top of the bump a relative maximum for the free-surface height and 


a relative minimum for the Froude number. 
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Figure 12.28: Supercritical Channel Flow: a) Free-Surface Height, b) Froude Number 


366 Numerical Study of Quasi-1-D Free Surface Flows 








This non-uniform bed shape, hence slope, affects the asymptotic convergence rates dis- 
played in Figure 12.29. 
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Figure 12.29: Error Norms: а) H? Norm, b) Н! Norm 





For this supercritical flow, the convergence rate equals 1.0 for the Ht norm and 2.00 for the 
H9 norm, rates that both indicate the convergence of this solution as well as its gradients. 
For an appropriate back pressure, an isentropic flow throughout the channel may emerge 
that is subcritical upstream of the top of the bump and supercritical downstream of it. This 
is the next flow calculated, subject to the previous subcritical-flow inlet boundary conditions, 
but without any outlet flow pressure boundary condition, since the outlet is supercritical; the 
initial conditions have resulted from a linear variation between the inlet subcritical state and 
isentropic outlet supercritical state with Ку, = 1.763 and Pou = 0.235. Rapidly achieved, 
the computational solution shown in Figure 12.30 remains indistinguishable from the exact 
solution, with computed outlet pressure and Froude number that reflect the corresponding 
isentropic magnitudes and a continuous expansion from inlet to outlet that remains smooth. 


EP Sub-Supercritical Flow over a Bump p 49 










ELEY PPP 
SPP 
PP 
. “РР 
р 
р 
А 


о Computational 
——— Exact 


рр 
Bp. 
p». 
> 
» 
> 
> 
tb 
Ro 
Ro 
SRo 
> 
© 
22 
> 
> 
» 
> 
» 
© 
> 
i» 








E 
E : 
m 1.0 + - 10 Z 
© 
Б | T" Е 
ACC PPEPPPEVYTYY p E 

0.5 | Inm ü 0. 5 

1 а) m m b) 
—- Bump ~~ = — Bump “=. 
ОО T | а кои rt | T | A T | =r 0.0 








Figure 12.30: Sub-Supercritical Channel Flow: a) Free-Surface Height, b) Froude Number 
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As the grid is refined, the computational solution for this isentropic flow asymptotically 
converges, as illustrated in Figure 12.31. 
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Figure 12.31: Error Norms: a) Н? Norm, b) Ht Norm 


The convergence rate reaches 1.0 in the H! norm and 2.97 in the Н! norm, indicating 
convergence of both the solution and solution gradients. 

The final set of benchmarks for these channel flows over a bump involve the calculation of 
a shocked steady flow, with computational-solution accuracy assessed against the available 
exact solution. For this benchmark, the non-dimensional specifications as well as boundary 
conditions are: Mm, = 0.274, Е, = 2.663 at the subcritical inlet, and Pou = 1.105 at the 
subcritical outlet. From the exact solution, these specifications correspond to Fri = 0.524, 
ћа = 1.539, and Frou = 0.552 with a steady hydraulic jump that develops at x = 0.750, 
with upstream and downstream shock Froude numbers Fr, = 1.508 and Fra = 0.686. The 
initial conditions throughout the channel correspond to a linear interpolation between the 
inlet and outlet subcritical states. 

Achieved with а Courant number equal to 100, the resulting solution is summarized in 
Figures 12.32-12.34 in terms of free-surface height, Froude number, speed, mass flow, energy 
and enthalpy. These variations remain monotone with a crisp hydraulic jump captured in 
at most one node; also in this case is this calculated jump predicted at the theoretically 
exact r — 0.750 location, with accurately calculated free-surface height ratio and Froude 
numbers across the jump. In the neighborhood of the outlet, the results remain devoid of 
any spurious oscillations, which again reflects favorably on the enforcement of the pressure 
boundary condition. With accurately calculated hydraulic jump and outflow states, this 
solution reflects the available exact solution. 

Despite the hydraulic jump, the corresponding mass flow remains constant and the total 
enthalpy does not change in an adiabatic flow. These important features are correctly pre- 
dicted by the computational solution, displayed in Figure 12.33, which shows a constant mass 
flow and enthalpy that remain undistorted by the hydraulic jump in the other variables. 
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Figure 12.32: Channel Flow with Hydraulic Jump: a) Free-Surface Height, 
b) Froude Number 
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Figure 12.33: Channel Flow with Hydraulic Jump: a) Speed and Mass Flow, 
b) Energy and Enthalpy 


remains accurate and stable. 


Froude Number 


Presented in Figure 12.34 for this shocked channel flow are the variations of the upstream- 
bias functions “a”, “5° and “у” along with the nodal /, norm of the q” solution, variations 
that are directly determined by the distribution of the Froude number. Following the dis- 
tribution of the nodal norm, also for this shocked channel flow can the formulation lead to 
ф = min for most of the flow and focus Y = Ymax at the hydraulic jump. Accordingly, the 
formulation again keeps the upstream bias to a minimum in regions of smooth flow, and 
focuses an increase of this bias only at hydraulic jumps, in order to produce a solution that 
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Figure 12.34: Channel Flow with Hydraulic Jump: a) а and 6, b) Nodal Norm and v 


The formulation has generated an asymptotically convergent solution in the H? norm 
for this flow with hydraulic jump, with corresponding convergence rates presented in Fig- 
ures 12.35 a)-b). 
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Figure 12.35: Error Norms: a) Shocked-Solution Norm, b) Continuous-Solution Norm 


Figure 12.35 a) displays the error norm for the entire solution, including the hydraulic jump, 
while Figure 12.35 b) displays the error norm for the union of the continuous subcritical and 
supercritical solution branches, a union obtained by only considering the computational and 
exact solutions in the interval [0.00, 0.66] U[0.86, 1.0]. While the shocked solution containing 
the hydraulic jump converges at a rate of 0.49, the continuous solution set is seen to converge 
at a rate of 1.92, This expected difference in convergence rates between these two solution sets 
signals the normal hydraulic jump dominates the overall convergence rate. Тће formulation 
has thus again produced a computational solution that converges also for a discontinuous 
flow. 
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As noted previously, friction affects all channel flows. For У, / ће = 5.000 and fp = 0.25, 
the effect of friction on this flow with hydraulic jump is presented in Figure 12.36 
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Figure 12.36: Channel Flow with Hydraulic Jump and Friction: a) Free-Surface Height, 
b) Froude-Number 


Achieved with à Courant number equal to 100, this solution remains monotone with a 
hydraulic jump captured in at most one node. Inducing a force that opposes the flow, 
friction is seen to force the hydraulic jump upstream, with reduced free-surface height jump 
and peak Froude Number. 





12.9.6 Dam-Break Flow 


This benchmark has allowed the identification of а contact discontinuity in the distribu- 
tion of unsteady total energy. Since an open channel flow involves an incompressible fluid 
with no contact discontinuity in the flow free-surface height and speed, the occurrence of 
this phenomenon in the total energy distribution signals that it is the temperature distri- 
bution that experiences such a discontinuity. As documented in this section, the developed 
characteristics-bias formulation has led to a crisp resolution of this discontinuity not only 
for the traditionally reported case of a flow in a frictionless flat-bed channel, but also for a 
flow affected by both friction and bed slope. In the dam-break flow in this section, the flow 
channel is initially divided in two regions separated by а dam located in the middle of the 
channel. In these regions, the non-dimensional initial conditions are 








h = 1.0, m= 0.0, E- 1.0, 0.0 € z < 0.5 


ћ = 0.13827, m = 0.0, E— 0.138827, 05<2<10 (12.116) 


The exact solution for not only free-surface height h and speed и, but also total energy E has 
been developed in closed form. With 7 = (2 — (2x —1)/2t)/3, hg = 0.13827, Em = 0.66331, 
Eg had 1 T St, i= i + 0.96774t, this solution is expressed as 
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The dam ruptures at t = 0 and the computational investigation with Cmax = 1.0 seeks the 
solution at t = 0.155 and t = 0.310. At these time stations, the exact solution features a 
hydraulic jump centered at respectively z — 0.65 and x — 0.80, for each of the components of 
the dependent variables in q, and а contact discontinuity centered at respectively x = 0.603 
and x = 0.707, for the distribution of the total energy. Figures 12.37 a)-d) present the 
distributions of total energy at this time level, for several formulations of the mass matrix 
and magnitudes of the upstream-bias controller ф. These distributions show a noticeable 
contact discontinuity in the distribution of this variable. 

Figure 12.37 a) corresponds to a lumped mass matrix. This solution remains monotone, 
but diffused, with contact discontinuity and hydraulic jump spread over several elements; 
significantly, the lumped-mass formulation for this benchmark has been found to remain 
devoid of unphysical oscillations only when w > 1, uniformly throughout the computational 
domain. Figure 12.37 b) is also obtained for a uniform ф = 1, but with a consistent mass 
matrix, which corresponds to no upstream bias on the time derivative. This distribution 
remains virtually indistinguishable from the previous one, which shows that a consistent 
mass-matrix formulation can generate unsteady solutions devoid of unphysical oscillations. 
The solution in Figure 12.37 c) also corresponds to a consistent mass matrix, but results from 
а variable ф, with «^44, = 0.25 and Ymax = 0.75. The upstream bias in this case is no longer 
uniform, but is non-linearly applied in relation to the variation of the local solution slopes. 
Accordingly, the resolution of this solution has increased with a somewhat sharper, but still 
diffused contact discontinuity. It is the Galilean invariant formulation with a variable w and 
upstream bias on the time derivative that noticeably increases the resolution of the contact 
discontinuity, which thus provides another justification for the use of this formulation. 
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Figure 12.37: Energy: a) Linear, Lumped Mass Matrix, b) Linear, Consistent Mass Matrix 
c) Non-linear, Consistent Mass Matrix, d) Non-linear, Galilean Invariant 


The formulation leads to essentially non-oscillatory shocked solutions not only for the 
total energy, but also for the Froude number, mass flow and free-surface height, as shown 
in Figures 12.38- 12.40, with practically horizontal plateau upstream of the hydraulic jump. 
This dam-break problem is particularly challenging because the flow remains critical along 
this plateau. With Fr œ 1, in this condition, the level of upstream-bias dissipation corre- 
sponding to one eigenvalue reaches a minimum, yet the formulation generates a converging 
solution. 
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Figure 12.38: Froude Number: а) t=0.07076, b) t=0.14152 
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Figure 12.39: Mass Flow: a) t=0.07076, b) t=0.14152 
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These three figures display solutions at two distinct time stations. In particular, they аге 
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Figure 12.40: Free-Surface Height: a) t=0.07076, b) t=0.14152 


representative of the essentially non-oscillatory character of this transient solution. 


Figure 12.41: Energy: a) Effect of Friction, b) Effect of Friction and Bed Slope 





















Unavailable in closed form, the solution for this dam-break problem simultaneously 
subject to both friction and downward bed slope can only be generated computationally. 
Presented in Figures 12.41-12.44, the computational results for this realistic condition, for 
Иш / Prep = 5.000, Љ = 0.50, 0b/Ox = —0.222, remain essentially non-oscillatory with a crisp 
contact discontinuity and a definite hydraulic jump captured within at most two nodes. 
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Figure 12.42: Froude Number: a) Effect of Friction, b) Effect of Friction and Bed Slope 
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Figure 12.43: Mass Flow: a) Effect of Friction, b) Effect of Friction and Bed Slope 
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Figure 12.44: Free-Surface Height: a) Effect of Friction, b) Effect of Friction and Bed Slope 


Friction in a channel with flat bed retards the flow. This effect leads to a decrease in the 
distribution of Froude number, as confirmed in Figure 12.42, and also marginally affects the 
location of the hydraulic jump. ‘The further addition of a downward bed slope accelerates the 
flow, which increases the Froude number and mass flow, a consequence that is also reflected 
in the computational solutions. Also for this dam-break flow with friction and downward 
bed slope for which no closed form is available, the formulation has generated quantitative 
solutions that conform to the mechanics of the flow 





12.9.7 Flow with Hydraulic Jumps in a Variable-Width Channel 


This section details the computational solutions for subcritical, critical, supercritical and 
shocked adiabatic flows in a converging diverging channel, employing the critical state as 
a reference. ‘The accuracy of these solutions is then assessed against the corresponding 
available exact solution. For these flows, the non-dimensional channel width distribution is 


1.75 — 0.756 сов (1 (22 —1)) , 0 < хт < 1 
И (еј) = , W(0) 22.5, W(1) = 1.5 
1.25 – 0.25 сов(л(2#—1)) , 5 < т < 1 
(12.118) 
Although continuous for every “27, this distribution exhibits a discontinuous curvature at 
the channel throat. At this location, such а geometric characteristic theoretically induces 
a slope discontinuity in the flow variables, a feature that provides another mechanism for 

assessing the resolution of the computational solutions. 

The first flow involves a completely subcritical flow throughout the channel. The reference 
inlet Froude number is Fr — 0.200, with non-dimensional inlet free-surface height and total 
energy h, = 1.471, Ej, = 1.125 as the two needed boundary conditions at the subcritical 
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off 


inlet; from the exact solution the corresponding mass flow is m;, = 0.357. At the subcritical 
outlet, the pressure boundary condition is Pou = 0.996, which corresponds to Frou, = 0.355. 
The initial conditions throughout the channel correspond to a linear interpolation between 
the inlet and outlet subcritical states. 

The computational solution, shown in Figure 12.45, remains smooth and correctly matches 
the imposed outlet-pressure boundary condition. The flow expansion towards the throat and 
subsequent compression downstream of the throat are clearly resolved in these computational 
distributions that reflect the corresponding exact solution. 
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Figure 12.45: Subcritical Channel Flow: a) Free-Surface Height, b) Froude Number 





Froude Number 


As shown in Figure 12.46, the computational solutions for denser grids asymptotically 
converge in both the H? and H! norms with a converge rate as high as 3.00 in the H? norm. 














1е-1 Е F 1е+0 
| Error Norms F 
1е-2 4 | 
] F le-1 
= L 
© 4 
Z le3 4 
[жез] 4 
= i | 
J F le-2 
le-4 4 i 
i slope = 3.00 slope = 0.99 
| а) b) 
le-5 ттт r ттт м a le-3 
50 100 200 400 m 1000 50 100 200 400 ў 1000 


ё 


Figure 12.46: Error Norms: а) H? Norm, b) Н! Norm 
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The next computational solution corresponds to a critical flow at the channel throat. 
The reference inlet Froude number is Fr = 0.226, with non-dimensional inlet free-surface 
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height and total energy hin = 1.463, En = 1.124 as the two needed boundary conditions at 
the subcritical inlet; from the exact solution the corresponding mass flow is mi, = 0.400. At 
the subcritical outlet, the pressure boundary condition is Pou = 0.958, which corresponds to 
Frou, = 0.409. The initial conditions throughout the duct correspond to a uniform flow from 
the reference inlet Froude number, a flow that is then advanced in time to a steady state. 
The eventual steady-state computational solution in Figure 12.47 remains smooth and 
subcritical. Reflecting the exact solution, this computational solution sharply resolves the 
slope discontinuity at the throat, which corresponds to a hydraulic jump of vanishing strength. 
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Figure 12.47: Critical Channel Flow: a) Free-Surface Height, b) Froude Number 





This physical slope discontinuity affects the asymptotic convergence rates displayed in 
Figure 12.48. 
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Figure 12.48: Error Norms: a) H? Norm, b) H! Norm 


For this critical flow, the convergence rates equal 0.77 for the H! norm and 2.21 for the H? 
norm, rates that both indicate the convergence of this solution as well as its gradients. 
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For an appropriate back pressure, the emerging isentropic flow throughout the channel 
is subcritical upstream of the throat and supercritical downstream. ‘This is the next flow 
calculated, subject to the previous inlet boundary conditions, but without any outlet flow 
pressure boundary condition, since the outlet is supercritical; the initial conditions have 
resulted from a linear variation between the inlet subcritical state and isentropic outlet 
supercritical state with Frou = 2.117 and Pouw = 0.107. Rapidly achieved, the computational 
solution in Figure 12.49 remains indistinguishable from the exact solution, with computed 
outlet pressure and Froude number that reflect the corresponding isentropic magnitudes. The 
continuous expansion from inlet to outlet remains smooth and the mild slope discontinuity 
at the throat, induced by the throat discontinuous curvature, is sharply resolved. 
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Figure 12.49: Sub-Supercritical Channel Flow: a) Free-Surface Height, b) Froude Number 


As the grid is refined, the computational solution for this isentropic flow is asymptotically 
convergent, as illustrated in Figure 12.50. 
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Figure 12.50: Error Norms: a) Н? Norm, b) Ht Norm 
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The convergence rate reaches 1.97 in the Н! norm and 3.20 in the H° norm, indicating 
convergence of both the solution and solution gradients. 

The final benchmark of this set of adiabatic channel flows involves the calculation of 
a shocked steady flow, with computational-solution accuracy assessed against the available 
exact solution. For this benchmark, the non-dimensional specifications as well as boundary 
conditions are: ћ, = 1.463, Е, = 2.587 at the subcritical inlet, and Pou = 0.830 at the 
subcritical outlet. From the exact solution, these specifications correspond to Fr; = 0.226, 
m,, = 0.400, and Fr,, = 0.456 with a steady hydraulic jump that develops at x = 0.750, 
with upstream and downstream shock Froude numbers Fr, = 1.745 and Fra = 0.609. The 
initial conditions throughout the channel correspond to a linear interpolation between the 
inlet and outlet subcritical states. 

Achieved with а Courant number equal to 150, the resulting solution is summarized in 
Figures 12.51-12.52 in terms of free-surface height, Froude number, speed, mass flow, energy 
and enthalpy. These variations remain essentially non-oscillatory with a crisp hydraulic jump 
captured in at most one node; also in this case have the computational results predicted this 
hydraulic jump at the theoretically exact x = 0.750 location, with accurately calculated 
free-surface height ratio and Froude numbers across the hydraulic jump. 
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Figure 12.51: Channel Flow with Hydraulic Jump: a) Free-Surface Height, b) Froude Num- 
ber 


In the neighborhood of the outlet, the results remain devoid of any spurious oscillations, 
which again reflects favorably on the enforcement of the pressure boundary condition. With 
accurately calculated hydraulic jump and outflow states, this solution reflects the available 
exact solution. 

Despite the hydraulic jump, the corresponding mass flow remains constant and the total 
enthalpy does not change in an adiabatic flow. ‘These important features are correctly pre- 
dicted by the computational solution, displayed in Figure 12.52, which shows a constant mass 
flow and enthalpy that remain undistorted by the hydraulic jump in the other variables. 
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Figure 12.52: Channel Flow with Hydraulic Jump: a) Speed and Mass Flow, b) Energy and 
Enthalpy 


Presented in Figure 12.53 for this shocked channel flow are the variations of the upstream- 
bias functions “a”, “5° and “y” along with the nodal /, norm of the q^ solution, variations 
that are directly determined by the distribution of the Froude number. Following the dis- 
tribution of the nodal norm, also for this shocked channel flow can the formulation lead to 
ф = min for most of the flow and focus Y = Ymax at the hydraulic jump. Accordingly, the 
formulation again keeps the upstream bias to a minimum in regions of smooth flow, and 
focuses an increase of this bias only at hydraulic jumps, in order to produce a solution that 
remains accurate and stable. 
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Figure 12.53: Channel Flow with Hydraulic Jump: a) а and 6, b) Nodal Norm and v 


Also for а shocked channel flow has the formulation generated an asymptotically con- 
vergent solution in the H? norm, with corresponding convergence rates presented in Fig- 
ures 12.54 a)-b). 
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Figure 12.54: Error Norms: a) Shocked-Solution Norm, b) Continuous-Solution Norm 


Figure 12.54 a) displays the error norm for the entire solution, including the hydraulic jump, 
while Figure 12.54 b) displays the error norm for the union of the continuous subcritical and 
supercritical solution branches, a union obtained by only considering the computational and 
exact solutions in the interval [0.00, 0.66] U[0.86, 1.0]. While the shocked solution converges 
at a maximum rate of 1.02, the continuous solution set is seen to converge at a rate of 
1.90. ‘This expected difference in convergence rates between these two solution sets again 
signals the hydraulic jump dominates the overall convergence rate. ‘The formulation has thus 
produced a computational solution that converges also for a discontinuous flow. 








12.9.8 Flow with Hydraulic Jumps in a Variable-Width Channel 
with Friction, Sloping Bed, Mass as well as Heat Transfer 


Unavailable in analytical closed form, the solution of a hydrodynamic problem of a channel 
flow subject to variable channel width, wall friction, bed slope, and mass as well as heat 
transfer may only be obtained computationally. ‘This section presents the computational 
solution for a channel flow subject to all of these effects. ‘The shocked frictionless adiabatic 
flow discussed in the previous section provides one reference baseline channel flow. Obtained 
from the same boundary and initial conditions of this reference flow, the computed results 
in this section correspond to wall friction from channel inlet to outlet, with У /ЛЉ = 10.0, 
fp = 0.05, but bed slope, mass, and heat transfer, however, only imposed along the diverging 
part of the channel, in order to investigate the impact of these effects upon the hydraulic 
jump. The magnitudes of bed slopes and mass as well as heat transfer are: 0b/Ox = +0.075, 
my = 0.05, with W,../L = 0.2, gr = £1.00, where the positive determination corresponds 
to an upward slope and mass addition as well as heating while the negative determination 
corresponds to a downward bed slope and mass removal as well as cooling. 

Achieved with a Courant number equal to 50, the computational results illustrated in 
Figures 12.55-12.56 remain essentially non-oscillatory, with crisp hydraulic jumps captured in 
at most one node, without any outflow distortion emerging for any position of the hydraulic 
jump within the duct. Far from being a numerical artefact, the clearly visible increasing 
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slope discontinuity at the channel throat corresponds to both the curvature discontinuity in 
the channel, at this location, and the abrupt rise in local bed slope and mass as well as heat 
transfer; the computational results thus succeed in resolving this expected slope discontinuity 
without spurious oscillations. 
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Figure 12.55: Free-Surface Height in Frictional Shocked Channel Flow: 
a) Mass Added, Upward Sloping Bed, b) Mass Removed, Downward Sloping Bed 
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Figure 12.56: Froude Number in Frictional Shocked Channel Flow: 
a) Mass Added, Upward Sloping Bed, b) Mass Removed, Downward Sloping Bed 


Opposing the flow, the effect of friction weakens the hydraulic jump and shifts it upstream, 
as shown in the figures. An upward bed slope and mass addition also oppose the flow, which 
further shifts the hydraulic jump upstream. Sufficient upward bed slopes in combination 
with mass addition sizably weaken the jump and may even eliminate it totally. Conversely, 
a downward bed slope and mass depletion move the hydraulic jump downstream with con- 
sequent increase of the peak supercritical Froude number. 
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As noted, the energy equation ordinarily remains decoupled from the continuity and 
linear momentum equations. Accordingly, the exchange of heat with the flow only affects 
the total energy, hence temperature of the flow. The distribution of total energy resulting 





for Wmin = 0.35 from heat exchange with the flow is presented in Figure 12.57. 
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Figure 12.57: Energy: a) Mass and Heat Added, b) Mass and Heat Removed 





As expected, heating increases the magnitude of total energy, whereas cooling decreases it. 
The exchange of both mass and heat with a flow alters the distributions of mass flow and 
total enthalpy. Such fundamental features have been correctly predicted by this solution, as 
illustrated in Figure 12.58. The results in the figure show a distribution of mass flow that 
reflects the mass transfer and a linear variation of total enthalpy from the point of initiation 


of constant heat transfer. 
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Figure 12.58: Shocked Flow with Mass апа Heat Transfer: а) Mass Flow, b) Enthalpy 


Again, these are the only CFD computations known to this author of shocked channel 
flows subject to wall friction, bed slope, mass and heat transfer. According to these results, 
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also in a channel flow will these effects exercise significant control on the location and strength 
of a hydraulic jump. 


12.9.9 Convergence to Steady State 


The computational solutions in the previous sections rapidly converged to corresponding 
steady states for Courant numbers in excess of 50. The maximum Courant number for 
convergence has depended on flow features and the magnitude of the source terms. In the 
presence of heat, mass and work transfer in a shocked channel flow this number could reach 
50; in the absence of all these transfers this number could rise to 150, for shocked adia- 
batic flows, and 200 for isentropic subcritical and supercritical flows. ‘These magnitudes 
of Courant number, hence swift convergence, became available because the formulation al- 
lowed a specified maximum number of Newton iterations for the non-linear determination 
of each IRK array K;, as described in Section 12.7. Although this number was set to 4, 
the algorithm employed fewer iterations throughout the pseudo-transient to convergence, at 
each time station, when the Newton-iteration residual fell below the prescribed tolerance of 
5.0 x 107°. 

Representative of the convergence histories of all the computed steady states in this 
study, Figure 12.59 a) illustrates this process for the shocked channel flow with wall friction, 
bed slope, and heat as well as mass transfer, discussed in the previous section, obtained 
for a Courant number equal to 50, and Figure 12.59 b) presents the corresponding process 
for the adiabatic shocked channel flow presented in Section 12.9.7, obtained for a Courant 
number equal to 150. In these figures, N; denotes the number of time cycles and the integers 
below the convergence curves indicate the number of Newton-iterations employed in the 
corresponding region of the curves. In both cases, 3 or more Newton iterations were only 
required when the total residual exceeded about 5.0 x 1079. When the total residual fell 
below this threshold, for both flows the algorithm experienced a definite rapid convergence 
that only required 1 Newton iteration to determine each К; at every time station. 
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Figure 12.59: Convergence Rate Curves: a) Non-Adiabatic Flow, b) Adiabatic Flow 


When, instead, the maximum number of Newton iterations per cycle was limited to 1, the 
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calculations could only converge for a reduced Courant number that required more time 
cycles №, to converge than in the multiple Newton-iteration mode. Whether in single or 
multiple Newton-iteration mode, for all the steady states determined in this study, the 
formulation is capable of driving the total residual to machine zero. 


12.10 Computational Performance 


This chapter has developed a characteristics-bias system for the generalized depth-averaged 
shallow-water equations and solved this system through a finite element spatial discretization 
and an implicit Runge-Kutta time integration, implemented in Newton-iteration mode. The 
generalized equations feature a source term that models the effects of not only channel width 
variations, but also wall friction, variable channel bed, shaft work and heat as well as mass 
transfer. Since no exact solutions of these equations are available for flows simultaneously 
influenced by all of these effects, these flows can only be investigated computationally. ‘The 
characteristics bias system consists of the generalized equations as augmented with a contin- 
uum upstream-bias expression that evolves from a decomposition of the inviscid flux Jacobian 
into physically significant gravity-wave and convection components. This system induces an 
upwind representation directly at the differential equation level before the spatial discretiza- 
tion. Owing to this feature, a conventional centered or Galerkin spatial discretization of this 
system automatically generates an upwind stable discrete system that does not require any 
further stabilizing dissipation. Such a continuum upstream bias has been extended to both 
the source term and the time partial derivatives, which has resulted in a characteristics-bias 
system that becomes Galilean invariant, a fundamental physical principle satisfied by the 
original shallow water equations. According to the computational results, the extension of 
the continuum upstream bias to both the source term and time partial derivatives sizably 
reduces induced upwind dissipation, noticeably increases contact-discontinuity resolution, 
and beneficially leads to rapid convergence. 

The characteristics-bias system has then been cast as an integral weak statement, which 
has also led to a continuum form of the SUPG procedure. Unlike the customary SUPG algo- 
rithm, however, the characteristics-bias SUPG requires no premultiplication by the transpose 
of the Euler flux Jacobian matrix. As counterparts of the usual SUPG “Taupa and даље“ 
terms, moreover, the parameter products ewa and ewd in this formulation explicitly depend 
on the square or cube of the local mesh spacing, which has also contributed to the recorded 
rapid convergence. The formulation keeps the upstream bias and associated dissipation to a 
minimum, in regions of smooth flow, and focuses an increase of this bias only at hydraulic 
jumps, in order to generate solutions that remain both accurate and stable. Accordingly, the 
formulation provides a physics based upwind algorithm, but with reduced levels of induced 
dissipation. 

The mechanically significant computational solutions for smooth and shocked flows with 
channel width variations, shaft work, variable channel bed, wall friction, and heat as well as 
mass transfer reflect all the available corresponding exact solutions for flows influenced by 
only one effect, with computed mass flow and total enthalpy correctly remaining constant 
across hydraulic jumps. The numerical results remain essentially non-oscillatory or mono- 
tone, with crisp hydraulic jumps captured in at most one or two nodes. With reference to the 
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available exact solutions, the corresponding computational solutions have converged asymp- 
totically in both the H? and H! norms, for continuous flows, and in the H? norm for shocked 
flows, with an order as high as 3 in the H? norm for continuous solutions. Rapid convergence 
to steady state has also been recorded for booth smooth and shocked flows with Courant 
numbers ranging between 50 and 200, for the multiple Newton-iteration implementation. 

From a physical viewpoint, mass addition and upward bed slope shift the hydraulic 
jump upstream, whereas mass depletion and downward bed slope shift the hydraulic jump 
downstream. From a fluid mechanics standpoint and respectively for frictional and diverging- 
channel flows, the upstream shift can take place in regions of both higher and lower Froude 
number, and the downstream shift can take place in regions of both lower and higher Froude 
number. According to the theoretical and computational findings discussed in this chapter, 
this formulation allows comprehensive, efficient and exhaustive investigations of physically 
realistic and mechanically relevant generalized open-channel flows. 


Chapter 13 


CFD Investigation of Generalized 
Quasi-1-D Compressible Flows 


This chapter documents the performance of the Acoustics-Convection Upstream Resolu- 
tion Algorithm for the computational analysis of adiabatic and non-adiabatic, smooth and 
shocked generalized compressible flows. The algorithm uses an acoustics-convection decom- 
position of the Euler flux Jacobian and induces the upstream bias at the differential - equation 
level, before any discretization, within a characteristics-bias system associated with the Euler 
equations with general equilibrium equations of state. The characteristics-bias system essen- 
tially adds to the Euler system a regularizing hyperbolic-parabolic perturbation; the pertur- 
bation parameter is then linked to the product of a mesh measure and solution smoothness 
measure, so that the regularized solution approaches the corresponding weak solution of the 
Euler equations as the mesh is refined. This formulation becomes Galilean invariant, which 
allows the exact solution of the Euler equations also to satisfy the characteristics-bias system 
in regions of supersonic flow. Directly resulting from the upwind-bias representation of the 
source term and time derivative, this property sizably reduces upwind diffusion and practi- 
cally leads to converging essentially non-oscillatory solutions for both steady and unsteady 
problems, with crisp capturing of not only normal shocks, but also contact discontinuities. 
For low subsonic Mach numbers, this formulation returns a consistent upstream-bias approx- 
imation of the acoustics equations. For supersonic Mach numbers, the formulation smoothly 
becomes an upstream-bias approximation of the entire Euler flux. With the objective of 
minimizing induced artificial diffusion, the formulation non-linearly induces upstream-bias 
essentially locally in regions of solution discontinuities, whereas it decreases the upstream- 
bias in regions of solution smoothness. The acoustics-convection flux Jacobian decomposition 
consists of components that genuinely model the physics of acoustics and convection. ‘This 
formulation eliminates the unstable linear-dependence problem in steady low-Mach-number 
flows and satisfies by design the upstream-bias stability condition. 

The discrete equations originate from a Galerkin finite element discretization of the 
characteristic-bias system. This finite element discretization naturally and automatically 
leads to consistent boundary differential equations and a new outlet pressure boundary con- 
dition that does not require any algebraic extrapolation of variables. The resulting discrete 
equations correspond to an essentially centered discretization in the form of a non-linear com- 
bination of upstream diffusive and downstream anti-diffusive flux differences, with greater 
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bias on the upstream diffusive flux difference. ‘This formulation directly accommodates an im- 
plicit solver, for the required Jacobian matrices are determined in a straightforward manner. 
The finite element equations are then integrated in time within a compact block tri-diagonal 
matrix statement by way of an implicit non-linearly stable Runge-Kutta algorithm for stiff 
systems. 

The operation count for this algorithm is comparable to that of a simple flux vector 
splitting algorithm. ‘The developments in this study have employed basic two-noded cells, 
which has thus led to a block tridiagonal matrix system, for the implicit formulation. То 
determine the ultimate accuracy of linear approximations of fluxes within two-noded cells, 
for a computationally efficient implementation, this study employs no MUSCL-type local 
extrapolation of dependent variables. Several numerical investigations document theoretical 
accuracy of the formulation and shown that for the linear-basis implementation, the corre- 
sponding solutions exponentially achieve a steady state, with Courant numbers up to 200, 
and asymptotically converge in the 4? and Ht norms, at a rate that equals up to 3, in the H® 
norm. The computational results for generalized adiabatic and non-adiabatic flows reflect 
available exact solutions for flows within straight and converging-diverging ducts with wall 
friction as well as heat, mass and work transfer. These results keep mass flow and enthalpy 
continuous across normal shocks and indicate that heating and cooling, as well as mass and 
work transfer, directly control the location and strength of а normal shock, with sufficient 
heating leading to complete shock elimination. 








13.1 Characteristics Analysis 





With respect to an inertial reference frame, the generalized quasi-1D Euler conservation law 
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where the independent variable (x,t) varies in the domain D = Q x fto, T], О = [x Сон]. 
This system consists of the continuity, linear-momentum and total-energy equations, with 
arrays of dependent variables q = q(x,t), f = f(q) and ¢ = $(x,q) defined as 
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For non-trivial solutions *q" and general equilibrium pressure equations of state, the 
characteristic speeds associated with the Euler equations are the eigenvalues of the flux 


vector Jacobian 
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These eigenvalues have been exactly determined in closed form as 
E 4 m 1/2 
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In the absence of viscosity, shocks, and heat, mass, and work transfer, the flow remains 
isentropic, the governing equations become the Euler equations, and pressure only depends 
upon density as р = p(p). For this reason, the eigenvalues А з directly incorporate a sound 
speed expression that coincides with the isentropic partial derivative of pressure. ‘These 
equilibrium-gas eigenvalues thus become 
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which have the same familiar form as the perfect-gas eigenvalues. The corresponding non- 
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where M denotes the Mach number. Figure 13.1 portrays the variation of these eigenvalues 
and shows Аз“ remains negative for subsonic flows, M < 1, vanishes for sonic flows, M = 1, 
and becomes positive for supersonic flows, М > 1. This change in sign affects the direction 
of wave propagation depending on M. 
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Figure 13.1: Compressible-Flow Euler Eigenvalues 


These eigenvalues correspond to the slopes of the characteristics, as portrayed in Fig- 
ure 13.2 for representative hypersonic, supersonic, sonic, and subsonic flows. Similar to the 
corresponding figure for free-surface flows, this figure shows the characteristics in a neigh- 
borhood of a flow field point P in a (t, x) plane. Also for compressible flows, an interesting 
geometric difference among supersonic, sonic, and subsonic flows is that a time axis through 
P is respectively outside, on the boundary, and inside the domain of dependence and range 
of influence of point P. Wave propagation for supersonic flows essentially occurs by convec- 
tion, mono-axially from upstream to downstream of P; the sonic case becomes a limiting 
case; for subsonic flows, instead, wave propagation occurs by both convection and acous- 
tics, bi- modally from both upstream and downstream toward and then away from Р; for 
vanishing Mach number, wave propagation is essentially acoustic. Since gas dynamic wave 
propagation physically occurs by acoustics and convection, the characteristics-bias formu- 
lation in the following sections models this coupled acoustic-convection wave propagation. 
The formulation identifies the genuine convection and acoustics components within the flux 
Jacobian and then establishes a physically consistent upstream resolution for each of these 
components. The following section identifies and analyzes the acoustics equations within the 
Euler system. 
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Figure 13.2: Characteristics: a) Hypersonic, b) Supersonic, с) Sonic, 4) Subsonic 


13.2 Acoustics Equations 


The Euler system 


6.209 


contains the acoustics equations for ane m numbers. Identification of these equa- 
tions yields the acoustics component of the Euler flux Jacobian for any Mach number. Upon 
writing momentum m in terms of the Mach number M as m = pcMu/|u| and using the 
pressure-derivative identities (2.22), the Euler system becomes 
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and for а vanishing Mach number, these equations reduce to the acoustics system 





0 
д | P 0 д | ? да да 
р ) ) р "T а a 
—!m|+]| > Е |>| m |=0 = + А =_0 {1311) 
Е 
р 


Heed that the energy equation toward steady state, in this case, is no longer linearly inde- 
pendent from the continuity equation. ‘This phenomenon provides another explanation for 
the widely reported convergence difficulties experienced in the CFD simulation of incom- 
pressible, i.e. low-Mach-number, flows with a compressible flow formulation. The dependent 
variables in these equations correspond to those in a flow field that originates from slight 
perturbations to an otherwise quiescent field. 

By virtue of the total enthalpy expression (2.31), the matrix А“ becomes 
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with eigenvalues 
Ai = 0, A93 = С (13-13) 


where c corresponds to the isentropic speed of sound (2.30). This matrix, accordingly, can 
be termed the “acoustics” matrix. 

Despite its zero eigenvalue, A^ features a complete set of eigenvectors and thus possesses 
the similarity form 
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where the eigenvalue matrix A^ is expressed as 
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and the diagonal matrices A^* and Л respectively contain non-negative and non-positive 
eigenvalues. The eigenvector matrices X and X ! are expressed as 
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This similarity transformation is employed in the acoustics flux-Jacobian decomposition, as 
shown in the next section. 
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13.3 Acoustics-Convection 
Flux Jacobian Decomposition 


The characteristics-bias formulation for the Euler system 
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emerges from a decomposition of the flux-vector Jacobian ОЈ /да into acoustic and convection 
components. The following sections detail the formation of these components. 


13.3.1 Convection and Pressure-Gradient Components 














The flux divergence A can be decomposed into convection and pressure-gradient components 
as 
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where /? and f? respectively denote the convection and pressure fluxes, defined as 
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The non-dimensional eigenvalues of the flux vector Jacobian Of /0q = Of4/0q + Of?/0q are 
Ау = М, À2.3 = M amp (15.20) 


For supersonic flows, the eigenvalues (13.20) all have the same algebraic sign and the entire 
flux divergence can be upstream approximated along one single direction. For subsonic 
flows, these eigenvalues have mixed algebraic sign and an upstream approximation for the 
flux divergence along one single direction remains inconsistent with the two-way propagation 
of acoustic waves. Without the pressure gradient in the momentum equation, however, the 
corresponding flux-Jacobian eigenvalues all have the same algebraic sign and the resulting 
convection flux divergence can then be upstream approximated along one single direction. 
The flux divergence can thus be decomposed as the linear combination 
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where the positive pressure-gradient partition function 0 can be chosen in such a way that all 
the eigenvalues of each of the two components between brackets in (13.21) keep the same al- 
gebraic sign for all Mach numbers. In this manner, these entire components can be upstream 
approximated along single directions. This choice for 2 is possible because the eigenvalues 
of a matrix are continuous functions of the matrix entries and hence all the eigenvalues for 


396 CFD Investigation of Generalized Quasi-1-D Compressible Flows 





the components in (13.21) will continuously depend upon 8. The function 8 will gradu- 
ally increase toward 1 for increasing Mach number, so that an upstream approximation for 
the components in (13.21) smoothly approaches and then becomes an upstream approxima- 
tion for the entire A along one single direction. Decomposition (13.21) is thus used for an 
upstream approximation of the flux divergence for subsonic and supersonic flows. 

For low and vanishing Mach numbers, however, decomposition (13.21) is insufficient for 
an accurate upstream modeling of acoustic waves. For a Mach number that approaches zero, 
the Euler eigenvalues (13.20) can all keep the same algebraic sign only if the sound speed 
contribution vanishes, which corresponds to a vanishing pressure gradient contribution and 
hence 8 approaching zero. But for 8 approaching zero, the eigenvalues associated with the 
components in (13.21) approach the eigenvalues of the Jacobians 
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Using the pressure-derivative identity (2.22) the eigenvalues of these Jacobians respectively 
are 
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which certainly all keep the same algebraic sign, but for vanishing Mach number remain far 
less than the dominant speed of sound c. For low Mach numbers, therefore, an upstream 
approximation for the components in (13.21) would inaccurately model the physics of acous- 
tics. This difficulty is resolved by further decomposing the pressure gradient in (13.21) in 
terms of a genuine acoustic component, for accurate upstream modeling of acoustic waves. 


13.3.2 Acoustic Components 


Based on the acoustics equations (13.11), the flux divergence A can be alternatively de- 


composed for arbitrary Mach numbers and corresponding dependent variables p, m, and Е 








as 
ОГ оао да 
_ PF" | (дец ancy 98 13.26 
Or Ox Ц Ox Ox ieee) Ox | ) 
In this decomposition, the matrices A^ and A"* are defined as 
0, 1 ;, "0 0, —1 » 
A? = D, ) 2 0 , Pr | Ae = 0 ) Pm И 0 (13.27) 
с —p C=) 
0 , : , 0 0 , = , 0 


Py РБ 
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Heed, in particular, that no flux component of f(q) exists, of which the Jacobian equals А“. 
The eigenvalues of the matrix A"* have been determined in closed form as 





Ме = 0, | А = —cMp,u/|ul (13.28) 


which become infinitesimal for vanishing M. The matrix A"* can be termed a “non-linear 
coupling” matrix, for it completes the non-linear coupling between convection and acoustics 
within (13.26) so that the two Euler eigenvalues A7, in (13.7) do correspond to the sum of 
convection and acoustic speeds. Since decomposition (13.26) will be used in the upstream- 
bias formulation for small Mach numbers only and considering that the eigenvalues in (13.28) 
vanish for these Mach numbers, no need exists to involve A” in the upstream-bias approx- 
imation of the Euler flux Jacobian. The eigenvalues of A^ are exactly determined in closed 
form as 

А = 0, A93 = С (13.29) 


This matrix can thus be used to develop an acoustics upstream bias. With reference to the 
similarity transformation (13.14) for this matrix, the Euler flux divergence decomposition 
(13.26) becomes 
OF _ yay- + XAT X14 oF + А" (13.30) 
Og дд 
which exposes the acoustics and convection components. Since the two acoustics matrices 
at the rhs of this expression respectively possess non-negative and non-positive eigenvalues, 
a characteristics-bias representation of these matrices involves an upstream resolution of the 
first matrix and a downstream resolution of the second. ‘These representations naturally lead 
to the following absolute acoustics-matrix expression 








Og ge _\ у—1 08 
Е at _ Да ud 13.31 
|A*| 5 X (А+ - ле) Хх B. (13.31) 


which depends on the selection of the diagonal matrices A^* and Л, with different forms 
inducing distinct levels of upstream diffusion. With the following choices 


{2,0,0 (0.0.0 
ЕО ЕЕ ао (13.32) 
0 ~. ШШ 2 E 0, 0 ; € 


the associated absolute acoustic-matrix statement becomes 


- - 


а да _ a+ ұу —1 a— v —1 Ода Од 
ы EE е а lee 


„е А) Х | —- = сг 13.99 
( ) ðr “дт ( ) 
which shows that |A^| equals cl, of which all eigenvalues approach +c. This computationally 
advantageous form of the acoustics upstream-bias is used essentially in the low subsonic-flow 
Mach number regime. 
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13.3.3 Combination of Flux-Jacobian Decompositions 


The previous sections have shown that the Euler flux Jacobian can be equivalently expressed 


as 
Of? Әр Әр? 
of E > mt a R Ai 
= m (13.34) 
d Кел а Оно АВ F + Are 


where the first expression is convenient for a characteristics-bias approximation for high- 
subsonic and supersonic Mach numbers and the second expression is needed for low-subsonic 
Mach numbers. 

A decomposition for all Mach numbers may thus be cast as a linear combination of these 
two Euler decompositions, with linear combination function a, 0 «a € 1 


Lf Al [aa] 
ој“ 
Og 


Owing to the simplifying function 6 = (1 — a), the final form of the acoustics-convection 
Euler flux-divergence decomposition becomes 


of a + [Ar ee 


ra {хет + ХА X + = zu (19:95) 





Ој Og 


=a (ХААХ + XA XT’) | pü-uü-4)— od = (13:36) 


Ox О Og OF Ox Ox 


This decomposition leads to a consistent upstream-bias representation due to the physi- 
cal significance of its terms. The streamline acoustics term a (ХЛ X! + ХЛ X) eu 
accounts for the bi-modal streamline propagation of acoustic waves; this term is thus em- 
ployed for an acoustics upstream - bias approximation along the streamline, for low Mach 
numbers. Since this term already models pressure-induced acoustic-wave propagation along 
each streamline, no upstream-bias is needed for аА" 54 , for an upstream of this term would 
essentially add only algebraic complexity to the jon йй, since its coefficient o rapidly 
decreases and then vanishes for supersonic and high subsonic Mach numbers and two eigen- 
values of the Jacobian of this term vanish, with the third becoming negligible when o is 
significant. By the TM token, there is no need to develop an additional upstream bias 
for the (1 а — 6)£, term also considering that the coefficient (1 — а — 6) vanishes for 
acoustic and sapere е flows, two eigenvalues of the Jacobian of this term identically vanish, 
and the third becomes negligible for vanishing Mach number. Besides, as the Mach number 
rises, an increasing fraction of the pressure gradient receives an upstream bias in the term 
P : + 65 | This expression is counted as one term because the eigenvalues associated with 








this term wi all keep the same sign, since 6 = (1 — a)8 < 8. For any magnitude of both 
pressure and pressure gradient, the convection field uniformly carries information along the 
streamline; accordingly, this entire term can receive an upstream bias along the streamline 
direction. 
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13.4  Characteristics-Bias Flux-Divergence 


Given the algebraic sign of the eigenvalue set of each matrix term in (13.36), the associated 
direction cosines a; for the upstream-bias expression (9.71) are 


ai = +1, а = —1, аз = s = sgn(u), a4 = a5 = 0 (13.30) 


where s = sgn(u) denotes the algebraic sign of u. With (13.36) and (13.37) the general 
upstream-bias expression (9.71) leads to the acoustics-convection characteristics-bias flux 


divergence 
ојо Of a ој“ Ө} 
SF = a a emos Cay jas + ar ee) 


The operation count for expression (13.38) is then comparable to that of an FVS for- 
mulation. ‘The terms in this expression, furthermore, directly correspond to the physics of 
acoustics and convection. This expression also determines, up to an arbitrary constant, the 
non-discrete characteristics-bias flux 


fe = = е (ос nd i „= (13.39) 





Ox Ox 


Heed that the components within f^ remain linearly independent of one another, which 
avoids the linear-dependence instability in the steady low-Mach-number Euler equations. 
For low Mach numbers, д = 0 and (13.38) reduces to 


Of" Ә О ој“ 
ПЕРЕ +e) | е 





which essentially induces only an acoustics upstream. For supersonic flow, а = 0 and 6 = 1. 
Expression (13.38) in this case becomes 


0f^ af ə д 
Fa eo ем ($£) | (13.41) 


which corresponds to an upstream approximation of the entire Euler flux divergence. 


13.4.1 Consistent Upstream-Bias 


The acoustics-convection characteristics-bias functions а and д depend on the Mach number. 
They are determined by enforcing the upstream stability condition on the characteristics- 
bias perturbation matrix for (13.38). The divergence of the characteristics flux f° in (13.38) 
becomes 





0f V af Of ој" 
рај E EE | го (act + + aE) a (13.42) 


where J denotes the identity matrix of appropriate size. The terms between parentheses 
collectively constitute the upstream- bias dissipation matrix 
ој“ Of? 


ша ш я 





(13.43) 
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Despite the formidable algebraic complexity of A, all of its eigenvalues have been analytically 
determined exactly in closed form, not only for perfect, but also equilibrium gases. Dividing 
through by the speed of sound c, the non-dimensional form of these eigenvalues is 


1/2 


1-6 16 : 
№=а+ М, №з= а + 1+ — Pe M a PsM +6 (13.44) 


In order to ensure physical significance for the characteristics- bias flux within (13.38), hence 
for the upstream-bias approximation to decomposition (13.36), the upstream-bias functions 
o and д are determined by forcing these eigenvalues to remain positive for all Mach numbers. 
Rather than prescribing some expressions for а and д and accepting the resulting variations 
for these eigenvalues, physically reasonable expressions for these eigenvalues are instead 
prescribed and the corresponding functions for а and 6 determined. 


13.4.2 Upstream-Bias Eigenvalues and Functions а and б 


The prescribed eigenvalues А and Аз respectively correlate with M and |М — 1|. These 
eigenvalues directly lead to o and д. 

The eigenvalue А; correlates with M, but must remain distinct from |М —1], for eigenvalue 
separation, and approach 1 for vanishing M, because all the non-dimensional eigenvalues of 
the absolute acoustics matrix equal 1. With =; = i, in this work, one expression for A, that 
meets this requirements is the composite spline 





€ E€ 
1 — М + M , 0 <M< : 
M-—iy 1-«e 
№(М) = ЈЕ 2) + а >, i СМ < ict, (13.45) 
M 
M , ем € М 


The eigenvalue Аз correlates with the absolute-value Euler eigenvalue |М — 1. As a 
consequence, Аз will vary between 1 and 1 — M for 0 € M < 1—&y and smoothly shift from 
1— М to M—1 within the sonic transition layer 1 — € < M < 1 + £y, where ем denotes а 
transition-layer parameter; again, гм = i in this work. One expression for A4 that remains 
smooth and meets these requirements is the composite spline 


M 1) са 
(М) = aS ; 1—ем < M < I+ Em (13.46) 
M-1 (146, € М 


which is graphed in Figure 13.3. Observe in particular the smooth transition in the critical 
region within the transition layer, where this Аз does not vanish, but remains not less than 
£72. 
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Third Characteristics-Bias Eigenvalue 
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Figure 13.3: Characteristics-Bias Eigenvalue Аз 


With these A; and Аз, the corresponding expressions for both а = a(M) and о = 6(M) 
from (13.44) have been exactly determined as 


(A1(M) — A2(M)) (ММ) — (М) +p, M ) 


o(M) =1(M)-M, 6(M) = 1+p,M (A (M) — d2(M)) 


(13.47) 
where subscript “Е” denotes partial differentiation with respect to this variable. The vari- 
ations of the upstream-bias functions а = a(M) and 6 = (М) and the corresponding 
eigenvalues from (13.44) are respectively presented in Figures 13.4-13.6. 

Figure 13.4 indicates that the upstream-bias functions as well as their slopes remain 
continuous for all Mach numbers, with 0 < a,d < 1 and a= 0, for M > 5 + ем, as well 
as ô = 1 for М > 1 + єр. As 6 = 6(M) rises, the upstream-bias contribution from the 
acoustics matrix decreases rapidly, reducing to less than 25% of its maximum at M = 0.39. 
The variation of ô = (М) shows that the pressure-gradient contribution to this upstream- 
bias formulation increases monotonically, while remaining less than 25% of its maximum, for 
0 x M < 0.7. When ó(M) = 1 for supersonic Mach numbers, the entire pressure-gradient 
is upstreamed with the same weight as in the convection flux, in complete agreement with 
the physical mono-axial wave propagation within supersonic flows. Figure 13.5 presents 
the eigenvalues Луз of the convection / pressure-gradient Jacobian Е +8 2. Obtained 
from (13.44) as Аја = Аз — а, these eigenvalues, as anticipated, remain positive, which 
justifies treating this Jacobian as one single term in the characteristics-bias divergence. For 
vanishing Mach numbers, ó approaches zero and the contribution to this Jacobian from 
pressure is virtually eliminated. As the Mach number, hence 0, increases these eigenvalues 
separate and smoothly approach the Euler eigenvalues M, M + 1 for supersonic flows. 
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Characteristics-Bias Functions 


Convection / Pressure-Gradient Eigenvalues 
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Figure 13.4: Upstream-Bias Functions 
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Figure 13.5: Convection / Pressure-Gradient Eigenvalues 


These eigenvalues do not approach |M + 1| for vanishing M, which is the reason why 


the acoustics upstream-bias, hence the o term, is developed. The complete characteristics- 
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Figure 13.6: Characteristics-Bias Eigenvalues 


bias streamline eigenvalues (13.44) are shown in Figure 13.6. These eigenvalues smoothly 
approach 1 for vanishing M, indicating a physically consistent upstream-bias approximation 
of the acoustic equations embedded within the Euler equations. For subsonic flows, Ај 
remains greater than M, a feature that is compensated by a А; that is less than M + 1 in 
the same flow regime. These eigenvalues remain positive as well as smooth, and their slopes 
remain continuous for all Mach numbers. For M > 1+€,,, the eigenvalues (13.44) respectively 
coincide with the Euler flux Jacobian eigenvalues M, M +1, M — 1, which corresponds to 
an upstream-bias approximation of the entire flux vector, for supersonic flows. 


13.5 Variational Statement and Boundary Conditions 
With p, Om, Фе denoting the components of the source term o, respectively in the continuity, 
linear-momentum, and energy equation, the developments in Chapter 9 and in the previous 


sections lead to the following characteristics-bias integral equations for modeling generalized 
compressible flows 


Op Әт д др Әт др Е 
holZ -ota [= (cus (oe – 4, + J tacs) )a=0 (13.48) 
Әт д (та 
др 


О От, д (та От, 
= = — EJ — -—1[)— О = 134 
[wg (cvs (5 om + 2 (Z +p) + acs + ( nZ) ја О (13.49) 
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онн) 


- оз 5; (evs Z- фе + 2 (= (Е «nj -— LJ | dQ = 0 (1390) 


These equations are expressed as the single system 


herr n) ae lt) 


д д д 
- | а= [acs + (6 — 1) or ) dQ = 0 LL 


An integration by parts of the characteristics-bias perturbation in this statement generates 
the following weak statement 


NET Js -0+2 AE EMI ZI 51 + (6– DZ) an 


- (used e = а 2 аз + (oc ym) = 0 (13.52) 











"Ox Ox 


Тһе ew boundary expression is eliminated by enforcing a weak Neumann-type boundary 
condition for the hyperbolic-parabolic characteristics-bias perturbation. One part of this 
condition imposes that the original Euler system should be satisfied at the boundary; the 
remaining terms are also set to zero as part of this weak boundary condition. Clearly, the 
single Neumann-type condition corresponds to the entire boundary expression set to nought. 
For supersonic flows with М  1--&,, а = 0 and 6 = 1 and this boundary condition, 
accordingly, enforces the governing system on the boundary. The resulting weak statement 
is expressed as 


[и езет | (2 – Ф+ aL ай + [95 Eva. 2 (сав + (8 — UT ano (13.53) 


which corresponds to a generalized non-discrete SUPG statement. Unlike the common SUPG 
formulation, however, this statement does not require a premultiplication of the governing 
system by the transpose of the flux-vector Jacobian E additionally, the upstream-bias 
functions eya and ewd require no matrix norms, but directly originate from the upstsream 
stability condition. 

For all test functions w € ^t! (0), the variational formulation seeks a solution q € Н'(0) 
with 7 = бог 7 = 1 respectively for shocked or smooth flows, that satisfies this weak 
statement. This statement is subject to prescribed initial conditions q(x,0) = qo(x) and 
boundary conditions on 00 = 010. Synthetically, these boundary conditions are expressed 
as 


L=Lin 





B(z,a)a(£54, t) T Cru tagt) (13.54) 


where С (2,0, t) corresponds to the array of prescribed Dirichlet boundary conditions, with 
a zero entry for each corresponding unconstrained component of q, and B(r,,) denotes a 
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square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
corresponding unconstrained component of q. 

The иш а boundary conditions at inlet and outlet depends ор the number of negative 
eigenvalues of 2 sine, where ng denotes the z-component of the outward pointing normal unit 
vector n. Again, a negative eigenvalue signifies a wave propagation in the direction opposite 
n, hence toward the flow domain, a propagation that carries information from the flow 
outside the s which information in embodied in а corresponding boundary condition. 

At an inlet, e n. displays two negative eigenvalues; density and total energy are thus 
constrained by 1 Dirichlet boundary conditions 


др EM OE © 
3; Pin t) m q (t); 3; st) = du (t) (13.55) 


where q(t ) and q. (t ( ) denote prescribed bounded functions. If the inlet is supersonic, the 





third eigenvalue of ? orna is negative and the similar Dirichlet constraint 


Әт 
Ot 
is enforced on mass flow, with а (t) a prescribed condition. 

No Dirichlet constraint is enforced on m at a subsonic inlet because the third eigenvalue 
of ae is positive, implying that the boundary magnitude of m is determined by the down- 
stream flow conditions. In this case, the integral statement (13.53) for the corresponding 
linear-momentum is employed, using a weight function w with a non-vanishing trace at the 
inlet. 

Similarly, at a supersonic outlet no Dirichlet constraints are imposed on the dependent 
variable “q” because all the eigenvalues of 2 („Па аге positive, implying that the boundary 
ade of q is determined by the шш ш flow conditions. In this case, the integral 
statement (13.53) is employed, using a weight function w with a non-vanishing trace at the 
outlet. 

At a subsonic outlet, two eigenvalues of ae are positive, but one remains negative, 
implying that one exterior condition is required to determine the upstream flow. This study 
has selected a physically meaningful boundary condition on pressure p, enforced via the 
linear-momentum integral statement as follows. Considering that w(2;,,) = 0 and w(x,4) = 1 
in this statement, an integration by parts of not only the characteristics-bias expression, but 
also the pressure gradient yields 


f (o+ 092) (2 a A a+ f suse (ac эт + affa) до 


чу pan + (p - evs (57 – bm + + ac pd 2:3) =0 (13.57) 


Ox Е 
L—=ZLout 


The entire boundary expression is then set to a prescribed outlet external pressure Pex; this 
boundary condition selection serves the double duty of both providing a boundary condi- 
tion for the hyperbolic-parabolic perturbation in the characteristics-bias system and forcing 
the outlet pressure to approach Pe since = is set equal to a mesh spacing. Тһе stability, 
accuracy, and numerical performance of this pressure boundary condition are discussed in 
Sections 13.6.3, 13.9. 


(Жы = q, (t) (13.56) 
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13.6 Finite Element Weak Statement 


The finite element solution exists on a partition О”, O^ C О, of О, where superscript “h” 
signifies a spatial discrete approximation. This partition О” has its boundary nodes in д0" 
on the boundary 00 of О and results from the union of Ne non-overlapping elements Qe, О” = 
B Qe. With 7 = 0 or 7 = 1, respectively for shocked or smooth flows, and with Ф, (Qe) and 
P,,(Q,) the finite-dimensional function spaces of respectively diagonal square matrix-valued 
and vector-valued linear polynomials within each Qe, for each “t”, the corresponding diagonal 
square matrix-valued and vector-valued finite element discretization spaces employed in this 
study are defined as 


S0 = jw" EHO : w^ 





E P (0.), VQ, € О”, Bw, w"(w, ,) = o} 
51007) = [wh HYD): whl, E€ Prol), М0, E 0, BCE ји E ont) = Gier, s) 


(13.58) 
Based on these spaces, the finite element approximation q^ € 57, is determined for each ^t" 
as the solution of the finite element weak statement associated with (13.53) 


f. bn + ен ESI – gl + а йо 


Qe 


Ow" ðq” 9f" 
hh hh hish _ І 
д ДО) = T9. 
efe Эл CET Uu 0, vw^es (13.59) 
where s^ = sgn(u^) denotes the sign of и" at the centroid of each element; the linear- 


momentum discrete weak statement for an outlet node then results from a finite element 
discretization of (13.57) when an outlet pressure boundary condition is enforced. Since 
every member w^ of S! results from a linear combination of the linearly independent basis 
functions of this finite dimensional space, statement (13.59) is satisfied for N independent 
basis functions of the space, where М denotes the dimension of the space. For N mesh nodes 
within Q^, there exist clusters of “master” elements Q7", each comprising only those adjacent 
elements that share a mesh node z;, which implies existence of exactly М master elements. 
Note that each master element represents a “finite volume" as used in finite volume schemes, 
which, however, do not employ the following finite element “pyramid” test functions. On 
each master element 2”, the discrete test function ш" = w; = w(x), 1 € i < N, will 
coincide with the pyramid basis function with compact support on Ө”. 
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Figure 13.7: Adjacent Finite Elements, Master Element, Pyramid Test Function о; (2) 


Such a function equals one at node 2;, zero at all other mesh nodes, and also identically 
vanishes both on the boundary segments of Q” not containing z;, and elsewhere within the 
computational domain outside 9. Statement (13.59) yields a non-linear SUPG formulation, 
because the controller w” does not remain constant, but varies as a local measure of the 
discrete solution q^, as detailed in Chapter 10. As supported by the computational solutions, 


with subscript “2” denoting numerical value at node т, this measure is established as 
h h h 
| ni E 
Ф| = 788 | + TERI T9 = | + те) + ЕР), (13.60) 
Pret 1 Пе 1 Р. 1 




















for a positive mt, this measure becomes the nodal 44 norm of the solution. 


13.6.1 Galerkin Finite Element Expansions and Integrals 
The discrete solution q^ € 57 at each time t assumes the form of the following linear com- 


bination 


q^ (x,t) = X w; (2) - q" (z5,t) (13.61) 


Me 


1 


J 


of nodal solution values and trial basis functions that coincide with the test functions w;(x) 
for a Galerkin formulation. Similarly, the source ф = ó(r,q(z,t)) and fluxes f = /f(q(x,t)), 
ј = f%(q(a,t)) and f? = f?(q(x,t)) are discretized through the group expressions 


$^ (2,0) = dw; (2) -¢ (2,0 (x;,t)) „ газе dw; (x) f (a (x;,t)) 


~ 
| 

m 
~ 
| 

m 


f* (ође w (к) fi Cad Р @ = Vw (m): К (2,0) (13.62) 


j=l ==]. 
The notation for the discrete nodal variable and fluxes is then simplified as q;(t) = q” (2;, t), 
pit) = $^ (25,20), Бај (et), J = f* (25,1), = f?” (25,1). With implied summation 
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on the repeated subscript index 7, expansions (13.61)-(13.62) are then inserted into (13.59), 
which yields the discrete finite element weak statement 


Ow дд" w 
h hh 1 hth АҺ 1 ht 
ИСЕ: Е аг, Q- l. С 2 ) wo, 








i 1 Wi OW; 

+f, С У (525) dX? +f ie MATES : —. = (acg; + s^ (6^ — 1f?) dQ = 0 
(13.63) 

for 162 x №, with y? = Yh = s^ for smooth flows, whereas v^ > py + "^ in the three- 

element shock region, as amplified in Chapter 10; in respect of =, this term is set equal to a 

reference length within each element, typically a measure of the element size, equal to Az /2 

within each element Qe of length Az, as described in Chapter 10. 

Within each element Qe, in the upstream-bias integrals 





Ow; Ош; Ow an 20 pes Qu; 

h i ћ OW; OW; EL cen i OW; 

ND шй, f vhi da, [ve г, [уче ок 
(13.64) 


the functions a”, 6", c^, 0", and фу, standing for both v? and w%, all depend on the variable 
(z,t), V^ and V? through an expression like (13.61) and o^, 6”, and с“ through 


о" = а (M (a^ (x, t))) =o (M (a^ (a, t))) ‚с=с (q^ (a, t)) (13.65) 


For the linear basis functions in this paper, each derivative Ow;/Ox becomes a constant, 
which simplifies (13.64). These integrals directly influence non only the stability, but also 
the accuracy of the computational solution, especially in the neighbourhood of a discontinu- 
ity. Accordingly, within each element where the flow is smooth, these integrals are evaluated 
by way of a 3-point Gaussian quadrature, with abscissae { — \/3/5, 0, (3/5 } and weights 
{5/9,8/9,5/9 |, a rule that supplies a 5th-order accurate integration. A 5th-degree continu- 
ous polynomial representation of a shock, however, contrasts with its discontinuous nature. 
As a result, within the three-element shock region, integrals (13.64) are evaluated via a 1- 
point quadrature, with abscissa (0 } and weight (2 ), a rule that returns a simple centroidal 
average for each of these integrals. According to the computational results, in comparison to 
a uniform use of either the 3-point or 1-point quadrature throughout the computational do- 
main, the use of the separate-quadrature strategy has contributed to non-oscillatory shocks 
and accurate computation of the jumps in the discontinuous dependent variables. 

Since the test and trial functions w; are prescribed functions of x, the remaining spatial 
integrations in (13.63) are then exactly carried out. The completion of each indicated spatial 
integration transforms (13.63) into a system of ordinary differential equations (ODE) in 
continuum time for determining at each time level t the unknown nodal values q" (2;, t). 





13.6.2 Discrete Upstream Bias 





For a clear comparison between traditional finite difference/volume schemes and the acoustics- 
convection finite element algorithm (13.63), at any interior node “i” of the representative 
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grid in Figure 13.7, equations (13.63) with e? ı = (Ат, 1) /2 can be equivalently recast in 


1 
2 
difference notation as 


Ах [1 sb dii „9 Ат (1 sh dq; Яд 

(5 (595 )), C) Gs), (за a) 
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-5 ((1+ (9)4) (21 — f) + (1 (9)44) (Ма = 19) 
-5 ( (1+ (ве у) OP- Га) + (1 – (зеца) (Ра - 7) зв 


TEE 
1 




















(9:41 ES qi) 
1 


1 
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which uniquely couples several time derivatives at each node and features a linear com- 
bination of two-point upstream and downstream flux differences. In these finite element 
equations, the controller ij" determines the combination weights of the downstream and 
upstream expressions, and since 7” remains non-negative, these equations induce the appro- 
priate upstream bias, since the upstream weight 1 + %, 1 always exceeds the downstream 





weight 1 — w; ipia As a result, the finite element weak statement (13.63) generates consistent 
variable-upstream-bias discrete equations that correspond to an upstream-bias discretiza- 
tions for the original Euler system, within a compact block tri-diagonal matrix statement. 

For smooth solutions, these equations will still couple upstream and downstream points 
even for supersonic flows. Such an algorithm remains mathematically consistent with the 
physics of supersonic mono-directional wave propagation on the basis of Courant's and 
Hilbert’s classical developments for non-linear hyperbolic systems. These developments show 
that while waves do propagate along characteristics, smooth solutions can be expanded in 
Taylor's series within arbitrary regions encircling any given point and along any direction, 
radiating upstream or downstream from the point. 

For a closer comparison with upwind finite-volume schemes, the finite element equations 
(13.66) can be rearranged to generate the “numerical flux” 


аг 
Fa = а — Vii cr i a 








Sil (80) 1 
3 Л) + 9 : 





Qu. - m 
(13.67) 


which corresponds to the discrete counterpart of the characteristics-bias flux (13.39). By 
virtue of this numerical flux, equations (13.66) are recast as 


Ат (1 sv dqi-i | „04 Ат (1 sh dq; д1 
LI EDI Ue due acd Rob: pam polum 
| 2 (5+ 2 )) | d ^а) (248 2)/.,\ а d 


-( 9 (5 + > )).. (6.4 +26) ( 5 (5- 5 )) (20; + Фал) 


--(Fu4i-Fii) (13.68) 


which shows that the finite element weak statement (13.63) naturally leads to a discretely 
conservative algorithm. 
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13.6.3 Boundary Equations and Pressure Boundary Condition 


The integral statement (13.63) directly yields a set of consistent boundary differential equa- 
tions, for both unconstrained boundary variables and for pressure, to enforce a pressure 
boundary condition at a subsonic outlet. These equations do not require any algebraic ex- 
trapolation of variables, but rather couple the time derivatives of boundary- and interior-node 
variables within the boundary cell. 

For the linear elements in this study, let N and N — 1 denote the nodes within the outlet 
boundary element, with N corresponding to the outlet node. For the discrete finite element 
equation associated with boundary node су, the test function w satisfies the conditions 
WO Dig a) ero ле = 1. 

The boundary differential equation from (13.63) corresponding to an outlet node becomes 


1 sy, dqn-1 | ,dqn 
АЕ уа 
| {+ 2 )) | qu se 


- (A: Е + У). (бм + 26м) = – даб) у (av = 4-1) 








3 2 


– (1+ (sb) а) (f& а) – (1 + (6908) 1) (U& — faa) (13.69) 
This equation directly couples the time derivatives of the solution q at the adjacent boundary 
and interior nodes xy and ry ,. A similar equation is then obtained at an inlet, mutatis 
mutandis. 

Mechanically, a quasi-one-dimensional flow within a duct is induced by lowering the outlet 
pressure in comparison to the inlet pressure. Such an outlet pressure boundary condition is 
naturally enforced within the surface integral that emerges in the momentum-equation weak 
statement, as shown in the previous section. A linear finite element discretization of (13.57) 


yields 
1 SU), dqn-1 dqn 
Ат |= + — 2—— 
(а (+ 7). Car а 


- (да (5 + *)) _ (хл +аду) = аав) (ах = aw) 








1 

= (1+ (80) ма) (F& — Fira) – (9) a (Ж а) – (Ли – КО – Је) (13.70) 
In this equation, ју denotes the outlet-node pressure, as calculated through the equation 
of state (2.25), whereas, quite significantly, ffu can correspond to the specified outlet pres- 
sure boundary condition. This strategy for imposing an outlet pressure boundary condition 
remains intrinsically stable. Suppose, for instance, that some numerical perturbation forces 
Ју to decrease below the imposed је. In this case the outlet boundary equation (13.70) 
induces a negative time rate of change for m,,, which leads to a corresponding reduction in 
my. From the equation of state (2.25), this reduction then leads to an increase in Ју, which 
corresponds to a stable restoration of the imposed pressure condition. A similar conclusion 
on the stability of (13.70) is achieved by considering a perturbation increase in ју. The re- 
sults in Section 13.9 confirm the accuracy and stability of this pressure boundary condition 
procedure. 
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13.7 Implicit Runge Kutta Time Integration 
The finite element equation (13.66) along with appropriate boundary equations and condi- 


tions form a system of non-linear ordinary differential equations in the time variable. ‘The 
discrete characteristics-bias differential system, inclusive of inlet and outlet pressure bound- 


1 sy dq dq 
(as [5- Tye: Pr ui 
ES (As (5 = 223) (204 + фә) = 2(vac), 1 (q2 — @) 
1+5 


- (1 = (вд) а) (01 — ff) – (1 (809), а ) (1 - ff) (13.71) 
for the inlet node, 7 = 1, with appropriate components replaced by (13.55)-(13.56) 
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ary conditions is cast as 
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for the internal nodes, 2 € i < N — 1, and 
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– (ff — Fe) — Ња) (13.73) 


for the outlet node, + = N. 
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With Q denoting the array of nodal density, momentum, and energy 


01 
TI 
En 
p2 
т 


(13.74) 


O 
||| 


PN 
My 


Ey 
and F denoting an array of fluxes, source terms and characteristics-bias expressions, equa- 
tions (13.71)-(13.73) are abridged as the non-linear differential system 


dQ) 
dt 


M = F (t,Q(t)) (13.75) 





Where the “mass” matrix M couples the discretization nodal time derivatives. А represen- 
tative equation at an internal node “z” is thus cast as 
dqi i dqi ада 


di T Mii T Pii di 


where F;(t, Q) corresponds to the right-hand sides in (13.71)-(13.73). 
The differential system (13.75) is integrated through the two-stage implicit Runge-Kutta 
procedure 


= F;(t,Q) (13.76) 








Т; 2—1 


Оһ — Qu = брк + А5 
Mk, = Al -F (tn +c, At, Qn + 41141) 
M EK» ==. Af: Ка (s + Co AAT, ел + аә К + 135 Кә) (19.77) 


The Runge-Kutta arrays K, and К» correspond to variations AQ; and AQ» of the solution 
array Q. The first expression in (13.77) thus corresponds to the linear combination 


is == Am = b, AQ, + bo АС (13.78) 


The terminal numerical solution for the second and third expression in (13.77) is then 
computed using Newton’s method, which for the implicit fully-coupled computation of the 
IRK2 arrays K;, 1 < i < 2, is cast as 


р 
©; 
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Q? = Qn + ад K? + ар KÈ (13.79) 


where а; = 0 for j > i, p is the iteration index, and K? = К, for i = 2; for linear finite 
elements, the Jacobian 


р 
u dQ о? 
becomes а block tri-diagonal matrix. Since the Jacobians of the controllers v, v; and v, 
are computationally expensive, these controllers are kept equal to their magnitudes at each 
time level n, during the determination of the Runge-Kutta arrays Kı and К», а specification 
that does not require the Jacobians of these controllers; all the other Jacobians have been 
exactly determined analytically. For all the results documented in the next section, the initial 
estimate K? is set equal to the zero array. The practical implementation of Newton's method 
for (13.79) has allowed a specified maximum number of Newton iterations for the non-linear 
determination of each ТЕК array K;. This number was set to 4, yet the algorithm only 
employed 4 Newton iterations when the absolute value of the maximum component of the 
residual F in (13.75) exceeded the prescribed tolerance of 5.0 x 1079, otherwise the algorithm 
employed fewer iterations, mostly 1. 'This implementation led to а rapid convergence to 


steady states, with Courant number reaching 200, as detailed in Section 13.9. 





13.8 Reference Exact Solutions 


When the source term ф in the Euler system 


да | Of(q) 
907 От 





=i (13.81) 


is restricted to the area variation terms, the arrays q = q(z,t), f = f(q) and ¢ = ¢(2,q) 
may be expressed as 





0 т 0 
2 
С m dA 
gu mM оет te ы == ™ (13.82) 
mM 
E a h E+p 





where p, m, E, p, and A respectively denote density, volume-specific linear momentum and 
total-energy, pressure, and nozzle cross-sectional area. The flow speed u, depends upon m 
and p as и = m/p. Pressure is then expressed in terms of p, m, E through the equation of 
state 





p = plp, (рт, E), p=(y-1) | = т. (13.83) 


where the first expression applies for an equilibrium gas and the second specifically models 
a perfect gas. 
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13.8.1 Smooth-Flow Pressure Integral 





The Euler equations may also be expressed as 











OpA  OpuA - 
Ot * Ox ү 
OpuA д 5 др _ 
БҮ + Эт (pu A) T A =) (13.84) 
ОБА д (Е + p) 
A = 
Ot Шш От (m p ) : 


For a smooth flow, for which the flow-variable partial derivatives exist everywhere within 
the flow, the combination of the continuity and linear-momentum equations lead to the 
non-conservation linear-momentum equation 


ди д (из 1др 
x xx) i-o (13.85) 
which no longer depends upon the cross sectional area A. This equation along with the 
continuity and energy equations will lead to an exact pressure integral of the entire system 
of Euler equations. The conditions for this integral involve a cross sectional area А = A(x) 
variation that remains sufficiently mild for the average of the speed squared and the square 
of the average speed to remain accurate representations of each other. This exact integral 
expresses pressure as a function of density only as p — p(p). 

In order to determine this pressure integral, begin by expressing the total energy Е in 
terms of the internal and kinetic energies as E = pe + pu?/2. Next insert this expression 
into the energy equation, and simplify the expression through the continuity equation. The 
resulting energy equation becomes 


де дє ofwi d Tut O(Aup) _ 
Ax) e) (5))+ Da = 0 (13.86) 


which features the substantive derivative of the mass-specific kinetic energy. ‘This derivative 
is recast in terms of the linear-momentum equation, which leads to the following form of the 
internal energy equation 




















де де OAu 
А Беба =) 13.87 
Р x иге + Poe en 
The derivative of Ап is then recast in terms of the continuity equation. The resulting 
equation becomes 
де де р (др др 
= Ба Ра ки = 13.88 
ЈЕ eus) p (= euge) l ) 


which no longer depends upon the cross-sectional area A = A(x) and can also be cast in 
substantive-derivative form as 
De _ рОр 


— = — 13.89 
PDI p Dt | ) 
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For an equilibrium gas, the internal energy є depends upon two other thermodynamic 
variables, hence е = e(p, p). Equation (13.89), therefore, constrains p to depend upon p only 
as 


p = р(р) (13.90) 


For a perfect gas, the internal energy є explicitly depends upon р and p via the temperature 
T 











T | 
= (13.91) 
Equation (13.89), therefore, specializes into 

а 

1Dp ^*4Dp др р 
pDt рїї ~ | Dlogp_ Dlogp ee 

Dt Dt 
with solution 5 ® 


which corresponds to the traditional isentropic relationship between p and p. More than a 
simplifying assumption on a gas dynamic process, therefore, this fundamental relationship 
rather emerges as an exact integral of the quasi-one-dimensional Euler equations for both 
steady and unsteady smooth, inviscid, and adiabatic flows. 





13.8.2 Steady-State Equations 
In terms of the primitive variables р, и and Е, the steady-flow Euler equations become 


OpuA 
Ox ү 


a (w) 1a o 


2 (раке) _, 


These equations lead to the area rule and three exact integrals. 





13.8.3 Area Rule 


For a smooth flow, results (13.90), (13.92) show that pressure only depends upon density 
p = p(p). The pressure gradient in the linear-momentum equation in (13.94), therefore, 
explicitly correlates with the density gradient. The expression for this density gradient from 
the linear-momentum equation thus becomes 


2 
Op __ (е) (13.95) 
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where subscript “s” indicates an isentropic derivative. From the continuity equation, the 
same density gradient depends upon the speed and cross-sectional area gradient in the form 
Op дш рида 


tL —— 


Ox — = | A дт 





(13.96) 


The combination of these two expressions for the density gradient then yields the area-rule 
expression 


= (1- M?) (13.97) 


др 
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This result shows that besides the speed gradient, the sign of the area gradient depends 
on the Mach number M = u/,/ oe . This number remains less than one as the speed 


increases from a negligible magnitude. In these conditions the area rule indicates a speed 
increase takes place along a duct with decreasing cross sectional area. As the speed keeps on 
increasing, M will eventually equal one. The area rule then shows the cross sectional area no 
longer decreases for the area gradient vanishes. Accordingly, the cross-sectional area where 
М = 1 corresponds to the nozzle throat. When М exceeds one, the speed can then keep 
on increasing along a duct with increasing cross-sectional area, since in these conditions the 
area rule provides a positive area gradient for a positive speed gradient. These considerations 
reiterate the importance of the Mach number as it critically impacts the correlation between 
speed and area gradients. 














13.8.4 Exact Integrals 
The continuity equation in system (13.94) yields 


u(x)p(x) A(x) = up; A; (13.98) 








where u;, pi, and A; respectively denote the inlet speed, density and nozzle cross sectional 
area. The second integral is result (13.90) 


p = p(p) (13.99) 


The third integral emerges from the energy equation as 


E(x) + p(t) Eit» 





13.100 
p(x) pi | 
Since E = pe + ри? /2, this result becomes 
u'(x) , p(x) uj р 
e(x) + + = єр + — 4 — 13.101 


The specific solution for a perfect gas emerges from inserting expression (13.91) into this 
integrated energy equation. Along with result (13.93), the complete steady-flow solution of 
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the Euler equation for a perfect gas thus becomes 


u(az)p(z)A(z) = uipiAi 





p(x) Pi 
па), v pow, v 





2 тїр 2 7-1р 


The direct integration of the linear-momentum equation in system (13.94) yields 
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Along with the pressure relationship in system (13.102), this integral yields 
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ш(2) vy Ра) w, wv m (13.104) 
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which coincides with the energy equation in (13.102). This outcome is not surprising and does 
determine the total energy equation because the integration of (13.103) employs the pres- 
sure relationship that results from the continuity, linear-momentum and energy equations. 
The determination of this energy equation through the integration of the linear-momentum 
equation, however, only remains valid for smooth flows, because both the linear-momentum 
equation and the pressure relationship used only applies for smooth flows. Instead, the deter- 
mination of the total energy result from the total-energy equation in system (13.94) applies 
for both smooth and non-smooth ( i.e. shocked ) flows because the total energy equation in 
system (13.94) is in conservation form. 





13.8.5 Similarity Solution 


The defining flow information consists of the distribution of nozzle cross-sectional area, inlet 
density and inlet and outlet pressure 


А = A(z), Pi, Pi, Po 





These specified quantities uniquely establish a quasi-one dimensional compressible flow within 
а converging-diverging nozzle. On the basis of this information, a unique steady, similarity 
solution emerges from system (13.102). 


Reference Variables 


From the isentropic pressure relationship, the outlet density is established as 


ae "T 
„= (2) = ~=+(2 (13.105) 
Pi Po Pi \ Po 
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From the continuity equation, the outlet speed u, is expressed in terms of inlet and outlet 
variables. Тһе insertion of such an expression for и, in the energy equation then leads to 
the inlet and outlet speeds in terms of inlet and outlet variables as 


2-2) A (2-2) 
Р А ъ= (4) (5) у= Pe 
(Ay (2) " о MÁs/ \% (Ay (2) 1 
Ao/ Хро Ag/ Хро 


The energy equation defines the ratio of stagnation pressure p,, and density ps; as 
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(13.106) 
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which implicitly defines the stagnation temperature as ап adiabatic-flow constant. With 
reference to the expression for и; in (13.106), the ratio p./ps_ then becomes 


Pi Po 
2e LP Po, (13.108) 
—— — | —1 
Ao) \ Po 
By virtue of the isentropic pressure relationship, the individual stagnation density and pres- 


sure then follow as : 
C RT 
ра = (2 и; ) ра = (2) Pst (13.109) 
Pal бы Pst 


The maximum speed Umax obtains from the energy equation in the limit of a vanishing 
ratio p/p. This ratio and the corresponding maximum speed Umax become 




















[шї fep ESL. Sa a ЛИЛЕ 2 (13.110) 
U— Umax p 2 y E 1 Pst Y ии 1 Pst 
The density and “maximum” nozzle area associated with Umax become 
5-1 A, 
lim p= lim ФР) =0, Ды =limu* = oo (13.111) 
U— Umax U—Umax pi] p; p—0 UmazP 
The nozzle-throat Mach number equals one, hence 
М,=1 >u? = ут (13.112) 
T T . 
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Through the energy equation, this equality leads to the following expressions for p,./p, and 
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Following (13.109), the individual expressions for р„ and p, become 
=} y= TE 
Pr = (2 rh = py (5) ‚о р. = Рт Pst e e» (18.114) 
Del Bs ssp Att Lig "d 
From the continuity equation, the expression for the reference throat area A,, becomes 
A A; ( 2 ү 
ij Ai ij Ai ub 
= ж. | | (13.115) 
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Non-Dimensional Ratios 


The ratio of local and stagnation pressure-density ratios will depend on the Mach number 
M as 
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With this result and the isentropic pressure relationship, the corresponding expressions for 
the individual pressure and density ratios become 


Pst 


As shown, the throat speed is expressed as u, 
leads to the ratio 
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From the continuity equation, the ratio A/A, follows as 
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(13.119) 


The distribution of nozzle cross-sectional area А = A(x) is prescribed. The expression for 
the ratio A/A,, can thus be viewed as the following equation for М = M (x) itself 


2(y—1) 


(Ре 0M* — QT) tra ^ 42-0 
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(13.120) 


which can be solved numerically for M, for each A. With the solutions of this equation, the 
corresponding pressure, density, and speed follow from (13.117) and (13.118). 
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13.8.6 Calculation of Shocked Flows 





Six quantities are necessary to determine a compressible nozzle flow with embedded normal 
shock. They consist of the inlet density and pressure p; and p;, outlet pressure p,, and inlet, 
throat, and outlet nozzle areas A;, A,, Аб. The complete determination of the flow with 
embedded normal shock involves the calculation of 13 quantities. They are the inlet and 
outlet speeds u;, и, and outlet density po, the pre- and post-shock density pi, р», speed 
U1, U2, and pressure pi, po, the normal-shock nozzle area Ај = A, = Аз, and the nozzle- 
throat density p,, speed u,, and pressure p,. ‘This determination, therefore, requires 13 
equations. These equations involve М, = 1 at the channel throat, the conservation of mass, 
linear momentum, and total energy across the normal shock, and the pressure relationship 
as well as the integrated continuity and total energy equations expressed in terms of the inlet 
and throat conditions, inlet and pre-shock conditions, and post-shock and outlet conditions. 
Grouped in sets, these 19 equations are 








шр: Ai = wp, A 


T 


Pi _ Ру up; Аз = итр1А; 
po pu Pi и 
уш уво Y Poo DQ po Pi 
у= 39305 uM NE ЖШ. Y m 
NE s 2 у 2 a= lpi 
Ur =Y 
Pr 
и10\ = U2p2 шор — Чобо Ао 
2 2 P2 Po 
ui + рі = pus + e ee 
c) PIER АЕ , d) pl pi (13.121) 
uo Y mous y P uj 72 _ Ue | 7 Po 
2 =la 2 үет 2 y—1p 2 w-—lp, 


The energy equation in system (13.121)-a) expresses u? hence M; in terms of (p, /pi)(pi/ p,.). 
The continuity equation in the same system expresses (p;/p,)(A;/A,) also in terms of 
(p,/pi)(pi/p,). The combination of these two separate results directly yields the follow- 
ing equation for M; 





2(y—1) 


p l+ 
(y – 1)М2 — (y 4-1) (ма) +2=0 (13.122) 
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which can be solved numerically for M;. ‘The difference between this equation and the 
formally identical equation (13.119) lies in А... In (13.119), A, represents a reference nozzle 
throat area, which may or may not coincide with the actual throat area. In (13.122), instead, 
A, equals the actual nozzle throat area, because the flow is sonic at the throat for a normal 
shock to develop. 

The energy equations from systems (13.121)-b), c), d) combined with the continuity 
equations from the same systems yield the following quadratic equation for р; / ро 


AS? as 2 po \ (pi 2 
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The corresponding physically meaningful solution for p,/p; emerges as 


Po 


EY + Mi(y – 1) (2 + (7— 0M) Gal р; 


КОО ООО“ ЄЧЄ (13.124) 


The determination of the outlet Mach number M, results from the continuity equations 
from systems (13.121)-b), c), d) as 


M, = М, (+) (2) (2) (13.125) 


The corresponding inlet and outlet speeds result from the definition of the Mach number as 











uUi = М; yt Uo = M, ane (13.126) 
Pi Po 
Heed that the determination of the outlet density p, as well as the inlet and outlet Mach 
numbers and speeds do not require the normal-shock Mach numbers. 
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Figure 13.8: Normal Shock Wave 


The normal-shock equations in system (13.121)-c) can be recast in terms of pre- and 
post-shock Mach numbers as 
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The combination of these equations expresses the post-shock Mach number М» in terms 

of only М, as 
2 (ү= И +2 
? 23Mi - (y - 1) 


The pressure relationships in systems (13.121)-b), d) lead to the following result in terms of 


pressure and density ratios 
7 AT 
Pa (2) E (2) (13.129) 
Pi \ P2 Pi \ Po 


Insertion into this result of the linear-momentum and continuity conditions, from system 
(13.127), and then of expression (13.128), for M», yields the single equation for the pre- 
shock Mach number Mj 


(13.128) 


AUS 
Mi (n + 1) 2) (=: – (2 + (7 –1)м2) (27M? - (у-1)) =0 (13.130) 
which can be solved numerically for Mj. With this solution, the post-shock Mach number 
M» follows from (13.128). 

By definition of stagnation states, the stagnation ratios ps,/Pst, and Ра, /ра, are ex- 
pressed from (13.116) in terms of inlet and outlet variables as 


5 1 mm 1 8 О IS 1 

pu _ Pi (1 pu М?) Pu _ Po (1 rae э м2) (13.131) 
Ds Pi 2 Pstz Ро 2 

The energy equations in systems (13.121)-ђ), с), 4), in particular, show these ratios equal 


each other 
а „ы 


Pst, Pst2 
fundamentally because the flow is adiabatic. With these stagnation ratios, the energy equa- 
tions in (13.121)-b), d) lead to the calculation of the pre- and post-shock ratios pı/pı and 


P2/ 02 


=> Js — 812 (13.132) 


Pi 2psu/ бй ра _ 2pst/ б 

pr 2+(7-10М p 2+(7–1)м 
The individual рге- and post-shock densities and pressures follow from the pre and post-shock 
pressure relationship as 


1 1 
Го \ 17 с E 
pı = (2/2 | , Р = (2) p, 02 = GA , Р = (2) p2 (13.134) 
pi f pi p2/ рэ pa 


The corresponding pre- and post-shock speeds follow from the definition of Mach number as 


uj = Му g иә = Мо ge (13.135) 
ү Pı | pe 


The nozzle cross-sectional area A,, where the normal shock takes place, results from the 
continuity equation in system (13.121)-b) as 








(13.133) 


piti 
paa 


As = Aj 





(13.136) 
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The reference post-jump throat speed и, and nozzle area A,, then follow from (13.113) and 
(13.119) as 


1+7 
[2 р, | 2 р, 1 201-0 
di. = А Pie a | ^ Pen = Un , А. = AM, (ш) (13.137) 
> (9 pstg Vyt lps 1 ° лы ИМ 


From (13.114) and (13.132), the pre- and post-shock throat area ratio A,, /A,, equals Pst / Ре» 
as follows 








A Pr U | Pst Pst 
и Ap = ри As SB 2 = 1 = 1 + === 13.138 
а idis Pn ај. Ar Pr, Um Pry P'st» Dst2 





The results in this section allow а complete calculation of a quasi-one-dimensional compress- 
ible flow with embedded normal shock. ‘This calculation is solely based on the prescribed 
inlet density, nozzle throat area, and inlet and outlet nozzle areas and pressures. 


13.9 Computational Results 


The characteristics-bias system formulation with continuum acoustics-convection upstream 
bias has generated physically consistent computational solutions for smooth and shocked 
mixed subsonic / supersonic flows with cross-sectional area variations, heat as well as mass 
transfer, shaft work, and wall friction. The 14 different benchmarks in this section encompass 
one shock-tube flow, one classical heated frictional flow, and several flows with only heat 
transfer, only mass transfer, mass as well as heat transfer, only shaft work, wall friction, 
wall friction coupled with heat as well as mass transfer and shaft work, cross-sectional area 
variations without and with shocks, with shocks and heat transfer, and with wall friction 
coupled with heat as well as mass transfer and shaft work, with mass added in a direction 
perpendicular to the x-axis. 

The spatial computational domain €) for these benchmarks is defined as: О = [r,,2,4] = 
10, 1], uniformly discretized through linear finite elements, for five progressively denser grids, 
as employed in the asymptotic convergence rate studies. ‘These grids respectively contain 50, 
100, 200, 400, and 800 linear elements. For each of these grids, every computational solution 
that admits a steady state rapidly converged, with the norm of the residual driven to the 
machine zero of 5.0 x 1077; the figures documenting the computational solutions in this 
section correspond to the 200-element grid. For each benchmark, the calculations proceeded 
with a prescribed constant maximum Courant number Cmax defined as 








At 
Cmax = max{|u + c|, |u — cl, CA (13.139) 
7; 


Given Az and Cmax for each benchmark, the algorithm automatically calculates the corre- 
sponding At as 
Сое 


© тах{ и + c|, Ju — с, c) 





(13.140) 


with variable controller yw determined as detailed in Chapter 10. Unless otherwise stated, 
all the computational solutions were obtained with a Courant number set equal to 100 and 
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Umin = 0.25. Although Ymax was set equal to 1.00, the formulation automatically kept w 
essentially equal to Vmin in regions of solution smoothness and only increased it in the vicinity 
of a discontinuity. 

The formulation has produced essentially non-oscillatory results that also reflect available 
exact solutions. ‘These computational solutions exhibit rapid convergence rate to a steady 
state and definite asymptotic convergence rate in both the H? and H! norms, for continuous 
solutions, and in the H? norm shocked solutions. 








13.9.1 Sod's Shock Tube Flow 


This benchmark is presented to show that the Galilean invariant characteristics-bias formu- 
lation leads to an increased resolution of the computed contact discontinuity. In this flow, 
the tube is initially divided in two chambers separated by an impermeable diaphragm placed 
at the midpoint of the tube axis. In these chambers, the non-dimensional initial conditions 
for the gas are 

pom 00. . m=000.. == 2.505 "Ове aw = 05 


р = 0.125, m=0.00, E—035, 05<х<1.0 (13.141) 


The diaphragm ruptures at t = 0 and the computational investigation with Cmax = 1.0 seeks 
the solution at the non-dimensional time # = 0.14152. At this time station, the exact solution 
features a normal shock centered at x = 0.75, for each of the components of the dependent 
variables in g, and a contact discontinuity centered at 2 = 0.62, for the distribution of density 


0. 





Figures 13.9 a)-d) present the distributions of density at this time level, for several formu- 
lations of the mass matrix and magnitudes of the upstream-bias controller ф. Figure 13.9 а) 
corresponds to a lumped mass matrix. This solution remains monotone, but diffused, with 
contact discontinuity and shock spread over several elements; significantly, the lumped-mass 
formulation for this benchmark has been found to remain devoid of unphysical oscillations 
only when w > 1, uniformly throughout the computational domain. Figure 13.9 b) is also 
obtained for a uniform w = 1, but with a consistent mass matrix, which corresponds to no 
upstream bias on the time derivative. This distribution remains virtually indistinguishable 
from the previous one, which shows that a consistent mass-matrix formulation can generate 
unsteady solutions devoid of unphysical oscillations. The solution in Figure 13.9 с) also 
corresponds to a consistent mass matrix, but results from a variable wv, with Ymin = 0.25 and 
Wmax = 0.75. The upstream bias in this case is no longer uniform, but is non-linearly applied 
in relation to the variation of the local solution slopes. Accordingly, the resolution of this 
solution has increased with a crisply captured shock wave and somewhat sharper, but still 
diffused contact discontinuity. It is the Galilean invariant formulation with a variable v» and 
upstream bias on the time derivative that noticeably increases the resolution of the contact 
discontinuity, which provides another justification the use of this formulation. 
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Figure 13.9: Density: a) Linear, Lumped Mass Matrix, b) Linear, Consistent Mass Matrix 
c) Non-linear, Consistent Mass Matrix, d) Non-linear, Galilean Invariant 


The formulation also leads to sharp contact discontinuities in the mass flow and Mach 
number distributions, as shown in Figures 13.10- 13.11, while it correctly preserves the 
pressure plateau across this discontinuity, as shown in Figure 13.12. 
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Figure 13.11: Galilean Invariant Formulation, Mach Number: a) t=0.07076, b) t=0.14152 
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Figure 13.12: Galilean Invariant Formulation, Pressure: a) t=0.07076, b) t=0.14152 


These three figures display solutions at two distinct time stations. In particular, they are 
representative of the essentially non-oscillatory character of this transient solution. 


13.9.2 Heat-Transfer Flows 


These computations have determined a subsonic and a supersonic duct flow induced by 
constant heating throughout the length of a smooth-wall cylindrical duct with length L = 1m 
and circular cross section and . The accuracy of the computational predictions is then gauged 
against the exact Rayleigh-flow results. The dimensional benchmark specifications are the 
inlet pressure р, = 100kPa and temperature Tin = 10°C, with (gr)am = 105.994kJ/( kg m ) 
and Min = 0.5 for the subsonic flow, and (g4)4,, = 124.088kJ/( kg m ) and М, = 3.0 for the 
supersonic flow. Employing the sonic state as the reference state, the corresponding non- 
dimensional specifications as well as boundary conditions аге: р, = 2.259, Е, = 4.756, pou = 
1.087, with дт = 1.28, corresponding from Rayleigh flow to Min = 1.183 and Mou = 0.929, for 
the subsonic flow, and pin = 0.630, Min = 1.183, En = 1.553, with gr = 1.40, corresponding 
to Dour = 0.899 and M,,, = 1.149 for the supersonic flow. The initial conditions throughout 
the duct correspond to a uniform flow from the specified inlet Mach number, a flow that 
is then advanced in time to a steady state. The corresponding computational results in 
Figure 13.13 
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Figure 13.13: Heat-Transfer Flows: a) Pressure, b) Mach Number 


reflect the exact Rayleigh-flow solution, with heating inducing an increase or decrease in 
Mach number, respectively for a subsonic or a supersonic flow. Although the mass flow 
rate remains unaltered, a constant heating theoretically induces a linear rise in the total 
enthalpy. ‘This feature is correctly reflected in the computational solution in Figure 13.14, 
which displays a linear increasing total enthalpy. 
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Figure 13.14: Heat-Transfer Flows: a) Mass Flow, b) Total Enthalpy 


Figure 13.15 portrays the asymptotic convergence rate for these two benchmarks. As 
shown, the convergence rate in the H? norm achieves an order as high as 2.97, for the 
subsonic flow. The algorithm features such a desirable rate because as the grid is refined, the 
characteristics-bias perturbation magnitude also decreases. Accordingly, the computational 
solution more rapidly approaches the exact solution than it would under sole grid refinement. 
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Figure 13.15: Heat-Transfer Flows: a) H? Norm, b) Н Norm 





The convergence rate for the supersonic flow exceeds 2.5, even though it remains less than 
the subsonic-flow rate. This finding correlates with the absence of the “a” perturbation for 
supersonic flows, which eliminates the effect of this perturbation from the decreasing error 
norm. A similar difference in convergence rates between a subsonic and a supersonic flow also 
affects the Ht norm, which exceeds 1 and indicates convergence of the solution gradients. 





13.9.3 Mass- Transfer Flows 


Although infrequently covered in reference Gas Dynamics books, mass-transfer flows remain 
of technological importance and a related exact steady-state solution can be determined for 
the case of mass injected in a direction perpendicular to the tube axis. The benchmarks for 
these flows encompass a subsonic and a supersonic flow in a straight cylindrical duct with 
circular cross sections, both flows subject to a uniform mass addition. For these benchmarks, 
the non-dimensional specifications as well as boundary conditions are: р, = 1.808, En = 
5.463, p, = 1.145, with ть = 0.480, corresponding from the available exact solution to 
Мы = 0.300, m = 0.697 and М = 0.885, for the subsonic flow, and p,, = 0.412, ть = 
0.957, Е. = 1.553, with ть = 0.220, corresponding to М, = 3.000, Pos = 0.855 and 
M, = 1.136 for the supersonic flow. The initial conditions throughout the duct correspond 
to a uniform flow from the specified inlet Mach number, a flow that is then advanced in time 
to a steady state. 

Presented in Figure 13.16, the computational results are seen to reflet the exact solution, 
with mass addition inducing an increase or decrease in Mach number, respectively for a 
subsonic or a supersonic flow. 
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Figure 13.16: Mass-Transfer Flows: a) Pressure, b) Mach Number 


Since no heat transfer affects this flow, the total enthalpy remains constant, yet the mass 
flow rate theoretically increases proportionately to the added mass. This feature is reflected 
in the computational results in Figure 13.17, which correctly present a constant enthalpy 
and a linearly increasing mass flow rate. 
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Figure 13.17: Mass-Transfer Flows: a) Mass Flow, b) Total Enthalpy 


The available exact solution allowed the calculation of the H? and H! norms of the error 
associated with solutions for increasingly denser grids. Indicating solution convergence, these 
error norms are displayed in Figure 13.18 
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Figure 13.18: Mass- Transfer Flows а) H° Norm, b) H! Norm 





The noted difference between subsonic- and supersonic-flow convergence rates is also reflected 
in this figure. For the subsonic flow, the asymptotic convergence rate achieves an order as 
high as 3.10, for the H? norm, and as high as 1.55, for the Ht norm. These norms reflect 
convergence of not only the solution itself, but also its gradients. 








13.9.4 Маѕѕ- and Heat-Transfer Flows 


As in the case of а combustible mixture injected into a stream, mass addition may also 
be accompanied by flow heating. For the purpose of this investigation, an exact solution 
for this challenging case has been obtained and employed to assess the accuracy of the 
corresponding computational solutions, for both subsonic and supersonic flows. For these 
flows, the non-dimensional specifications as well as boundary conditions are: p;, = 2.254, 
En = 5.463, Dour = 1.149, with g = 0.820, m = 0.400, corresponding from the exact solution 
to Ми = 0.300, ты = 0.697 and М = 0.882, for the subsonic flow, and р, = 0.476, 
m4, = 1.029, Ej, = 1.553, with g = 0.550, ть = 0.150, corresponding to М, = 3.000, 
Dour = 0.850 and М = 1.141 for the supersonic flow. As in the previous benchmarks, the 
initial conditions throughout the duct correspond to a uniform flow from the specified inlet 
Mach number, a flow that is then advanced in time to a steady state. 

The corresponding computational solutions are displayed in Figure 13.19 in terms of 
static pressure and Mach Number, with mass transfer and heating inducing an increase or 
decrease in Mach number, respectively for a subsonic or a supersonic flow. 
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Figure 13.19: Mass-Transfer Flows: a) Pressure, b) Mach Number 





As expected, the superposition of heat onto a mass-transfer further increases or decreases 
the Mach number respectively for subsonic and supersonic flows. As shown in Figure 13.20, 
the addition of both heat and mass to a flow induces a simultaneous rise in mass flow rate 
and total enthalpy. 
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Figure 13.20: Mass- Transfer Flows: a) Mass Flow, b) Total Enthalpy 


For constant mass addition and heating, the computational solutions correctly show a linearly 
increasing mass flow rate and enthalpy. 

With reference to the asymptotic convergence rate, the noted difference between subsonic- 
and supersonic-flow convergence rates is also reflected in these solutions, as shown in Fig- 
ure 13.21. 
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Figure 13.21: Mass- Transfer Flows: а) H? Norm, b) Ht Norm 





For the subsonic flow, the asymptotic convergence rate achieves an order as high as 3.01, for 
the Н? norm, and as high as 1.55 for the Ht norm. These norms reflect convergence of not 
only the solution itself, but also its gradients. 


13.9.5 Work Driven Flows 


Shaft-work driven flows support turbomachinery, where shaft work is provided to or extracted 
from a flow respectively through а compressor or а turbine. Both heat transfer and shaft 
work feature in the same term in the generalized energy equation. The effect of this work 
on a flow, however, remains markedly different from the effect of heat because, unlike heat, 
mechanical work also induces a corresponding force in the linear momentum equation. 

For the case of a stage efficiency equal to 1, hence xy — 1, also for this kind of flows 
is it possible to generate a basic steady-state exact solution, which has been determined 
for this study. On the basis of such a solution, the computational predictions for subsonic 
and supersonic flows are found in complete agreement with the mechanics of these flows. 
For the benchmarks for these flows, the non-dimensional specifications as well as boundary 
conditions are: o, = 2.727, E, = 10.442, p,, = 1.181, with Wm = 1.100, corresponding 
from the exact solution to Ma = 0.300, m,, = 1.183 and М, = 0.867, for the subsonic flow, 
and o, = 0.400, m,, = 1.183, Е, = 2.443, with и», = 2.575 corresponding to М, = 3.000, 
Dour = 0.862 and М = 1.136 for the supersonic flow. As in the previous benchmarks, the 
initial conditions throughout the duct correspond to a uniform flow from the specified inlet 
Mach number, a flow that is then advanced in time to a steady state. 

According to basic thermodynamic considerations, extracting work from a subsonic flow 
decreases static pressure, as expected, but consequently increases the Mach number; con- 
versely when work is extracted from a supersonic flow, it is pressure that increases, while the 
Mach number decreases. ‘These precise trends are reflected in the computational solutions 
shown in Figure 13.22, which mirror the exact solutions for both subsonic and supersonic 
flows. 
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Figure 13.22: Work-Driven Flows: a) Pressure, b) Mach Number 


While keeping mass flow unchanged, these flows can only produce work by expending 
total enthalpy. Such a canonical thermodynamic balance is reflected in the computational 
solutions graphed in Figure 13.23. Obtained for a constant shaft work, these solutions 
correctly display a constant mass flow coupled with a linearly decreasing total enthalpy. 
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Figure 13.23: Work-Driven Flows a) Mass Flow, b) Total Enthalpy 


In respect of the asymptotic convergence rate of these solutions, the noted difference 
between subsonic- and supersonic-flow convergence rates also manifests itself in these results, 
graphed in Figure 13.24. 
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Figure 13.24: Work-Driven Flows: a) ^? Norm, b) H' Norm 





For subsonic flows, the asymptotic convergence rate achieves an order as high as 3.00, for 
the H? norm, and an order as high as 1.38 for the H! norm. Again, these norms reflect 
convergence of not only the solution itself, but also its gradients. 


13.9.6 Adiabatic Smooth and Shocked Flows with Wall Friction 


Wall friction affects any duct flow, even smooth ones, due to viscosity. Directly altering 
flow momentum, wall friction leads to not only smooth, but also shocked steady flows. This 
section details computational solutions of frictional subsonic and supersonic flows, without 
and with shocks, within a straight cylindrical duct with length L = 1m and circular cross 
section. Also known as Fanno flows, these flows are described by an exact closed-form 
solution that depends upon not only the friction factor “f,”, but also the non-dimensional 
ratio D/L of duct diameter over length; this solution has been employed to asses the accuracy 
of the computational solutions, as obtained for fp = 0.02, which corresponds to а duct made 
of cast iron. 

The dimensional specifications for the continuous flows are the inlet pressure р, = 1.0atm 
and temperature 1, = 300K, with D = 4.2cm and М, = 0.6 for the subsonic flow, and 
D = 7.5cm as well as М, = 2.0 for the supersonic flow. Employing the sonic state as 
the reference state, the corresponding non-dimensional specifications as well as boundary 
conditions are: р. = 1.575, E, = 4.853, р = 1.130, corresponding from Fanno flow 
to m, = 1.183 апа Mouw = 0.900, for the subsonic flow, and p, = 0.612, m,, = 1.183, 
Ел = 2.164, corresponding to p,,, = 0.791 and M,,, = 1.216 for the supersonic flow. ‘The 
initial conditions throughout the duct correspond to a uniform flow from the specified inlet 
Mach number, a flow that is then advanced in time to a steady state. 

According to the widely used Fanno-flow solution, friction decreases pressure yet increases 
the Mach number, in a subsonic flow, but increases pressure yet decreases the Mach number 
in a supersonic flow. Such trends resonate with those in flows with work extraction because 
both friction and work extraction develop a force that opposes the flow. These trends are 
also reflected in the computational solutions in Figure 13.25 that are seen to mirror the exact 
solutions for both subsonic and supersonic flows. 
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Figure 13.25: Frictional Flows: a) Pressure, b) Mach Number 


With reference to the asymptotic convergence rate of these solutions, displayed in Fig- 
ure 13.26, the noted difference between subsonic- and supersonic-flow convergence rates is 
also reflected in these results. 
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Figure 13.26: Frictional Flows: а) H? Norm, b) Ht Norm 





For the subsonic flow, the asymptotic convergence rate achieves an order as high as 3.05, 
for the H? norm, and as high as 1.53 for the H! norm subsonic flow. These norms reflect 
convergence of not only the solution itself, but also its gradients. 

The next benchmark involves a steady frictional flow incorporating a normal shock 
that remains localized in the duct. ‘This benchmark allows testing the capability of the 
characteristics-bias system formulation to generate an essentially non-oscillatory shocked 
frictional flow. Тће accuracy of the computational prediction is then assessed against the 
exact Fanno-flow solution. For this benchmark with љ = 0.02 and D = 7.5cm, the non- 
dimensional specifications as well as boundary conditions are: p, = 0.612, m,, = 1.183, 
Ел = 2.164 at the supersonic inlet, and Pou = 1.368 at the subsonic outlet. From the exact 
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solution, these specifications correspond to М, = 2.000 and М, = 0.759 with a steady shock 
that develops at x = 0.6 with upstream and downstream shock Mach numbers М, = 1.525 
and M, = 0.693. In this case, the initial conditions result from a linear interpolation between 
the inlet supersonic state and outlet subsonic state. ‘The resulting flow is then advanced in 
time to a steady state. 

Achieved through a Courant number equal to 50, the computational solution is summa- 
rized in Figures 13.27-13.28 in terms of pressure, Mach number, density, mass flow, enthalpy 
and energy. These variations remain essentially non-oscillatory with a crisp normal shock 
captured in at most two nodes; most importantly, this shock is captured at the theoretically 
exact location of x = 0.6, with accurately calculated pressure ratio and Mach numbers across 
the shock. In the neighborhood of the outlet, the results remain devoid of any spurious os- 
cillations, which reflects favorably on the enforcement of the pressure boundary condition 
indicated in Section 13.6.3. With accurately calculated normal-shock and outflow state, this 
solution reflects the reference exact Fanno-flow solution. 
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Figure 13.27: Frictional Flows: a) Pressure, b) Mach Number 


Despite the normal shock, mass flow remains unchanged and total enthalpy does not 
vary in an adiabatic flow. Reflecting the physical consistency of the acoustics-convection 
characteristics-bias formulation, these features are predicted by the computational solution, 
as shown in Figure 13.28. This solution correctly predicts a constant mass flow and enthalpy 
that remain undistorted by the shock in the other variables. 
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Figure 13.28: Frictional Flows: a) Density and Mass Flow, b) Enthalpy and Energy 


The characteristics-bias formulation with acoustics-convection Euler flux-Jacobian de- 
composition depends on the upstream-bias functions a, о, ф. Presented in Figure 13.29 for 
this shocked frictional flow, the variations of these functions and the nodal /, norm of the 
а“ solution show that a vanishes for M > 0.6, while б, as expected, experiences a sharp 
decrease as the flow switches from supersonic to subsonic. Following the distribution of 
the nodal norm, significantly, the formulation leads to Y = Wmin, for most of the flow, and 
ф = Ymax at the shock. Accordingly, the formulation automatically manages the level of 
induced upstream-bias, keeping it to а minimum in regions of smooth flow, and focusing 
an increase only at shocks, in order to generate a solution that remains both accurate and 
stable. 
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Figure 13.29: Frictional Flows: a) а and б, b) Nodal Norm and ф 


Also for this shocked flow has the formulation generated an asymptotically converging so- 
lution in the H? norm, with corresponding convergence-rate curves presented in Figures 13.30 


a)-b). 
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Figure 13.30: Frictional Flows: a) Shocked Solution, b) Continuous Solution Branches 


Figure 13.30 a) displays the error norm for the entire solution, including the shock, while 
Figure 13.30 b) displays the error norm for the union of the continuous subsonic and super- 
sonic solution branches, a union obtained by only considering the computational and exact 
solutions in the interval [0.00, 0.56] U[0.64, 1.0]. The shocked solution converges at a rate of 
0.8, yet in respect of the continuous solution branches their union is seen to converge at a 
rate of 2.0. This expected difference in convergence rates between these two solution sets 
indicates the normal shock dominates the overall convergence rate. The formulation thus 
generates a computational solution that converges also for a discontinuous flow. 








13.9.7 Shocked Flows with Wall Friction, 
Heat, Mass, and Work Transfer 


Difficult to solve analytically in closed form, this problem involves the shocked flow described 
in the previous section as altered by uniform heat, mass, and work transfer along the entire 
duct length. Numerically, this problem tests the performance of the algorithm accurately to 
compute a shocked flow simultaneously subject to wall friction as well as heat, mass, and 
work transfer; physically, this problem illustrates the quantitative measurable effect of heat, 
mass, and work transfer on both a duct flow and the position as well as strength of a normal 
shock within the flow. 

The solutions generated by the characteristics-bias formulation for this investigation cor- 
respond to the same initial conditions as well as inlet and outlet boundary conditions dis- 
cussed in the previous section, coupled with different magnitudes of the transfer source 
terms in the generalized Euler equations. The computed results correspond to the following 
non-dimensional magnitudes of heat, mass, and work transferred to the flow: дт = =1.00, 
mp = £1.00 x 1073, wm = +1.00 x 1072, where the positive determination corresponds to 
heating, mass addition as well as work extraction, while the negative determination corre- 
sponds to cooling, mass removal and work provision to the flow. 

Computed via a Courant number equal to 50, the solutions achieved for heating and 
cooling, mass addition and removal, work extraction from and provision to the flow are sum- 
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marized in Figures 13.31-13.32 in terms of pressure and Mach number variations. As in the 
previous investigations, these variations remain essentially non-oscillatory for every magni- 
tude of each transfer mechanism, with crisp normal shocks captured in at most two nodes. 
For all the cases considered of heat, mass and work transfer in this frictional flow, no outflow 
distortion emerges for any position of the normal shock within the duct, again reflecting 
favorably on the pressure boundary-condition enforcement procedure in Section 13.6.3. 

For the prescribed single constant outlet-pressure boundary condition, the position of the 
shock is entirely determined by the amount of the three transfer mechanisms. As the figures 
show, the shock propagates upstream under heating, mass addition and work extraction, 
but downstream under cooling, mass removal and work provision to the flow. Both mass 
addition and work extraction have thus the same effect as heating, for together they increase 
flow entropy, whereas both mass removal and work provision have the same effect as cooling, 
for the combination of these effects decreases the flow entropy. Conforming to the physics 
of this flow, the computed solutions can then be discussed in terms of basic heating and 
cooling. As obtained from Rayleigh-flow theory, heating tends to increase the Mach number 
for subsonic flows, but to decrease it for supersonic flows. 





































































































































20 Controlled Frictional Shocked Flows | = 
Pressure 
1.5 4 НИЦИ р 1.5 
Ф ——— Adiabatic Flow 

1.0 - & Heat - 1.0 
—v— & Heat, Mass 
—e—- & Heat, Mass, Work 4 

0.5 - uM { Ee titii - 0.5 

b 
0.0 T а) T | T [ T | T | [ 1 ) 1 | T | T | r 0.0 
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 


Figure 13.31: Pressure in Shocked Frictional Flows: a) Heat and Mass Added, 
Work Extracted, b) Heat and Mass Removed, Work Provided 
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Figure 13.32: Mach Number in Shocked Frictional Flows: a) Heat and Mass Added, 
Work Extracted, b) Heat and Mass Removed, Work Provided 


In comparison to the baseline case of no heat transfer, indicated by the unmarked solid 
line, heating moves the shock upstream; this perturbation forces a greater drop in Mach 
number on the supersonic side of the flow, which in turn allows a greater increase in Mach 
number on the subsonic side of the flow. From a kinetic-theory viewpoint, the addition of 
heat increases the molecular kinetic energy, which further disturbs a supersonic flow into an 
upstream-shifted stronger shock, but further energizes a subsonic flow both to negotiate the 
adverse friction force and meet the imposed pressure boundary condition. This effect is then 
magnified by mass addition and work extraction. 

Conversely, cooling moves the shock downstream in comparison to the baseline case of 
no heat transfer. As it extracts energy from the flow, cooling forces a smaller decrease in 
Mach number on the supersonic side of the flow, which in turn correlates with a smaller 
increase in Mach number on the subsonic side. From a kinetic-theory viewpoint, the removal 
of heat decreases the molecular kinetic energy, which lessens disturbance of a supersonic flow 
and thereby sustains it for a longer distance, but also reduces energy of a subsonic flow and 
thereby decreases its spatial extent. For this reason the shock moves downstream, so as to 
accommodate a shorter region of subsonic flow that can only negotiate a smaller amount of 
adverse friction force, but can still meet the prescribed outlet pressure boundary condition. 
This effect is then strengthened by mass removal and work provision. 

These are the first computations known to this author that employ CFD to investigate 
a straight-duct shocked frictional flow governed by heat, mass and work transfers. As the 
results indicate, the magnitude of heat, mass, and work transfer directly determine the 
eventual position and strength of the normal shock. These transfers may thus be employed 
to control a normal shock. 




















13.9.8 Shapiro’s Benchmark 


This benchmark involves the determination of a straight-duct flow that develops under the 
combined effect of both wall friction and heating. ‘This flow allows comparing the predictions 
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of the characteristics-bias procedure with the results from a trial-and-error method used to 
solve this problem, as delineated in the classical reference by Shapiro [175]. That method 
involves several “influence coefficients” to determine the exit Mach number for this flow. 
Conversely, this formulation solves the generalized Euler equations to determine the entire 
flow throughout the duct. In this benchmark, the cylindrical duct with circular cross section 
has a length L = 1m and diameter D = 0.1m, with a wall-friction factor f = 0.005. The 
benchmark specifies the following conditions: М, = 0.5, p,, = 101.5kPa, 1, = 300K, outlet 
pressure ratio Pin/Pou = 0.9652, and outlet-intake stagnation temperature ratio Тоља/ Тол = 
1.05, which corresponds to (g4)4,, = 15.813kJ/kg as the flow heating per unit mass. Using the 
inlet stagnation state as reference, these specifications lead to the non-dimensional heating 
energy дт = 0.1749, along with the non-dimensional magnitudes: pin = 0.8852, En = 2.2550, 
and р, = 0.8137, corresponding to ты = 0.5111. The initial conditions throughout the 
duct corresponds to а uniform М, = 0.5 subsonic flow, which evolved in time towards a 
final steady state. 

The study in [175] calculated the exit Mach number М = 0.5293, a determination that 
was achieved holding the inlet Mach number equal to 0.5. At a subsonic intake, however, 
the Mach number is determined by the downstream flow. The computational solution corre- 
sponding to an intake Mach number determined by the evolving solution, on the one hand, 
generated the following results: Min = 0.4906, М = 0.5206, which remained insensitive 
to the magnitude of Ymin; on the other hand, the computational solution corresponding to 
a fixed intake Mach number of 0.5, exactly as in [175], led to Mow = 0.5292. In addition to 
this parameter, the computational solution has determined the entire flow, as displayed in 
Figure 13.33 
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Figure 13.33: Shapiro’s Heated Frictional Flow: a) Pressure, b) Mach Number 


The Mach number and pressure-ratio variations in these curves remain smooth and follow 
the mechanics of this flow. 
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13.9.9 Flows in a Diverging Nozzle 


These benchmarks examine the capability of the algorithm to calculate steady isentropic and 
shocked flows that involve a high-Mach number supersonic region. The nozzle cross-section 
area distribution features a steep increase in the diverging region, as shown in Figure 13.34, 
which makes it challenging numerically to compute a non-oscillatory shock located in such 
a region. The nozzle area ratio distribution for these benchmarks is 


A(x) = а + b tanh(8x — 4) 


а = 1.39777, b= 0.34760, A(0) = 1.05041, A(1) = 1.74514 (13.142) 
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Figure 13.34: Variation of Area Ratio A(x)/ A. 


The initial conditions for the gas correspond to an M — 1.26 uniform supersonic state, 
which leads to the following initial state throughout the nozzle 


p = 0.50189, m = 0.65187, E = 1.37567 (13.143) 


The inlet flow is constrained supersonic at M = 1.26; Dirichlet boundary conditions are thus 
enforced on density p, linear momentum т and total energy E. An outlet pressure boundary 
condition is also imposed for the simulation of a shocked flow. 

For the given initial conditions, the outlet is already supersonic, hence no boundary 
conditions are enforced at the outlet. The evolution of the flow from the initial conditions 
is thus entirely driven by the area source term in the governing Euler equations. 

The distributions of density, linear momentum, pressure and enthalpy in Figures 13.35 
a)-b) also mirror the corresponding exact solutions, with swift expansions clearly resolved. 
The algorithm has also correctly held constant the computed enthalpy, which satisfies the 
steady-adiabatic-flow constant-enthalpy condition. Figure 13.36 a) presents the distributions 
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of total energy E, which remains indistinguishable from the exact solution, and upstream 
bias controller 1, with 0.25 < w < 1.0. Since the solution is smooth, w stays virtually 
constant with w ~ 0.25 for this steady state, which corresponds to a 25% upstream bias. 
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Figure 13.35: Isentropic Flow: a) Density and Momentum, b) Pressure and Enthalpy 


Figure 13.36 b) presents the distribution of Mach number M, which also agrees with the 
exact solution, and the variations of acoustics and pressure-gradient upstream-bias functions 
а and б. For a supersonic flow, а = 0 and б = 1. No acoustics-matrix upstream-bias is 
thus present in this solution and the entire flux divergence receives a uniform upstream-bias 
approximation. 

А normal shock wave features in this steady flow as a result of the subsonic-outlet pressure 
boundary condition p/ptot;, = 0.746, imposed as an impulsive step decrease from the initial 
conditions, for the entire flow evolution toward steady state. The theoretical solution places 
the normal shock at the area ratio A, — 1.35016, which corresponds to the interior of the 
finite element with node coordinates r = 0.48 and x = 0.49, within the computational 
domain. The exact shock Mach numbers are Мар = 1.71319 and Maj, = 0.63717, which 
lead to the stagnation pressure and critical-area ratios Роа / коб, = Asin/Asout = 0.85022. 
The associated outlet area ratio and Mach number are А / Axin = 1.74514, Mout = 0.43629. 
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Figure 13.36: Isentropic Flow: a) Energy and Controller, b) Mach Number, а and ó 





Figures 13.37 a)-b) present the convergence rate and steady-state speed. 
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Figure 13.37: Shocked Flow: a) Convergence Rate, b) Speed 


The algorithm is certainly capable of driving the maximum residual down to machine 
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zero, with a total residual reduction by 14 orders of magnitude, with Cmax = 50; a residual 
reduction by 6 orders of magnitude occurs within about 250 time steps. Other initial condi- 
tions, closer to the steady state, would presumably lead to faster convergence. ‘These results, 
however, compare favorably with those computed using Roe's algorithm for this benchmark 
and with a similar computational solution. ‘This comparison rests on the observation that 
the acoustics-convection upstream resolution algorithm is not а purely flux-vector splitting 
algorithm, but it also uses, like Roe's algorithm, a Riemann solver, ‘though applied to the 
acoustics equations. The calculated speed reflects the exact solution, indicated with a solid 
line, and clearly shows the expected rapid rise preceding the shock as well as an excellent 
calculated normal shock, captured over only one node. 

The distributions of static density and pressure in Figures 13.38 a)-b) also reflect the 
corresponding exact solutions, with rapid changes in these two variables clearly resolved and 
normal shock again sharply captured over one internal node. In harmony with the previous 
benchmark results, also for this problem has the algorithm correctly generated continuous 
distributions for both linear momentum m and enthalpy Н across the normal shock, without 
any shock distortion. Furthermore, the computed Н remains again constant, as has to be 
the case for a steady adiabatic flow. 

Figure 13.39 a) presents the distributions of total energy E, which visually coincides with 
the 
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Figure 13.38: Shocked Flow: a) Density and Momentum, b) Pressure and Enthalpy 
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Figure 13.39: Shocked Flow: a) Energy and Controller, b) Mach Number, a and 6 


exact solution in solid line, and upstream bias controller v, with 0.4 < wv < 1.0. The 
controller remains essentially constant over smooth solution regions, with w = 0.4, which 
corresponds to a 40% upstream bias. At the shock, w rapidly rises and reaches a « ~ 0.96 
extremum, which induces a 96% upstream-bias. No overshoots are present in this solution, 
and as Figure 13.39 a) bears out the algorithm succeeds in focusing an increased level of 
upstream-bias, hence artificial dissipation, at the shock region only, precisely where required 
for an essentially sharp and non-oscillatory solution. Figure 13.39 b) presents the distribution 
of Mach number M, which also reflects the exact solution, and the corresponding distribu- 
tions of the acoustics and pressure-gradient upstream-bias functions а and д. According to 
these distributions, the acoustics upstream-bias is present only in the outlet subsonic regions 
of the flow. This type of upstream-bias vanishes in the supersonic region, including the 
normal shock, hence it plays no local role in the computation of the shock. Also in this 
case, therefore, is shock resolution entirely due to the convection and pressure-gradient up- 
stream biases, which occur with the same weight at the supersonic side of the shock, where 
д = 1. As M falls across the shock, so does 0, which indicates that the upstream bias in the 
approximation of the pressure gradient quickly decreases, leading to an essentially centered 
approximation of this gradient towards the outlet. Also for all the distributions computed 
for this benchmark are the outlet variations smooth and undistorted; in particular the calcu- 
lated outlet pressure coincides with the imposed pressure boundary conditions, which again 
reflects favorably on the surface-integral pressure enforcement strategy. 

















448 CFD Investigation of Generalized Quasi-1-D Compressible Flows 





13.9.10 Adiabatic Smooth and Shocked Flows 
in a Converging-Diverging Nozzle 


This section details the computational solutions for subsonic, critical, supersonic and shocked 
adiabatic flows within a converging diverging nozzle, employing the stagnation state as a 
reference. ‘The accuracy of these solutions is then assessed against the corresponding available 
exact solutions. For these flows, the nozzle non-dimensional cross-sectional area distribution 
is 


1.75 — 0.75 соѕ(7(22-1)) , 0 < хт < 1 


A(x) = , А(0) = 2.5, А(1) = 1.5 
1.25 — 0.25 cos (л(22 — 1)) , S Ж = 1 


Мк 


(18.144) 
Although continuous for every “x”, this distribution exhibits a discontinuous curvature at 
the nozzle throat. At this location, such a geometric characteristic theoretically induces 
a slope discontinuity on the flow variables, a feature that provides another mechanism for 
assessing the resolution of the computational solutions. 

The first flow involves a completely subsonic flow throughout the nozzle. ‘The reference 
inlet Mach number is M = 0.200, with non-dimensional inlet density and total energy 
Pin = 0.980, En = 2.458 as the two needed boundary conditions at the subsonic inlet; from 
the exact solution the corresponding mass flow is ты = 0.231. At the subsonic outlet, the 
pressure boundary condition is Pou = 0.919, which corresponds to М = 0.350. The initial 
conditions throughout the duct correspond to a uniform flow from the reference inlet Mach 
number, a flow that is then advanced in time to a steady state. 

Achieved with a Courant number equal to 200, the computational solution, shown in 
Figure 13.40, remains smooth and correctly matches the imposed outlet pressure boundary 
condition. The flow expansion towards the throat and subsequent compression downstream 
of the throat are clearly resolved in these computational distributions that reflect the corre- 
sponding exact solution. 
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Figure 13.40: Subsonic Nozzle Flow: a) Pressure, b) Mach Number 
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As shown in Figure 13.41, the computational solutions for denser grids asymptotically 
converge in both the H? and H! norms with a converge rate as high as 3.0 in the H? norm. 
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Figure 13.41: Solution Error Norms: a) ^? Norm, b) t! Norm 
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The next computational solution corresponds to a critical sonic flow at the nozzle throat. 
The reference inlet Mach number is M = 0.2395, with non-dimensional inlet density and 
total energy р, = 0.972, En = 2.441 as the two needed boundary conditions at the subsonic 
inlet; from the exact solution the corresponding mass flow is m,, = 0.274. At the subsonic 
outlet, the pressure boundary condition is Pouw = 0.881, which corresponds to Mow = 0.430. 
The initial conditions throughout the duct correspond to a uniform flow from the reference 
inlet Mach number, a flow that is then advanced in time to a steady state. 

The eventual steady-state computational solution in Figure 13.42 remains smooth and 
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Figure 13.42: Critical Nozzle Flow: a) Pressure, b) Mach Number 





Mach Number 


Reflecting the exact solution, this computational solution sharply resolves the 
slope discontinuity at the throat, which corresponds to a shock of vanishing strength. 
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This physical slope discontinuity affects the asymptotic convergence rates displayed in 


Figure 13.43. 
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Figure 13.43: Solution Error Norms: a) ^? Norm, b) t! Norm 





For this critical flow, the convergence rates equal 0.75 for the H! norm and 2.19 for the H? 
norm, rates that both indicate the convergence of this solution as well as its gradients. 

For an appropriate back pressure, an isentropic flow throughout the nozzle may emerge 
that is subsonic upstream of the throat and supersonic downstream, as displayed in Fig- 


ure 13.44. 
























1.0 4 Р | r 2.0 
Converging Diverging Duct 5 ig 
Subsonic-Supersonic Flow Eos 
0.8 4 z 1.6 
| o Computational | 1.4 S 
о 0.6 4 ——— Ехасї - 1.2 E 
5 F 5 
A - - 10 Z 
i F E 
~ 04 - [08 g 
| -0.6 2 
0.2 - _ r 0.4 
4 Inn B 0.2 
a b L 
0.0 | | ! | | | | T ) | | | | 0.0 
00 02 04 06 08 „10 00 02 04 06 08 ,i? 


Figure 13.44: Subsonic-Supersonic Isentropic Nozzle Flow: a) Pressure, b) Mach Number 


This is the next flow calculated, subject to the previous inlet boundary conditions, but 
without any outlet flow pressure boundary condition, since the outlet is supersonic; the 
initial conditions have resulted from a linear variation between the inlet subsonic state and 
isentropic outlet supersonic state with Mou = 1.854 and Pou = 0.160. Rapidly achieved with 
a Courant number equal to 200, the computational solution in remains indistinguishable 
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from the exact solution, with computed outlet pressure and Mach number that reflect the 
corresponding isentropic magnitudes. ‘The continuous expansion from inlet to outlet remains 
smooth and the mild slope discontinuity at the throat, induced by the throat discontinuous 


curvature is sharply resolved. 
As the grid is refined, the computational solution for this isentropic flow rapidly converges, 


as illustrated in Figure 13.45. 
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Figure 13.45: Solution Error Norms: a) H? Norm, b) ^! Norm 


The convergence rate reaches 3.20 in the НО norm and 2.12 in the Н! norm, indicating 


convergence of both the solution and solution gradients. 
The error norms, hence solution accuracy, depend on the magnitude of v4, as docu- 
mented in Figure 13.46 for this isentropic flow, as calculated on a 200-element grid. 
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Figure 13.46: Solution Error Norms: a) ^? Norm, b) t! Norm 


As Wmin approaches nought, the error norms rapidly increase and eventually the numerical 
time integration exponentially diverges, because the corresponding discrete system (13.63) 
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becomes unstable. As фу increases towards unity and then exceeds it, the error norms also 
rise, in this case because the amount of induced dissipation rises. Accordingly, there exist 
optimal magnitudes of Ymin at which the error norms reach their individual absolute mini- 
mum and correspondingly the computational solution achieves its highest accuracy possible 
on the prescribed grid. 

The final benchmark of this set of adiabatic nozzle flows involves the calculation of a 
shocked steady flow, with computational-solution accuracy assessed against the available 
exact solution. For this benchmark, the non-dimensional specifications as well as boundary 
conditions are: р, = 0.972, Ej, = 2.441 at the subsonic inlet, and Pou = 0.756 at the 
subsonic outlet. From the exact solution, these specifications correspond to M,, = 0.2395, 
Min = 0.274, and M,, = 0.498 with a steady shock that develops at x = 0.750, with 
upstream and downstream shock Mach numbers М, = 1.600 and M, = 0.669. The initial 
conditions throughout the nozzle correspond to a linear interpolation between the inlet and 
outlet subsonic states. 

Achieved with a Courant number equal to 150, the resulting solution is summarized 
in Figures 13.47-13.48 in terms of pressure, Mach number, density, mass flow, enthalpy 
and energy. These variations remain essentially non-oscillatory with a crisp normal shock 
captured in at most one node; most importantly, this shock is captured at the theoretically 
exact location x = 0.750, with accurately calculated pressure ratio and Mach numbers across 
the shock. 
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Figure 13.47: Shocked Nozzle Flow: a) Pressure, b) Mach Number 


In the neighborhood of the outlet, the results remain devoid of any spurious oscillations, 
which again reflects favorably on the enforcement of the pressure boundary condition. With 
accurately calculated normal-shock and outflow states, this solution reflects the available 
exact solution. 

Despite the normal shock, the corresponding mass flow remains constant and the total 
enthalpy does not change in an adiabatic flow. ‘These important features are correctly pre- 
dicted by the computational solution, displayed in Figure 13.48, which shows a constant 
mass flow and enthalpy that remain undistorted by the shock in the other variables. 
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Figure 13.48: Shocked Nozzle Flow: a) Density and Mass Flow, b) Enthalpy and Energy 


Presented in Figure 13.49 for this shocked nozzle flow are the variations of the upstream- 
bias functions “a”, “5” and “y” along with the nodal /, norm of the q^ solution, variations 
that are directly determined by the distribution of the Mach number. Following the distribu- 
tion of the nodal norm, also for this shocked nozzle flow can the formulation lead to Y = Фу 
for most of the flow and focus у = Ymax at the shock. Accordingly, the formulation again 
keeps the upstream bias to a minimum in regions of smooth flow, and focuses an increase of 
this bias only at shocks, in order to produce a solution that remains accurate and stable. 
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Figure 13.49: Shocked Nozzle Flow: а) а and д, b) Nodal Norm and ф 





















































































































































































































































































































































































































































































































































y 


Shocked Flow SEE 


КАМ 
є. 
—e— Nodal Norm %, 


e 
$, 
>} 








EXER 
«5555555 


4.5 
4.0 
3.5 
3.0 
2.5 
2.0 
1.5 
1.0 
0.5 
0.0 


Ep 











] Converging Diverging Duct 
| = а | 
-| б | 
| 

і | 
4 | 

] 
4 a) 

| ! | | ! | 
00 02 04 06 08 ‚19 0.0 





Also for a shocked nozzle flow has the formulation generated an asymptotically convergent 
solution in the 7{° norm, with corresponding convergence rates presented in Figures 13.50 


a)-b). 
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Figure 13.50: Shocked Nozzle Flow: a) Shocked-Solution Norm, b) Continuous-Solution- 
Branch Norm 


Figure 13.50 a) displays the error norm for the entire solution, including the shock, while Fig- 
ure 13.50 b) displays the error norm for the union of the continuous subsonic and supersonic 
solution branches, a union obtained by only considering the computational and exact solu- 
tions in the interval [0.00, 0.70] U[0.80, 1.0]. While the shocked solution converges at a rate of 
0.43, the continuous solution set is seen to converge at a rate of 1.92. This expected difference 
in convergence rates between these two solution sets signals the normal shock dominates the 
overall convergence rate. The formulation has thus produced а computational solution that 
converges also for a discontinuous flow. 








13.9.11 Shocked Nozzle Flows with 
Wall Friction, Heating, Mass and Work ‘Transfer 


Unavailable in analytical closed form, the solution of the gas dynamics problem of a nozzle 
flow subject to wall friction as well as heat, mass, and work transfer may only be obtained 
computationally. This section presents the computational solution for two separate nozzle 
flows: one corresponding to heat transfer only, the other resulting from wall friction as well 
as heat, mass and work transfer. Тһе reference baseline nozzle flow consists of the shocked 
frictionless adiabatic flow discussed in the previous section. In the computed results in 
this section, wall friction exists from nozzle inlet to outlet; heat, mass, and work transfer, 
however, are only imposed along the diverging part of the nozzle, in order to investigate the 
effect of these transfers upon the normal shock. 

According to the computational results, cooling strengthens a shock and shifts it down- 
stream, whereas heating weakens and can even eliminate a shock from the diverging section 
of a nozzle. Figures 13.51-13.52 present these results in terms of the Mach number and 
pressure for both the baseline adiabatic flow, denoted by the unmarked solid line, and the 
flows corresponding to several magnitudes of heat transfer in the range —2.0 < gr < 1.5. 
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Figure 13.51: Pressure in Nozzle Flow with Heating, 
а) gr = —2.0, b) gr = —1.0,€) gp = 1.0, d) ge = 1.5 


The results remain essentially non-oscillatory for each magnitude of energy transfer, with 
crisp normal shocks captured in at most two nodes, without any outflow distortion emerging 
for any position of the normal shock within the duct. Far from being a numerical artefact, 
the clearly visible increasing slope discontinuity at the nozzle throat corresponds to both the 
curvature discontinuity in the nozzle, at this location, and the abrupt rise in local heating, 
from no heating to the left of the throat, to sizable heating to the right of the throat; the 
computational results thus succeed in resolving this expected slope discontinuity without 
spurious oscillations. Consistent with qualitative theoretical deductions, these results also 
show that in the presence of wall friction or heating, the sonic state develops not at the 
nozzle throat, but in the diverging duct. Strengthening the available theoretical formulae, 
the computational results quantitatively locate the sonic state within the diverging duct, for 
instance at x = 0.535 for condition c) in the figure. 
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Figure 13.52: Mach Number in Nozzle Flow with Heating, 
a) ду==>2.0 b) Ga = = дос) Ge 10050) ge = L5 


For the specified range of heat-transfer magnitudes the normal shock shifts upstream 
and eventually vanishes from the flow, which becomes totally subsonic. Corresponding to 
a cooled flow, Figures 13.51, 13.52 a), b) show that supersonic cooling causes the shock to 
move downstream, with consequent increase of Mach number, decrease of supersonic static 
pressure, and rise in stagnation-pressure loss across the shock; as the cooling decreases, 
the shock shifts upstream. With heating, conversely, the normal shock moves upstream 
towards the throat, as shown in Figures 13.51, 13.52 c), d) with consequent decrease of 
peak supersonic Mach number, increase of the static pressure minimum, and reduction in 
stagnation-pressure loss across the shock. A further increase in heating generates a subsonic 
flow throughout the nozzle. In these conditions, the mass flow rate begins to decrease. 
According to these results, heat transfer may thus be used to control the location and 
strength of a normal shock. 

The transfer of heat to a flow induces an increase in the flow total enthalpy, but does 
not alter the mass flow rate of a choked flow. Such fundamental features have been correctly 
predicted by this solution, as illustrated in Figure 13.53. The results in the figure show a 
distribution of mass flow that follows that of the reference adiabatic flow and a distribution 
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of total enthalpy that increases linearly from the point of initiation of constant heating. 
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Figure 13.53: Nozzle Flow with Wall Friction and Heating, a) Mach Number, b) Pressure 


Similar variations in the position and strength of a normal shock take place when wall 
friction as well as mass and work transfer are superimposed to heat transfer. ‘The results 
illustrated in Figures 13.54-13.55 correspond to the baseline adiabatic shocked flow also 
subject to wall friction with f» = 0.02 and the following transfer magnitudes: дт = +£1.00, 
ть = +£0.10, wm = 0.10, where the positive determination corresponds to heating, mass 
addition as well as work extraction, while the negative determination corresponds to cooling, 
mass removal and work provision to the flow. In agreement with known findings from 
nozzle-flow analysis, these results show that with or without heating, moderate wall friction 
minimally affects an accelerating flow within a diverging duct, as indicated by the two 
unmarked curves in each of the figures. 
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Figure 13.54: Mach Number in Nozzle Flow: a) Heat and Mass Added, Work Extracted, 
b) Heat and Mass Removed, Work Provided 
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Figure 13.55: Pressure in Nozzle Flow: а) Heat and Mass Added, Work Extracted, 
b) Heat and Mass Removed, Work Provided 


As noted in Section 13.9.7, mass addition and work extraction affect the flow analogously 
to flow heating, whereas mass depletion and work provision affect the flow similarly to 
flow cooling. With reference to a fixed amount of heating, the addition of mass moves the 
shock upstream and the subsequent extraction of work further shifts the shock upstream, 
with consequent reduction of peak supersonic Mach number and stagnation pressure loss 
across the shock. Conversely, with respect to a fixed amount of cooling, the depletion of 
mass moves the shock downstream and a subsequent supply of work to the flow further 
shifts the shock downstream, with consequent increase of peak supersonic Mach number 
and stagnation pressure loss across the shock. Again, these are the only CFD computations 
known to this author of shocked nozzle flows subject to wall friction, heat, mass and work 
transfer. According to these results, also in a nozzle flow will heat, mass, and work transfer 
exercise significant control on the location and strength of a shock wave. 





13.9.12 Convergence to Steady State 


The computational solutions in these sections rapidly converged to corresponding steady 
states for Courant numbers in excess of 50, as allowed by flow features and magnitude of 
the source terms. In the presence of heat, mass and work transfer in a shocked nozzle flow 
this number could reach 50; in the absence of all these transfers this number could rise 
to 150, for shocked adiabatic flows, and 200 for isentropic subsonic and supersonic flows. 
These magnitudes of Courant number, hence swift convergence, became available because 
the formulation allowed a specified maximum number of Newton iterations for the non-linear 
determination of each IRK array K;, as described in Section 13.7. Although this number 
was set to 4, the algorithm employed fewer than 4 iterations, mostly 1, at each time station 
when the Newton-iteration residual fell below the prescribed tolerance of 5.0 x 107°. 
Representative of the convergence histories of all the computed steady states in this study, 
Figure 13.56 a) illustrates this process for the shocked nozzle flow with wall friction as well 
as heat, mass and work transfer, discussed in the previous section, obtained for a Courant 








Computational Performance 459 





number equal to 50, and Figure 13.56 b) presents the corresponding process for the adiabatic 
shocked nozzle flow presented in Section 13.9.10, obtained for a Courant number equal to 150. 
In these figures, N, denotes the number of time cycles and the integers below the convergence 
curves indicate the number of Newton-iterations employed in the corresponding region of the 
curves. Essentially 1 iteration was required for the vast majority of each convergence history 
to determine each К; at every time station, when the magnitude of the total residual fell 
below 5.0 x 107°. 
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Figure 13.56: Convergence Rate Curves:a) Non-Adiabatic Flow, b) Adiabatic Flow 


When the maximum number of Newton iterations per cycle was limited to 1, instead, the 
calculations could only converge for а reduced Courant number that required more time 
cycles N, to converge than in the multiple Newton-iteration mode. Whether in single or 
multiple Newton-iteration mode, for all the steady states determined in this study, the 
formulation is capable of driving the total residual to machine zero. 


13.10 Computational Performance 


This Chapter has formulated a characteristics-bias system for the generalized Euler equa- 
tions and solved this system through a finite element spatial discretization and an implicit 
Runge-Kutta time integration, implemented in Newton-iteration mode. The generalized Eu- 
ler equations feature а source term that models the effects of not only cross-sectional area 
variations, but also wall friction as well as heat, mass, and work transfer. Since no exact 
solutions of these equations are available for flows simultaneously influenced by all of these 
effects, these flows can only be investigated computationally. 

The characteristics bias system consists of the generalized equations as augmented with 
a continuum upstream-bias expression that evolves from a decomposition of the Euler flux 
Jacobian into physically significant acoustic and convection components. This system in- 
duces an upwind representation directly at the differential equation level before the spatial 
discretization. Owing to this feature, a conventional centered or Galerkin spatial discretiza- 
tion of this system then automatically generates an upwind stable discrete system that does 
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not require any further stabilizing dissipation. Such a continuum upstream bias has been 
extended to both the source term and the time partial derivatives, which has resulted in a 
characteristics-bias system that becomes Galilean invariant, a fundamental physical princi- 
ple satisfied by the original Euler equations. According to the computational results, the 
extension of the continuum upstream bias to both the source term and time partial deriva- 
tives sizably reduces induced upwind dissipation, noticeably increases contact-discontinuity 
resolution, and beneficially leads to rapid convergence. 

The characteristics-bias system has then been cast as an integral weak statement, which 
has also led to continuum forms of both the DG and SUPG procedures. Unlike the custom- 
ary SUPG algorithm, however, the characteristics-bias SUPG requires no premultiplication 
by the transpose of the Euler flux Jacobian matrix. As counterparts of the usual SUPG 
“Tupa and “дь terms, moreover, the parameter products eya and ev in this formu- 
lation explicitly depend on the square or cube of the local mesh spacing, which has also 
contributed to the recorded rapid convergence. ‘The formulation keeps the upstream bias 
and associated dissipation to a minimum, in regions of smooth flow, and focuses an increase 
of this bias only at shocks, in order to generate solutions that remain both accurate and 
stable. Accordingly, the formulation provides a physics based upwind algorithm, but with 
reduced levels of induced dissipation. 

The mechanically significant computational solutions for smooth and shocked flows with 
cross sectional area variations, wall friction, and heat, mass, as well as work transfer reflect 
all the available corresponding exact solutions for flows influenced by only one effect, with 
computed mass flow and total enthalpy correctly remaining constant across normal shocks. 
The numerical results remain essentially non-oscillatory, with crisp shocks captured in at 
most one or two nodes. With reference to the available exact solutions, the corresponding 
computational solutions have converged asymptotically in both the H? and Ht norms, for 
continuous flows, and in the H? norm for shocked flows, with an order as high as 3 in the 
H9 norm for continuous solutions. According to the numerical investigations and theoretical 
considerations in Section 13.9.10, optimal w,,;,’s exist that correlate with minimum error 
norms. Rapid convergence to steady state has also been recorded for booth smooth and 
shocked flows with Courant numbers ranging between 50 and 200, for the multiple Newton- 
iteration implementation. 

From a physical viewpoint, the computational results have shown that moderate wall 
friction only marginally affects an accelerating flow in a diverging duct. Conversely, heat- 
ing, mass addition, and work extraction shift the shock upstream, whereas cooling, mass 
depletion and work supply shift the shock downstream. From a fluid mechanics standpoint 
and respectively for frictional and diverging-nozzle flows, the upstream shift can take place 
in regions of both higher and lower Mach number, and the downstream shift can take place 
in regions of both lower and higher Mach number. The characteristics-bias formulation has 
shown that heat, mass and work transfer may be used to control the position as well as 
strength of a shock. According to the theoretical and computational findings discussed in 
this paper, this formulation can thus allow comprehensive, efficient and exhaustive investi- 
gations of physically realistic and mechanically relevant generalized gas dynamics flows. 





Сћарђег 14 


Multi-Dimensional Characteristics 
and Characteristics-Bias Systems 


This chapter develops the multi-dimensional generalizations of the one-dimensional charac- 
teristics - bias formulations presented in Chapter 9. Non-linear hyperbolic scalar equations 
conveniently present the pivotal notion of characteristics for two- and three-dimensional 
flows. The generalization of this notion to systems classifies systems in hyperbolic, parabolic 
and elliptic types and leads to multiple characteristic surfaces across which hyperbolic solu- 
tions can become discontinuous. The analysis of multi-dimensional characteristic surfaces in 
the time-space continuum details the propagation of convection and acoustic waves within 
two- and three-dimensional flows and identifies the streamline and crossflow directions as 
principal propagation directions. T'his analysis leads to several physics-based conditions for 
developing a consistently multi-dimensional and infinite directional characteristics-based ap- 
proximation. This approximation is induced at the partial differential equation level, in the 
continuum and before the discretization in space. 

The continuum characteristics-bias approximation of the Euler and Navier-Stokes equa- 
tions is a system of equations that encompasses the corresponding system and induces an 
authentically multi- dimensional solution-dependent upstream dissipation along not just se- 
lected characteristic principal directions, but all directions. This upstream dissipation orig- 
inates from a multi-dimensional differential hyperbolic-parabolic perturbation within the 
characteristics-bias system. ‘This system also features an upstream-bias representation of 
the source term, the divergence of the viscous flux, and the time derivative of the dependent 
variable, which makes the system Galilean invariant. As a result, the system induces but 
minimal upwind dissipation. 

The development of a characteristics-bias approximation at the differential equation level, 
prior to the discretization in space, possesses distinctive advantages. Тће directions of this 
multi-dimensional upstream bias remain independent of any grid-line direction, and cor- 
relate with characteristic directions; furthermore a direct centered approximation of the 
characteristics-bias system automatically generates a genuinely multi-dimensional consistent 
upstream-bias approximation of the original Navier-Stokes equations, without any need for 
additional numerical dissipation terms. This formulation, induces but а minimal amount of 
upstream dissipation, which leads to essentially non-oscillatory solutions that reflect available 
exact solutions. 
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14.1 Hyperbolic Equations and 
Elliptic, Parabolic, Hyperbolic Systems 





This section expresses the solution of a scalar equation in wave-like form. The properties of 
this form are investigated and then generalized to vector forms, in order to progress with 
the characteristics analysis of a multi-dimensional hyperbolic system. 


14.1.1 Scalar Equations 


The multi-dimensional generalization of (9.1) can be cast as 
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which becomes a one-dimensional equation like (9.1) and indicates that q remains constant 
with respect to the characteristics-line coordinate s; with reference to 2, this variable гер- 
resents a coordinate along a multi-dimensional line. The gradients of (t, 7) with respect to 
s as well as the direction cosines of x; with respect to z and the slope of the corresponding 
(t, T) line become 
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Since q remains constant along the line defined by these expressions, the corresponding 
speeds А;, 1 < j € n, remain constant and thus these expressions can be exactly integrated, 
which yields the following equations for the characteristic line 
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These results induce the following multi-dimensional unit vector components n; and charac- 


teristic speed A 
Ne 
L А = ЛАТ = y Acre (14.6) 


y Aj 


and leads to the following expression for zo 





nj = 


To = xn; — A(q)t (14.7) 


In these results, n; is constant, because q keeps constant on the characteristic lines. Based 
on this expression and a constant q, equal to its initial value along the characteristic line, 
the solution of (14.1) thus becomes 


q(z(s),t(s)) = 9(2(0), t(0)) = qo(zo) = до (zjn; — A(q)t) = q (zjn; — A(q)t) = (2, t) (14.8) 


where qo (20) signifies the solution corresponding to the prescribed initial condition and 
q (То) indicates the dependence of the solution upon zo. This solution thus corresponds to 
the multi-dimensional generalization of (9.18). 

This solution depends on the constant unit vector components, as defined in (14.6). 
Expression (14.8) still solves (14.1) with arbitrary constant unit-vector components n; with 
A(q) still defined as in (14.6). This generalized solution is thus cast as the non-linear wave-like 
form 








q-—q(zjnj—A(q) = q-—a(m) m =хупу— Ад (14.9) 
where the solution-dependent characteristic speed А = A(q) arises as the solution of an 
eigenvalue problem. Based on the wave-like form (14.9), the derivatives of q with respect to 
x; and t become 
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— === |_А—1— | = А -t = А -t 14.10 
Ot On | з От On, On, Ot On On, Ot ( ) 
һепсе 5 5 5 у 5 
q Це q q q 

_ = 14.11 
Ox; Ea On, дї om От l ) 


The insertion of these results into system (14.1) yields the eigenvalue statement 


Of; дд 
= НО а | es gem 14.12 
This statement implies 
Of; 
(q) = Bq" (14.13) 


which corresponds to a multi-dimensional and non-linear characteristic speed. 
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14.1.2 Non-linear Wave-Like Vector Solutions 


Considering the central role of non-linear wave-like solutions, this section explores their 
salient properties. With implied summation on repeated indices, a non-linear wave-like 
vector solution is expressed as 


q—9g(m) mem: n-—A(g)t = zn; — №) (14.14) 


where q now indicates a vector with any number of components, n denotes а space-domain 
propagation-direction unit vector, independent of (2,1), and A = A(q) indicates a real 
solution-dependent wave-propagation velocity component along the m direction. For: æ- 
n — A(q)t equal to a constant, the wave-like solution q in (14.14) remains itself constant, 
which also makes А = A(q) a constant. Accordingly, in the time-space continuum (2, 1), the 
equation 

z.n—At-C (14:15) 


represents a plane, in 2-D, and a hyperplane, in 3-D, with C and (та, тә, —A(q)), in 2-D, and 
(па, по, па, —A(q)), in 3-D, respectively denoting a constant and a unit vector orthogonal to 
such a plane as depicted in Figure 14.1 for the representative case of a 2-D flow. The surface 
that remains tangent to these planes for all n’s is then tangent itself to a characteristic 
surface, for À corresponding to a characteristic velocity component. Equation (14.15) corre- 
sponds in the (x1, 12) space to a bundle of parallel lines for a fixed t and different C. For а 
fixed C and variable t, the equation represents а C-line propagating in the n direction with 
velocity component A. 
Next, consider the coordinate transformation 





ni = 2313 m A(q)t, n2 = N2 (21, X2, t) » T]s = "753 (21, T2, t) (14:16) 





in 2-D, with 72 and 73 chosen so that the reference frame (71, 72, 73) is also right-handed like 
(21, 23,1). In 3-D, the corresponding coordinate transformation is 


Ih = wjnj-— A(q)t; 12 = 12 (21, 22, 23,5) ; Ip = уз Gar 22, 23,1) » 14 = ПА (21, 22, 23,1) 
(14.17) 
with ro, gs, and 7 chosen so that the reference frame (71, 2, 3, Па) is also right-handed 
like (£1, 12, 23,1). With either transformation, q(x;n; — A(q)t) = а(т) and for each t and 
non-linear q, the т axis then points in the (n,,n2,—A(q)) direction, in 2-D, and in the 
(па, по, па, —A(q)) direction, in 3-D. In 2-D, this result follows from the partial derivatives 
of ту with respect to (x1, 22, t) 











1 +t— | — =-A 1 + t— | — =", 14.18 
| + a) т — -XQ). | + a) au а, (14.18) 
hence у 

т My по 

On EE mx (14.19) 

Ot Ox O2 





which shows that the 7;-axis direction vector (Gu , i Эт.) is parallel to (па, no, —A(q)). The 


corresponding result for 3-D flows follows from the partial derivatives of 7 with respect to 
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(21, 12, 23, t) 


OX On OA От 
1 +t— | — = —À 1 +t— | — =n; 14.20 
hence у 
— Thy Лә n3 
дт — ðm Om Om (14.21) 
ot Әх Ото хз 





which shows that the т -ахіѕ direction vector (52 | ш , ош ‚ Z1.) is parallel to (па, по, па, —A(q)). 
Since т is a unit vector, hence n;n; = 1, the second result in (14.18) also leads to the 


following relations 
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| A ) дт 24 _ | 14.22 
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Figure 14.1: Wave Plane and Reference Frames 


The partial derivatives of the wave-like solutions (14.14) also satisfy the conditions 








да Од Од да 
ud QNS у гиа Мо em up ae 14.23 
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which is proven as follows. The partial derivatives of (14.14) are expressed as 
À QA д 
da да (BAA „ү 00 3 (а „у (изд 
Ot От дд Ot Or; Om да Ox; 
where AL denotes a column array and D? indicates a row array, which implies that E is 
a square matrix. These relations then lead to the two systems 
да OA \ да Og да ӘХ\ да Og 
I+t—— | = = -X\(q)— t— — | — =n; zi 14.25 
эс) а“ Oa (ana) as Moe U) 
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where J denotes the identity matrix of appropriate size. Since the square matrix x 
results from the product PE coum and row arrays, the rows of this matrix are all linear 
combinations of the single 9 0o row; all the eigenvalues of this matrix, but one, accordingly, 
vanish. With “N” the number of component in q, the only non-vanishing eigenvalue of this 


matrix has been exactly determined as 


_ A SS да DA 
os От i=l Om дд; 








(14.26) 
То show that this is the correct eigenvalue, let v; denote the j-th component of the corre- 


sponding eigenvector and express the eigenvalue statement for this matrix in the form 


DO ОА Y 1005 Or 
- = А 194 — Ui — 
Әт 2- 27 ge ЈЕ (Om Og; 





(14.27) 


The expression for А, corresponds to an eigenvalue when the determinant of the matrix in 
the system 
От j=1 0q; 





Uj — Agit — 0 (14.28) 





vanishes, which takes place when the system equations are linearly dependent. It thus suffices 
to show that due to the expression for А,, the first equation results as a linear combination of 
the ш ones. Оп the опе hand, the elaboration of this first equation and multiplicaion 
by д5 à yields 


да дА OA 0A. SN да DA 
от да => да; ^ да ` E öm дд 





= () (14.29) 
On the other hand, a linear combination of the remaining N — 1 equations, with aA as the 


linear-combination coefficient for the i-th equation, and subsequent simplification cds 


да OA Ој OX “dq; Or 
= Уу О ` == = 
Әт да = — OG; On i—2 Or дд: 





(14.30) 


which coincides with the previous equation, the first equation in the system. Since this 
first equation is а linear combination of the others, the determinant of the system matrix 
vanishses, which shows that А, is the eigenvalue. Consequently, all the eigenvalues of the 


matrix (1 + 151. Әл) equal 1, except one eigenvalue А, which is expressed as 


On 
A= 1+tz— 14.31 
Эт (14.31) 


As the product of all its matrix eigenvalues, therefore, the determinant of the matrix 


(1 + 151. Әл) equals Х, and the associated matrix of cofactors is then denoted with B. Sys- 


tems (14.25) can then be solved to yield 


Әд A(q) да Og n; да 
ut ME Bo. аар 14.02 
Ot LF Om? Oz; 1+125 Om _ 
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With a finite R if the denominator 1 + t 2> approaches zero, then z and 22 become 
nı nı t д2; 
unbounded, which indicates that a positive t = —1/ corresponds to a “breaking” time of 


shock-wave formation. In any region that does not contain shock waves, or in the absence of 
shock waves, therefore, Х = 1+9 does not vanish, the matrix (1 + 152 ол) is not singular, 
and the corresponding wave-like solutions are non-singular. Unless stated otherwise, the 
wave-like solutions considered in the following sections are non-singular. For these solutions, 
multiplying the first result in (14.32) by n; and contracting the second with the same m; 
lead to the expressions in (14.23). In view of q = q(ri), the first expression in (14.23) can 


also be expressed as 





S Ма да от. 

д1 Әт дт, ^ 
The results in this section lead to а characteristic solution of non-linear multi-dimensional 
hyperbolic systems. 


(14.33) 


14.1.3 Non-Linear Elliptic, Parabolic, Hyperbolic Systems 


Let 
д4 да _ 
Ot OL; i 
denote a non-linear multi-dimensional system with “n” equations. This system encompasses 
the particular conservation-law system 


да | Ofj;(q) _ да | Ofj(q) ðq _ 
"ud DS i "a 





+ A;(q) 0 (14.34) 








(14.35) 





where the system matrix A;(q) becomes the Jacobian matrix Of; /Oq. 

A solution in wave-like form is expressed as in (14.14) and the associated characteristic 
velocity component А = A(q) (14.14) is determined by imposing the condition that the 
non-linear wave-like expression (14.14) solves system (14.34). 

For q = q(m), system (14.34) becomes 





д4 Om Og 
For arbitrary real coefficients ош. the classification of this system as elliptic, parabolic, ог 
J 


hyperbolic depends on the eigenvalues and eigenvectors of the matrix A;(q) 52 If all the 
eigenvalues of this matrix are complex, the system is elliptic; if these eigenvalues are mixed, 
real and complex, the system is of mixed type. If all the eigenvalues are real, but this matrix 
does not possess “n” linearly independent eigenvectors, the system is parabolic; if all the 
eigenvalues are real and this matrix possesses “n” linearly independent eigenvectors, the sys- 
tem is hyperbolic. [213] The occurrence of multiple coincident real eigenvalues, accordingly, 
does not automatically make a system parabolic; on the other hand, when the eigenvalues of 
this matrix are all real and distinct, the system is hyperbolic, occasionally termed strongly 
hyperbolic. 











468 Multi-Dimensional Characteristics and Characteristics-Bias Systems 





The substitution into this system of (14.33) and the second of (14.22), respectively for 


04 and О, leads to 
Tj 


дї 


Om Og да Y _ 
95, 4 | | уш + Aj(q)n; 2 =0 (14.37) 


According to this result, for not only linear, but also non-linear multi-dimensional systems 
are the wave eigenvalues determined as a solution of the eigenvalue problem 


О 
(-A(4)1 + Адл) = = 0 (14.38) 
Th 
which leads to 
det (CA(q) + А(ајп;) = 0 (14.39) 


The characteristic velocity component А is thus an eigenvalue of the linear-combination 
Jacobian matrix A;(q)n;. For a system there are thus as many characteristic speeds А as 
the number of equations in the system. 


14.2 Wave-Propagation and Characteristic Surfaces 


Among several surfaces associated with a hyperbolic solution, discontinuity surfaces are 
surfaces across which a hyperbolic solution may become discontinuous. Such discontinuity 
surfaces are the characteristic surfaces. 


14.2.1 Characteristic Surfaces 


The characteristic wave-propagation surfaces correspond to information propagation, and 
therefore are the surfaces that remain tangent to the wave-propagation planes, in 2-D, or 
hyperplanes, in 3-D, expressed by (14.15), for А corresponding to а wave-propagation velocity 
component. The surface 





qe(ajn,; — At) = constant (14.40) 


for each scalar component qe within q, is then itself tangent to a characteristic surface for 
an appropriate “constant”, because of the following results from the second expression in 
(14.23) 


1 О 

grad q = = у (а Na, ој parallel to (n1, n2, —A) (14.41) 

in 2-D, and 

| да 
grad qe = -5 (Ma, По, 13, A parallel to (n1, n, na, —A) (14.42) 
in 3-D. 
Let, then 

F (21, то, t) = constant (14.43) 

in 2-D, and 


F (a1, 22, 23,1) = constant (14.44) 
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in 3-D, represent the mathematical function of a wave-propagation surface. From vector 
analysis the vector (grad F) remains perpendicular to the surface at each point. Since the 
surface must be tangent to the propagation plane (14.15), grad F must be parallel at each 
point to the unit vector (та, m2, —A), in 2-D, or (ni, по, пз, —A), in 3-D, itself perpendicular 
to plane (14.15). With n;n; — 1, this condition yields 


OF 
EN UT Ot 
ГӘР OF” Jara ^ {ОУ бЕ poo 
д2; От Ox; Ox; Ox; Ox; 
in 2-D and 
OF OF OF ОР 
Ory | 0x2 _ _ дз _ = — ot (14 46) 


Tar OF” T ferar Tar OF OF OF 
Ox; Ox; On; дт, Ox; Ox; Ox; Ox; 
in 3-D. Substitution of either set of expressions into (14.39) thus generates the propagation- 
surface differential equation for F 





OF OF 
— + A,;(q)——] = 14.4 
det (72 + А;(9 92) 0 (14.47) 





The multiplicity of solutions of this equation implies the existence of several characteristic 
wave-propagation surfaces. 


14.2.2 Characteristic and Discontinuity Surfaces 


A discontinuity surface is a surface across which the solution q of (14.34) may become 
discontinuous. Let 7, indicate a coordinate in the direction normal to each facet of the 
discontinuity surface, as shown in Figure 14.1. In terms of the partial derivative with respect 
to this coordinate direction, therefore, system (14.34) becomes singular, or equivalently, the 
derivative of q in this direction cannot be determined by the system itself. By expressing 
the partial derivatives of q in (14.34) in terms of other coordinates 7; as 


да _ даодот да _ да Om 

















— = 14.4 
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system (14.34) becomes 
Om V Om pom 4 One\ да 
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where Np = 3, in 2-D, and Np = 4, in 3-D. In this system, (22. en. on.) in 2-D, and 


(2ш. 2n a on ) in 3-D, represent the cartesian components of a vector normal to a facet 
of each “F = constant” discontinuity surface. From vector analysis, the components of this 


normal vector can then be expressed in terms of the gradient of F as 


= к es (у = 14. 
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where Ё is a single scalar constant. With this specification, system (14.49) becomes 


IF 0f уде (ди дч 
I—— + А; — = — 14,51 
e( gr * 2244 =) Әт У (127: ледот) 58 One ен 


which becomes singular, hence cannot determine ae when the “lhs” Jacobian matrix is 


itself singular. Accordingly, the governing equation for the discontinuity surface F is the 


vanishing determinant 
OF OF 
det | 1 Ада) —— | = 14.52 
at (135 + Aen) =0 (14.52) 


This result coincides with (14.47), which proves that the discontinuity surfaces are the char- 
acteristic surfaces. Since the system cannot determine the derivative of q in the 7 direction, 
the boundary conditions for the system must be prescribed on surfaces other than charac- 
teristic surfaces. 





14.3 Characteristic Cones and 
Hyperbolic Wave Propagation 





The principal propagation directions as well as the flow domain of dependence and range of 
influence of a flow field point P in the time-space continuum are determined by studying the 
variation of the characteristic-surface shape versus the characteristic speeds. То investigate 
these shape changes it suffices to study the shape changes of the corresponding character- 
istic cones, which are tangent at each flow field point P to the corresponding characteristic 
surfaces, but are far easier to determine. 


14.3.1 Galilean Transformation 


The characteristic cones at each flow field point Р are readily determined by recasting equa- 
tions (14.52) through the following Galilean space-time coordinate transformation 


X1 = 11 — ut 
Xo = T2 — uot (14.53) 
T= Ch 


in 2-D, and 
X1 = 11 — uit 
X» = T2 — uot 
Хз = үз — uat 
т = Сі 


(14.54) 


in 3-D, where т now denotes а “space-like” variable corresponding to the distance traveled 
by a constant-speed acoustic wave “с”. With this coordinate transformation, the equation 
of each eventual cone corresponds to Ше shape of the cone as recorded by an observer that 
moves along with a fluid particle with local convection velocity u. 
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By virtue of transformations (14.53), (14.54) the function F is recast as 
Р(Х, Xo, т) = Р(Х (11,1), Xo(xo, t), T(t)) (14.55) 


in 2-D, and 

Р(Х, Xo, Xa, T) =F (Х (21,5), Xo(z2,t), Ха(23,1),7(%)) (14.56) 
in 3-D. In 2-D, the partial derivatives of F with respect to X4, Хә, т and х1, 15,1 are related 
as 
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For а 3-D formulation, the partial derivatives of F with respect to X4, Хо, Хз, T and 11, £2, £3, t 
are related as 
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a и < eE a (14.58) 
дї 21,22,23 дт X1,X2,X3 OX; 











With either set of partial-derivative relations, therefore, the characteristic-surface equa- 
tions (14.52) become 


OF OF OF 
= an l rM . — 14. 
g = аи (1( 7 Wo) + AO Se) 0 (14.59) 


in 2-D and 3-D, which, despite its convoluted appearance, leads to algebraically simpler 
operations and results, as shown in the next section. 

The equation of the tangent characteristic cone is then directly obtained from these 
equations upon using the correct multi-dimensional generalization of the Monge-cone [40, 65, 
213] ordinary differential system, which yields the characteristic-cone differential equations 
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in 2-р, and 
OF OF OF 
Use) __ б) dx) _ аб) _ 
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ax, | aFOXM ӘХ; | OF OX; ӘХ; | OF Xs ar ^ OF Or 
d.X1 d.X» ах» ат 
= ag == ag — ag = ағ (14.61) 
сега ) сега ) Е = ) ase 


in 3-D. The solution of these ordinary differential equations for each equation in (14.59) 
yields the equations of the corresponding characteristic cones. 
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14.3.2 Characteristic Cones and Wave Propagation Patterns 


This section details the general procedure to establish the characteristics cones and then 
employs this procedure to determine the corresponding cones for the Euler equations. ‘The 
variation of the shape of these cones with respect to the Mach number allows reaching 
a deeper understanding of multi-dimensional characteristic wave propagation in the time- 
space continuum. This analysis leads to specific requirements for a physically consistent 
multi-dimensional upstream-bias representation. 

The characteristic-surface equation F in the time-space continuum arises in practice by 
substitution of (14.45), (14.46) for n; and А in the expressions for the eigenvalues of the 
Jacobian matrix A;(q)n;. Anticipating the results of Section 17.3 for the Euler system, the 
three distinct flux-Jacobian eigenvalues are expressed as 





Ai = ћи Aa = EE (14.62) 


where uj, 1 < j < n, and c respectively denote a Cartesian component of velocity and the 
local speed of sound. Based on these eigenvalues, the substitution procedure for determining 
F yields the Euler characteristic-surface equations 


(F, $ што) =, (Fi + uf.) = р, Л, (14.63) 


where each subscript variable denotes differentiation with respect to that variable. In 
substantive-derivative form, the first of these two equations becomes 


A – 0 (14.64) 


which shows that the corresponding characteristic surface remains time-invariant from the 
perspective of an observer who travels along with a fluid particle. 

The principal propagation directions as well as the flow domain of dependence and range 
of influence of a flow field point P in the time-space continuum are determined by studying 
the variation of the characteristic-surface shape versus the Mach number. As indicated in 
the previous section, in order to investigate these shape changes it suffices to study the shape 
changes of the corresponding characteristic cones, which are tangent at each flow field point 
P to the corresponding characteristic surfaces, but are far easier to determine. 

By virtue of the Galilean transformations in Section 14.3, the characteristic-surface equa- 
tions (14.63) simplify to 


_ (Оту _ (Оту (Оту (оғү 
in 2-D, and 


OF \* рү (aF\* (Оту (Оту 
=|— | =0 =|- | -|- | - | - | - | - | =0 14.66 
9 (22) 9 x] са ӘХ, ОХ» ( ) 
in 3-D. The equation of the tangent characteristic cone is then directly obtained from these 
equations through the Monge-cone ordinary differential equations. The solution of these 
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ordinary differential equations for each equation in (14.65)-(14.66) is 


X,— X, 20 › WR" 
| XY- Xoo Rea +0б— Xx) = (r—7) (14.67) 
in 2-D, and 
X1 — Ху, == 0 
X2—X 80. О Mae) ЕШ = a) d XeeX em 0069) 
Хз — Хо = 0 
in 3-D. 


By virtue of (14.53)-(14.54), the equation of the first characteristic cone with respect to 
the fixed reference coordinates (£1, £2, t) then becomes 





11 — Lo = ш, 12 — T20 — up (14.69) 
[es 
in 2-D, and 


in 3-D. In the time-space continuum, these equations correspond to the single “convection” 
straight line 57,57, as displayed in the 2-р case in Figures 14.2-14.4. As time elapses, 
information waves mono-axially reach and then leave P along this line, which, in the space 
continuum, projects onto the streamline 

X41 — Lo 12 — T20 


_ 227 120 (14.71) 


ui иә 


in 2-D, and 
Lı — Tio = 12 — 290 = їз — 2% (14 72) 
Uy U2 U3 | 





in 3-D, which represents in the time-space continuum a plane that contains the convection 
line. A spatial discretization that aims to model this propagation mode, therefore, should 
encompass an upstream bias in the streamline direction. 

In the time-space continuum, the equation of the second characteristic cone becomes 





(1 — 21 — u(t — i + (£2 — Loo — us(t — i = с (+ — i (14.73) 
in 2-D, and 
(£1 — Lig — u1 (t — ai + (22 — 220 — us(t — B 
+ (Za — £39 — ug(t — t), = c (t— t) (14.74) 
in 3-D. Hence 


и 


(та — x19 — u(t 6) + (za — 23, — us(t E ie Mà (14.75) 
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in 2-D, and, in 3-D 
(redis cab 1) тоо). 


C=) 
M2 
Either of these equations corresponds to a characteristic cone with vertex at P that is 
tangent to the local characteristic surface at P and with a shape that depends upon M. As 
time elapses, in this case, waves funnel in towards P and out and away from P within the 
characteristic cone. For a 2-D flow, expression (14.75) also represents the equation in the 
space continuum a family of circumferences with center coordinates [£10 + u4(t — to), x39 + 
u»(t — 1,)| and radius ||u|| (t — t;) / М. For a 3-D flow, expression (14.76) also represents the 
equation of a family of spheres with center coordinates [21 +и1 (#—%), Teot+U2(t—ty), 23,4 
из(# — 1,)| and radius ||| (t£ — #,) /M. For a vanishing c, furthermore, this cone collapses 
onto the convection line (14.69), which, however, is not the axis of the characteristic cone. 

Figures 14.2, 14.4 portray this characteristic cone for subsonic and supersonic 2-D flows. 


+ (та — као — ug(t — t)? = ш]? (14.76) 


t 





к, €—— = 


Streamline 


Figure 14.2: Subsonic Characteristic Cone 


As M increases, the cone shears in the streamline direction, while its cross section re- 
mains an ellipse, with axes that project onto the streamline and crossflow directions. As a 
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fundamental geometric difference between supersonic and subsonic flows, a time axis through 
Р is respectively outside and inside the cone. In this manner, time-independent rays, i.e. 
lines issuing from the time axis for constant t, that are tangent to this cone only exist when 
the time axis is not inside the cone, that is for supersonic flows. The lines that issue from 
the time axis and are tangent to circumferences (14.75) in the (x1, x3) plane, and to spheres 
(14.76) in the (21, 22, 23) space are then found to be the Mach lines in 2-D, and Mach cones, 
in 3-D. This finding is not coincidental, because time-invariant rays tangent to the charac- 
teristic cone correspond to steady-state ( ie. time- invariant ) characteristic lines, which 
are the Mach lines, in 2-D, and the Mach cone, in 3-D, for the steady Euler equations, as 
also remarked at the end of Section 17.3. Figure 14.2 presents the subsonic characteristic 
cone for a 2-D flow. The time axis is inside the cone and no tangent time-invariant lines 
exist. Accordingly, as time elapses, in this case, the bi-modal funneling of waves within the 
cone, towards and then away from P, corresponds on any constant-t plane to closed curves 
encircling P that shrink towards P and then expand away from P. Figure 14.3 illustrates 
this bi-modal pattern, which corresponds to the familiar subsonic Doppler distribution. 





Figure 14.3: Subsonic Wave Propagation 


This distribution results from projecting onto the flow plane several sections of the char- 
acteristic cone at various time levels and corresponds to pressure pulses emitted by a particle 
that subsonically travels along a streamline arc. From this perspective, a region of space 
centered about P is simultaneously the domain of dependence and range of influence for 
P. А spatial discretization that aims to model this propagation mode, therefore, should 
encompass an upstream bias along all directions radiating from P. 

Figure 14.4 presents the supersonic characteristic cone for a 2-D flow. Тће time axis is 
outside the cone and the Mach lines are tangent to the cone on each constant-£ plane. As 
time elapses, in this case, the funneling of waves within the cone, towards and then away 
from P, corresponds on any constant-t plane to information reaching P within its domain 
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Figure 14.4: Supersonic Characteristic Cone 








of dependence, between the two Mach lines upstream of P, and leaving P within its range 
of influence, between the two Mach lines downstream of P. Figure 14.5 displays this pat- 
tern, which corresponds to the familiar supersonic Doppler distribution. Wave propagation 
is thus mono-axial along the streamline. In the crossflow direction, however, wave prop- 
agation remains bi-modal, as illustrated in the figure, for waves propagate both upstream 
and downstream along this direction due to acoustic-wave propagation. This wave propaga- 
tion pattern results from projecting onto the flow plane several sections of the characteristic 
cone at various time levels and corresponds to pressure pulses emitted by a particle that 
supersonically moves along a streamline arc. A spatial discretization that aims to model this 
propagation mode, therefore, should encompass a directional bias upstream and downstream 
of the crossflow direction and an upstream bias along all directions within the domain of de- 
pendence of P, with the streamline direction as the upstream-bias principal direction, since 
the streamline remains the axis of the domain of dependence and region of influence. 

The investigation of the characteristic cone shape change versus M, therefore, indicates 
that for unsteady and steady supersonic flows, the upstream-bias domain of dependence 
and region of influence for each flow field point P consist of the regions that contain the 
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Figure 14.5: Supersonic Wave Propagation 


streamline through P and are bound by the Mach lines. For unsteady and steady subsonic 
flows, both the domain of dependence and region of influence encompass regions encircling 
P. 





14.4 Parabolic Perturbation System 


Generalizing the parabolic-perturbation results detailed in Chapter 9, the solution of a multi- 
dimensional hyperbolic system is represented via the solution of an associated parabolic 
minimal-perturbation system. By comparison with (9.52) and with n indicating the number 
of flow dimensions, the generalized parabolic minimal-perturbation system is expressed as 


Og Og О 


Од 
Bt + Ада) Әт; да. (ев, й. 0 (14.77) 





where ew denotes a positive perturbation parameter and В,; = B;;(q), 1 < i,j < n, indicates 
a non-linear perturbation matrix. 

Since both А; and B;; only depend upon q, even for this system is it possible to express 
the solution in non-linear wave-like form as 


q = q(vjnj — A(q)t) = a(m) (14.78) 


where nj, 1 € 7 < n, denotes the j-th component of an arbitrary direction unit vector and 
А is determined by both A; and B;;. For a linear system with constant A; and В;;, А is also 
a constant and (14.77) thus becomes 
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with А an eigenvalue of this system. For a Fourier’s series expansion of q, an individual series 
term may be expressed as 





qu = vexp(jum), j =v—1 (14.80) 
and (14.79) becomes 
( — Al T Ап; = eium Ban; ) qu = 0 (14.81) 


hence А corresponds to an eigenvalue of the system matrix (A;n; — evjwn;Bi;n;). 

As for the one-dimensional case, the matrix В;; is determined under the condition that 
the corresponding differential operator should prevent at each point the unbounded growth 
of any perturbation óq to the solution; the evolution of infinitesimal perturbations óq at each 
point is controlled by the linear counterpart of (14.77). The analysis of the time evolution 
of the energy in the solution of this linear counterpart indicates that (14.77) is stable in the 
sense indicated when the matrix contraction п,В ту possesses distinct positive eigenvalues 
for any n;, as shown in the following developments. The solution of (14.77) is expressed as 


а = до + да (14.82) 





with до that is also a solution of (14.77), which implies that also да may be expressed іп 
the wave-like form (14.78) and thus depends on 7; only. With g denoting a constant local 
value of до and using a direct multi-dimensional generalization of the expansion procedure 
presented in Section 9.2.2, the linear counterpart of (14.77) governing the evolution of ôq is 


expressed as 
О(да) _,O(dq) _ 9 _ O(dq) 
ый a | B , = 14. 
+ A;(qo) T Dn, ew B;;(G) T 0 (14.83) 


which governs at each point the time evolution of the perturbation (dq). Let the matrix 
п, В;;т; possess distinct eigenvalues for any qo, hence any q; under this condition, this matrix 
may be expressed via the similarity transformation 














where the diagonal matrix A contains all the eigenvalues of n;B;;n; and the constant matrix 
X = X(q) denotes the associated eigenvector matrix. Next, multiply system (14.83) by 
X-1, which results in the associated linear system 
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The energy E in the solution (X !óq) of this system and the time rate of change of this 
energy may be expressed as 


£2l > (х Dg) (Xa) > = = [ (x^). _„ dQ (14.86) 








The time derivative of (X да) in this integral is then replaced, à la Lyapunov, in terms 
of the system itself. The Cartesian coordinates zj, 1 < j < m, in the integral containing 
Б; in the result are then expressed in terms of a non-singular coordinate transformation 
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with curvilinear coordinates 7;, 1 € j < n, with т defined as in (14.78). This sequence of 
operations yields 


ж >, (xag) x-14,x?t 
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where the terms ед, 1 < j € n, correspond to the coordinate-transformation metric data, 
detailed in Chapter 7. This final integral emerges from (14.84) after identifying the metric- 


dQ, (14.87) 





data components е; / 4/ (егег) with the unit-vector components nj, 1 < j < n, as amplified 
in Section 14.5.4. In the final expression (14.87), as in the corresponding one-dimensional 
result, the first domain integral results from the hyperbolic component of the perturbation 
system, a component that always features in the time rate of change of £, independently 
of the presence of the perturbation matrix В;;. Expression (14.87) thus allows determining 
the contribution of this matrix to the rate of change of £; since this expression is valid for 
any q and qo, the following considerations apply to any q. The surface integral results from 
an integration by parts of the domain integral of the second-order term containing В;;; this 
surface integral remains bounded because of enforced needed parabolic-system boundary 
conditions on the entire boundary ОО, conditions detailed in Chapters 15-17. The crucial 
contribution of the A matrix, in comparison to the case when this matrix is absent, is the 
domain integral of the associated quadratic form. Due to the minus sign preceding the 
integral, it is when this form is positive that the rise of & is limited, which prevents any 
unbounded growth of the perturbation ôq; additionally, the limiting action of this quadratic 
form increases with a rise in the magnitude of ew. This quadratic form remains positive 
when all the diagonal elements of A remain positive. As stated at the beginning of this 
section, accordingly, the perturbation dq will not grow, for any n;, 1 € j < п, when all 
the eigenvalues of the perturbation matrix n;D;;n; are distinct, so that (14.84) exists, and 
positive, so that the quadratic form associated with A in (14.87) remains positive. For any 
solution q = 4(22, t), the parabolic perturbations developed in this book for multi-dimensional 
parabolic-perturbation equations and systems correspond to a matrix n;B;;n; = niDBj;(q)n; 
with distinct and positive eigenvalues. 
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14.5 Characteristics-Bias Representation 


Since for all Mach numbers there simultaneously exist regions of mono-axial and bi-modal 
propagation, a physically consistent, intrinsically multi-dimensional, and infinite directional 
upstream formulation for the Euler and Navier-Stokes equations has to provide an upstream 
approximation suitable for supersonic flows within the mono-axial region, but consistent 
with subsonic wave propagation within the bi-modal region. This formulation has to in- 
volve a streamline upstream approximation that remains bi-modal for subsonic flows and 
then becomes mono-axial for supersonic flows. For all Mach numbers, a physical upstream 
approximation must then induce a bi-modal upstream bias along the crossflow direction. 

This upstream approximation has to introduce an upstream bias along all directions 
radiating from each flow field point. Тһе bias in this approximation must change with 
varying direction and correlate with the directional distribution of the characteristic propa- 
gation speeds. Furthermore, the directional distribution of the upstream bias must remain 
symmetrical like the propagation speeds with respect to both the crossflow and streamline 
directions. 

‘Traditional discrete approximations of the multi-dimensional system 


да f(a) ƏR 











14. 
originate from the integral statement 
2 [да Ој (а) OF? 
= — со 14. 
ГЄ EC CEN 77 " Qu 


which is equivalent to the governing system (14.88) for arbitrary subdomains О C Q and 
arbitrary integrable test functions 10 with compact support in О. For finite volume and 
element formulations, some upstream-bias approximations can emerge from this statement 
through numerical flux formulae for /; and select choices for the test functions. 
The characteristics-bias formulation develops the characteristics- bias system 
Of? 


Cg Кы ЖИ, = 14.90 
=, (14.90) 


where СС, ф©, A and DC respectively correspond to characteristics-bias time derivative, 
source term, inviscid flux, and viscous-flux divergence that automatically induce a multi- 
dimensional and infinite directional upstream-bias approximation for the original system. 
The characteristics-bias representation is formally developed for the time derivative, source 
term, and viscous-flux divergence so that the resulting characteristics-bias system may be 
satisfied by an exact solution of the original system, as discussed in Section 14.5.6, and may 
become Galilean invariant like the original system, which also reduces upwind dissipation, as 
elaborated in Section 14.6. ‘The characteristics-bias system emerges from the characteristic- 
bias integral 
~ | б с Of d " 
|а GU је а P| doen (14.91) 
Q Ox 
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associated with (14.89). Since the characteristics-bias terms are developed independently 
and before any discretization, a genuinely multi-dimensional upstream-bias approximation 
for the original system on arbitrary grids directly results from a classical centered discretiza- 
tion of this integral statement on any given grid. For finite element formulations, a multi- 
dimensional upstream-bias approximation of the original system emerges from a classical 
Galerkin approximation of (14.91). 

The following sections show that the divergence of the characteristics-bias inviscid flux 
ff naturally derives from an upstream-bias integral average as 








On; i ОЖ; Ox; 





are | L 
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In this expression, Ay; corresponds to a matrix component of the system inviscid flux Ja- 
cobian, such that the matrix Арт, has uniform-sign eigenvalues, where n; denotes the 7° 
component of a unit vector along an arbitrary wave-propagation direction within conical 
regions within the flow field. Тһе coefficients o; denote linear-combination functions, pos- 
sibly depending upon q. The term aj indicates the i direction cosine of a unit vector 
a, along the principal wave-propagation direction of wave “¢”, a convection or acoustic 
wave for instance. As detailed in Chapter 10, the positive = denotes a length scale that 
measures a local computational-cell size; the positive ~ stands for the “upstream-bias” con- 
troller, which controls the amount of induced upstream-bias dissipation. This controller 
adjusts this dissipation depending on local solution non-smoothness. In regions of discon- 
tinuous solution slopes, this controller increases, to preserve numerical stability and capture 
shocks crisply; in regions of smooth solutions, the controller approaches its minimum, to 
reduce upstream dissipation. In this manner, the characteristics- bias formulation generates 
minimal-upstream-dissipation solutions. 

It is well known that any discrete approximate solution of a hyperbolic or parabolic 
system exactly solves not the original equations, but an associate system of equations, also 
called the modified equations; as a maximum grid spacing within the discrete approximation 
approaches nought, the modified equations approach the original equations. Likewise, the 
characteristics-bias system in (14.91) approaches the original system as = approaches nought, 
as the computational grid is refined. 











14.5.1 Upstream-Bias Time Derivative, 
Source, Viscous-Flux Divergence 


The expression for СС is defined by the upstream weighted integral average 
[ ФОС dQ = | (à + boa) + qo (14.93) 
Q Q Ot 


where @ € НО) has compact support in О and it thus vanishes on the entire boundary д9 
of О. The variation 940 is then expressed as 
OW 
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In these two expressions, = and wv respectively indicate the length measure and controller, 
while a;, 1 < i € n, denotes the component of a unit vector a along a principal characteristic 
direction; for the Euler and Navier-Stokes equations this direction is the streamline direction. 
On the basis of this average, via integrating the variation of w by parts, the characteristics- 
bias resolutions of the time-derivative of q emerges as 








с _ q 
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Similarly, the formal characteristics-bias resolutions for ф and 25 are expressed as 
2 





(14.96) 
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14.5.2 Flux Jacobian Decomposition 
and Upstream-Bias Integral Average 


C 


For the development of the characteristics-bias flux fy, consider first the flux Jacobian 


decomposition ( FJD ) into L contributions 


Og 


S (14.97) 
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where o; denotes a linear-combination function, possibly depending upon q, Ag; corresponds 
to a flux-Jacobian matrix component such that the matrix Алт, has uniform-sign eigenvalues 
within a conical region spanned by n;, within the flow domain. 

An integral average of the Euler flux divergence 
(14.97) becomes 


22 as expressed through decomposition 


ој да 
је o <4) 40 = | Yardy di (14.98) 


The flux ff is therefore defined by way of an upstream-bias integral average as 





ae Ј; + да 

dQ = ЈА з 6 + убиб) А 40 (14.99) 
дај On; 
where the rhs integral provides an upstream bias for each matrix component within the FJD 
n (14.97). 

The expression б,@ denotes a directional variation of the test function 10 along the axis of a 
conical region within the flow domain. This variation induces the appropriate upstream-bias 
for the test function 10 for each “Ё component within (14.99). Depending on the physical 
significance, magnitude and algebraic sign of the eigenvalues of Aj;n;, the variation б,@ can 
vanish or become algebraically positive or negative, which corresponds to an upstream bias 
respectively in the negative or positive sense of the axis of each conical region. 
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14.5.3 Characteristics-Bias Flux 
The directional variation 0,10 in (14.99) becomes 
LANE: 





ЧЄ, OX; = AYE (14.100) 


where aj; indicates the it direction cosine of a unit vector а; along the principal wave- 
propagation direction of wave “#”. 
With these specifications, the upstream-bias integral average (14.99) becomes 


o ао = је пр во + [еро 
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Considering that 10 has compact support in О, it vanishes оп the boundary д0 of Q. Asa 
result, integrating (14.101) by parts generates 
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which contains no boundary integrals. Since this integral must vanish for arbitrary test 


functions @ and domains €), its integrand must identically equal zero, which generates the 
following expression for the divergence of the characteristics flux i 
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From (14.103), an expression for the #'" component of the characteristics-bias flux may 
be defined up to a divergence-free flux as 
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As а multi-dimensional expression, each cartesian component f] also depends on the deriva- 
tives of the solution q along all cartesian coordinate directions. The continuum expression 
(14.103), or (14.104), thus constitutes a non-discrete multi-dimensional generalization of the 
various one-dimensional numerical- flux formulae employed in several CFD upwind schemes. 


14.5.4 Upstream-Bias Stability Condition 


Expression (14.103) exhibits an upstream-bias artificial diffusion, in the form of a second- 
order differential expression. The associated upstream-bias matrix is 


L 
A = П; (> магло | nj (14.105) 
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where n; indicates the i direction cosine of a unit vector n along an arbitrary wave - 
propagation direction. ‘This section shows that for physical consistency of the upstream bias 
in (14.92), (14.99) and associated mathematical stability of the corresponding second-order 
differential expression, all the eigenvalues of this upstream-bias matrix must be positive at 
every flow-field point and for any wave-propagation direction n. 

In Jacobian form, expression (17.108) becomes 


Off Of; Әд : да 
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да; Ox; Ox; и: 2. SU Ox; кы 


By virtue of a non-singular (21, 22)-ѕрасе coordinate transformation 








т = zjnj — A(q)t, n2 = (21, 22,1) (14.107) 
in 2-D, ог a non-singular (21, £2, 73)-space coordinate transformation 


m= ®упу — А), тр = (1,22, 23,6), N3 = па(лл, 2, 23,1) (14.108) 


in 3-D, analogous to (14.16)-(14.17), and using the inverse 4Ј7') , = {езе} / det J of the 
associated coordinate-transformation Jacobian J = Oa/0n, expression (14.106) for each t 
becomes 


Ofr ofj 1 8 L ељ Og 
= — |ефе | У аџофА | 2-2 14.1 
On Ox; det J One Epen = а det J On, ( 09) 


where the coordinate-transformation metric data e;,, within J, can be brought inside the 
partial differential operation because of the fundamental equality де /дт = 0, for any i and 
with implied summation on £, as shown in Chapter 7. The same chapter shows that for each £ 
the metric data е denote the components of a vector that is orthogonal to an тђ = constant 
surface. For the hyperbolic and parabolic systems considered in this and the following 
chapters, systems that encompass the characteristics-bias system, the corresponding solution 
q in non-linear wave-like form depends upon 7; only. For these solutions, therefore, q = q(71) 
and (14.109) exhibits the upstream-bias expression 
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for which ед/,/(едед) denotes the component n; of the wave-propagation unit vector m. 
This expression now corresponds to a one-dimensional upstream-bias expression, which, as 
a result, will be stable when all the eigenvalues of the upstream-bias matrix 


L 
A = Nj > мело) п; (14.111) 
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remain positive for all propagation directions n. ‘This requirement implies а consistent 
upstream-bias along all directions radiating from any flow field point and thus becomes a 
fundamental multi-dimensional upstream-bias stability condition. 
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14.5.5 Incorporation of Flux-Vector апа Flux-Difference Splittings 





The FJD procedure generalizes and encompasses traditional Flux- Vector and Flux-Difference 
splitting formulations. Consider the representative Flux Vector Splitting ( FVS ) of the Euler 
flux as 





ze EN JFF U) (14.112) 


where the Jacobian matrices of fn and 2 “i ny respectively possess non-negative and non- 
positive eigenvalues within a conical region ae axis with direction cosines n;, 1 € j < 3. 
The FJD expression (14.97) encompasses (14.112) with L — 2 as 


Ја 
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The corresponding characteristics-bias flux divergence for this representative flux vector 
splitting accrues from (14.103) as 
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which generalizes in the continuum the traditional numerical flux formulae for FVS con- 
structions. The associated upstream-bias matrix A is 


A= » СЕ + OFF 7 ur Jv (14.115) 


Tes] 








where the flux components ЈЕ and f; as well as the direction cosines a; and аг, frequently 
a; = —a; , should be chosen to satisfy the upstream-bias stability condition on this matrix. 

Consider next a representative Flux Difference Splitting ( FDS ) development, where the 
inviscid flux Jacobian of /; is “split” as 


Of; 


=ï = >= İ 
5g = ХАУХ + А NT (14.116) 


where X; and A; = Aj + A; denote the right eigenvector matrix and eigenvalue diagonal 
matrix of the Jacobian, all evaluated at special average values of q, with Aj and A; re- 
spectively containing non-negative and non-positive eigenvalues. The matrices at the rhs of 
(14.116), therefore, will respectively possess non-negative and non-positive eigenvalues. The 
FJD expression (14.97) encompasses (14.116) with L — 2 as 


L 
У Ay = ХАЈХ, + XA X; , 01—1, w= l (14.117) 


The corresponding characteristics-bias divergence for this formulation accrues from (14.103) 
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which generalizes in the continuum the traditional numerical flux formulae for FDS con- 


structions. The associated upstream-bias matrix A is 
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=! 





where the eigenvalue-matrix components Aj and A; as well as the direction cosines a; and 
a; , frequently a; = —a; , should be chosen to satisfy the upstream-bias stability condition 
on this matrix. 


14.5.6 Characteristics-Bias System 


The multi-dimensional characteristics-bias system provides a multi-dimensional generaliza- 
tion of the one-dimensional parabolic-perturbation equations described in Chapter 9. Prac- 
tical computations solve the initial-boundary value problem with a perturbation parameter 
ew that remains commensurate with a decreasing, but finite, mesh spacing. As a result, for 
efficiency's and accuracy's sake, system (14.91) should be solved by an exact solution of the 
unperturbed system for finite ew, in the case of a Jacobian "n; with equal-sign eigenvalues 
within a streamline conical region, as well as vanishing gradients in the cross-flow direction, 
and generally admit solutions that should rapidly converge to a weak-solution q of the orig- 
inal system for decreasing ew. It is to promote these properties that the perturbation in 
the previous sections has been developed from a characteristics-bias representation of the 
original system. For the reference multi-dimensional system (14.88), the developments in 
the previous sections yield the characteristics-bias system 
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This system involves a second-order regularizing perturbation. With reference to (6.21), this 
perturbation, for viscous flows, leads to the effective Reynolds number 
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This effective Reynolds number Re^ approaches the reference Reynolds number Re for a 
sufficiently small magnitude of ey. A current research project consists in further reduc- 
ing induced upwind diffusion by decreasing Џур proportionately to the magnitude of the 
crossflow deviatoric traction and velocity within a boundary layer. Since 
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the characteristics-bias system may be more lucidly expressed as 





‚ gf? L 

This “companion” system contains the original system, its derivatives with respect to x and 
a compensating second-order term that emerges from the decomposition of the inviscid-flux 
Jacobian that must satisfy the upstream-bias stability condition for A. This compensating 
term, however, is only present when the eigenvalues of the flux Jacobian "n; do not all 
have the same algebraic sign; when they do, а = а;, 1 € {< L, and for vanishing solution 


gradients in the crossflow direction, for the Euler system, the characteristics-bias system 


becomes P 
1- epar (Z cessi - 22) = 0 

Ox; Ot Ox; Ox 7 
which only contains the original system and its derivative with respect to x. In these con- 
ditions, significantly, an exact solution of the original system will also satisfy this com- 
panion system for any finite ew, an important property that is achieved only when the 
characteristics-bias representation evolves from components of the original system, as devel- 
oped in the previous sections. When the equations in this system are viewed as quasi-linear 
equations, independently of one another, and, for the Euler system, the fluid velocity u is 
considered constant, the equations are more clearly seen to remain hyperbolic, because of the 
presence of the mixed derivative with respect to both x and t. In a suitable neighborhood 
of a shock, where sufficient dissipation is needed to ensure essential non-oscillatory shock 
capturing, this mixed derivative will have to be eliminated, so that in the vicinity of a shock 
the characteristics-bias system becomes a more dissipative parabolic system. In this manner, 
H'(Q) solutions of this system may converge to H°(Q) solution of the unperturbed system. 


(14.124) 


14.6 Galilean Invariance and 
Characteristics-Bias Diffusion 


Also the multi-dimensional unperturbed Euler and Navier-Stokes systems are Galilean in- 
variant. The characteristics-bias system (14.123) can also satisfy this fundamental physical 
property, but only when it contains a characteristics-bias term for the time derivative. As 
for one-dimensional flows, also for multi-dimensional flows is satisfying this property im- 
portant because in this case the characteristics-bias system reduces the amount of induced 
characteristics-bias diffusion, as shown in this section. 

As stated for one-dimensional flows, the Galilean invariance property reflects the notion 
that the law of conservation of mass, the second law of mechanics, and the first law of ther- 
modynamics remain independent from the state of motion of flow reference frames that move 
with constant velocity with respect to one another, called Galilean frames and illustrated 
in Figure 14.6. Тһе corresponding continuity, linear-momentum, and energy equation thus 
remain formally invariant with respect to any co-ordinate transformation among Galilean 
frames. 
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With У, the absolute velocity of the moving-reference origin B, and with У and u 
respectively the absolute and relative velocity of a fluid particle P, the co-ordinate sets 
(Ху, Хо, Хз) and (21, £2, £3) as well as velocity of P with respect to any two Galilean frames 
may be related as 


OX; 





Xi = Хы, „Лу = Vat ii > ш = V; — V. (14.125) 
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Figure 14.6: Galilean Reference Frames 


By virtue of this multi-dimensional coordinate transformation, a function of (X, t) is cast as 
p(X ,t) = p(X (2,1), t) and the derivatives with respect to (X,t) in the continuity equation, 
for instance 
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correlate with the derivatives with respect to (a,t) as 
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Upon substituting these correlations for the corresponding derivatives, equation (14.126) 
becomes 
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which formally coincides with (14.126) and thus proves Galilean invariance of the continuity 
equation. The thermodynamic variables and the upstream-bias functions remain unaffected 
by this co-ordinate transformation because either they do not depend on the velocity of a 
reference frame or only involve relative velocities with respect to the flow channel, which 
velocities transform into one another, thereby retaining their form in the transformation. 
As a result, similar transformations of the other governing equations, also inserting the 
continuity equation into the linear-momentum equation and these two equations into the 
energy equation, show that both the linear-momentum and energy equations are Galilean 
invariant. 
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Owing to the characteristics-bias expression for the time derivative of д, the multi- 
dimensional system (14.123) is also Galilean invariant. To show this, it suffices to consider the 
three-dimensional characteristics-bias continuity equation, with c denoting the local speed 
of sound, a;, d Ü a 2 1<2a<n, the components of three mutually orthogonal unit vectors 
respectively in the streamline direction and crossflow plane and a as well as а“ the functions 
of the upstream bias for the acoustic-wave propagation in the streamline direction and on 
the crossflow plane. Anticipating the developments of following chapters, this continuity 
equation is expressed as 

















Op дри; epa; —— 
Ot |, Ox; |, - 2. a А 
д № М № „№ др дри; 
v Е ij "a; а === i = 14.12 
Эт. Ё (c (oa а; + a" (a; а" + a; 2) )) 79] a да |. 0 ( 9) 











where the second-order terms correspond to the characteristics-bias perturbation expression 
for the continuity equation. А similar expression is obtained for incompressible and free- 
surface flows. Transforming the derivatives in this equation following developments (14.126)- 
(14.128) yields 

др др V друг др 


atl, ӘХ, ^^ OX |, OX, 


д 
Ps), ax (aD 


— ax, E ӘХ, 
_ ӨХ, Ё (c (аааз Ta У (ај + ‘a;"))) ax | | 


E". eva Mad |^ i (а Va) 
OX; ‘OX; i OX; OX;| ^ 
with analogous results for the linear- momentum and energy equations. After all the terms 
containing a 1 < 7 € n, cancel one another out, the resulting equation formally coin- 
cides with (14.129), which proves Galilean invariance. Not only is this result showing that 
the characteristics-bias system is Galilean invariant, but also that this system satisfies this 
fundamental physical property only when а commensurate characteristics-bias expression is 

also present for the time derivative of q. 

Also for multi-dimensional flows, the importance of this fundamental, but seldom, if ever, 
mentioned, property in CFD relates to its connection with artificial diffusion. In order to 
highlight this notion it suffices to SOR er a two-dimensional linear continuity equation with 
constant positive =, Y4, v, с, a, aj, a, ш, 1<i<n, 


Op др 
a Dr. Oa, 
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=0 (14.130) 
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д 
" 2 |e arse Е + ey (caa;a; + co aj a? + аги) 22) = 0 (14.131) 


where 4», = ф for a Galilean invariant formulation. A generalized eigenfunction solution for 
this equation may be expressed as 


p(x, t) = exp (At) exp (jw (xin; —ujn;t) , j=V—1 (14.132) 
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where A = 0 corresponds to an exact solution of not only the equation with no bias, hence 
ew = 0, ev, = 0, but also the characteristics-bias equation with a = 0, а“ = 0, and у; = Y, 
as directly established by substitution. When this substitution is executed for any positive 
a, a „фу, the resulting expression for the dissipation eigenvalue A is 


ye _ ecw*( (M (aimi)? + (aimi)? + о“ (а; па) )ф — Mam) 0) (1+ jw(ainievr) 
1 + и (айы e y 

(14.133) 
Since the real part of this eigenvalue remains negative, the characteristics bias induces some 
artificial diffusion, which decreases in proportion to v, v;. For n pointing in the crossflow 
direction, hence (a? n;) = 1 and (ajn;) = 0, this eigenvalue becomes independent of vj. For 
n pointing in the streamline direction, however, (a? n;) = 0 as well as (ат) = 1 and this 
result no longer depends upon а“ and thus becomes the already determined one-dimensional 


expression 





je. t EET (а ыш с, (14.134) 
2 1 + wey? 

According to this form of А, the streamline characteristics-bias artificial diffusion reaches а 
minimum for «^, = w, that is for a Galilean invariant formulation, a minimum that equals 
zero for a = 0. Figure 14.7 displays the variation of the absolute value of the real part of 
Awe for 0 < 2we < m, as obtained for two representative cases: a) M = 0.3 hence а = 0.4, 
and b) M = 1.2 hence а = 0. As this chart shows, for both subsonic and supersonic flows, 
the induced diffusion rapidly decreases as the characteristics-bias system approaches the 


Galilean invariant form. For supersonic flows, in particular, this induced diffusion vanishes. 
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Figure 14.7: Characteristics-Bias Diffusion: a) Subsonic Flow, b) Supersonic Flow 


A Galilean invariant characteristics-bias formulation, accordingly, provides a consistent up- 
winding, but with reduced levels of induced diffusions, which provides another justification 
for the particular form of upstream bias developed in this formulation for the time derivative. 
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14.7 Non-Discrete Discontinuous Galerkin (DG) Form 


For both a weight function ш that has non-vanishing trace and a solution q that is dis- 
continuous on the boundary 09 of a subdomain € C Q, an integration by parts of both 
the characteristics-bias expression and the inviscid as well as viscous flux divergence and in 
(14.123) generates the weak statement 


да да 0f, of\ Z да 
Q zd У (aie — а; Е 
| и Ux - ) ; + h3 ID Ux - dE ao 72. (ie — ai) Qui “ 


- аз, (6-5) «а 


U да ОЈ 3 О] H E Og 
+ pow | - f) ео (а (22 - T - Ба) + У dae a)arAy ) mar =0 
(14.135) 
This statement may be viewed as а non-discrete Galilean invariant DG formulation. In 
respect of the second domain integral, this expression presents a direct counterpart of the 
“shock-capturing” term employed in current DG algorithms; rather than being а Laplacian 
expression added to the formulation, this term naturally emerges from the characteristics- 
bias procedure and system. With reference to the boundary integral, this expression features 
not only the flux vector f; — Ју, but also an expression that corresponds to the characteristics 
bias resolution of f; — ју; as a result, the entire boundary expression may be viewed as a 
non-discrete “numerical flux” for f; — ју. Rather than requiring the substitution of fj — f? 
with a numerical flux, as takes place in DG developments, the characteristics-bias system 
procedure directly leads to а surface integral with a specific non-discrete numerical flux, in 
this case the characteristics-bias resolution flux. A discrete DG algorithm may then result 
from a finite element discretization of (14.135). 














14.8 Non-Discrete 
Streamline Upwind Petrov-Galerkin (SUPG) Form 


For a weight function w with compact support in Q, a continuous solution q, and J indicating 
the identity matrix of appropriate rank, an integration by parts of the characteristics-bias 
expression in (14.123) generates the weak statement 


Ow \ (дд Of; Of; 
/, (s Шш i) E i Ох; Ox; a 
ðw (E Од 
+ f EV r, (x (aie — ai) As z 01 = 0 (14.136) 


Ox; 


The boundary integrals from the integration by parts do not feature in this formulation 
because either the weight function has vanishing trace on the boundary or the boundary 
conditions described in Chapters 15-17 are enforced. ‘This statement is recognized as a 
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Galilean invariant non-discrete SUPG integral statement for the original system (14.88). As 
an alternative to the reported SUPG formulations, the upstream-bias term in the first do- 
main integral in (14.136) does not require any premultiplication by the transpose of the Euler 
flux Jacobian matrix, which reduces the number of required calculations; as the counterparts 
of the 7,,,, and дь stability parameters, moreover, the characteristics-bias parameters 
ew and ew(aje — а) will explicitly depend on the square or cube of a local mesh spacing, 
respectively for shocked and smooth flows. The second integral in this statement согте- 
sponds to the stability and shock-capturing terms of reported SUPG formulations. Unlike 
the common ad-hoc terms, the stability and shock-capturing terms in this formulation nat- 
urally emerge from characteristic wave propagation, for they are directly generated by the 
characteristics-bias decomposition of the Euler flux divergence Of;/Ox;. When ai = aij, 
] < £ < L, and for vanishing solution gradients in the crossflow direction for the Euler 
system, the term (а — a;) even identically vanish. In these conditions, the exact solution of 
the original system can only satisfy this statement when the characteristics-bias formulation 
is extended to the time derivative as displayed in (14.136). For multi-dimensional flows, the 
spatially discrete equations in this book derive from a finite element discretization of this 
integral statement. 





Chapter 15 


Multi-Dimensional 
Incompressible Flows 


This chapter develops the characteristics-bias procedure for the computational investigation 
of multi-dimensional incompressible flows. This procedure leads to an eventual continuity 
equation without any derivatives with respect to time, for consistency with the Navier-Stokes 
equations, uses the same-order finite elements for pressure, velocity as well as temperature, 
and solves the coupled continuity, linear-momentum, and energy equations to determine 
these variables directly. 

Within an incompressible-flow field, acoustic and convection waves propagate in infinitely 
many directions, but along each direction the associated propagation velocity becomes un- 
bounded. It is however possible to investigate characteristic incompressible-flow information 
propagation for finite propagation speeds. ‘These finite speeds are associated with the slight- 
compressibility continuity equation that emerges from a direct correlation between pressure 
and density for a finite polytropic exponent. ‘This slight-compressibility equation, however, 
is exclusively employed only to derive the second-order characteristics-bias perturbation. 

This derivation uses an intrinsically multi-dimensional characteristics analysis, which 
leads to the spatial distribution of multi-dimensional propagation velocities, investigates the 
correlation between the time axis and the characteristic surfaces, and shows that among 
all propagation directions the streamline and crossflow directions are principal propaga- 
tion directions in the time-space continuum. As an expected result, for any magnitude 
of pressure and velocity, information propagation remains subsonic, form both upstream 
and downstream toward any flow-field point. ‘This line of inquiry yields specific conditions 
for a physically coherent upstream bias formulation that remains consistent with steady 
and unsteady multi-dimensional acoustic and convection wave propagation. Based on these 
conditions, the characteristics-bias formulation emerges from a decomposition of the Euler 
system matrix into crossflow and streamline matrix components that model the physics of 
multi-dimensional acoustics and convection. Achieved from a limiting process, the eventual 
continuity equation contains no derivative of pressure. 

The discrete equations originate from a Galerkin finite element discretization of the 
characteristic-bias system. This finite element discretization naturally and automatically 
leads to consistent boundary differential equations and a new outlet pressure boundary con- 
dition that requires no algebraic extrapolation of variables and allows the direct calculation 
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of pressure-driven flows. ‘This formulation directly accommodates an implicit solver, for re- 
quired Jacobian matrices are determined in a straightforward manner. The finite element 
equations form a system of algebraic and differential equations. Despite the absence of any 
pressure time derivative in this system, the equations are directly integrated in time within 
by way of the implicit non-linearly stable Runge-Kutta algorithm (8.5). This characteristics- 
bias finite element solver induces but minimal artificial diffusion and generates essentially 
non-oscillatory solutions. 








15.1 Slight-Compressibility System 


This section presents the slight-compressibility Euler and Navier-Stokes equations. The Euler 
equations directly support the development of the characteristics-bias formulation, which is 
then extended to the Navier-Stokes system with inclusion of the temperature equation. 





15.1.1 Slight-Compressibility Continuity Equation 


The isentropic correlation between pressure p and density p is expressed as 


p = p(p) (15.1) 
For a perfect gas this result becomes 
y 
p 
P = ро | — 15.2 
(2) (15.2) 


where y = с/с, denotes the ratio of specific heats. A general polytropic equation of state 


emerges as 
p\"" 
„=> (2) asa 
Po 
with к > 0 denoting the polytropic exponent. With this result, the time derivative of density 
correlates with the time derivative of pressure as 








О О 
СИЕ Б (15.4) 
Ot курд! 
which transforms the continuity equation as 
О дри; д дри; 
ы =й саа (15.5) 
Ot да, күр Ot дт; 
For an incompressible flow р ~ constant; accordingly this equation transforms into 
1 ð Qu; 
ко Жы. НЕ (15.6) 
күр 1 да; 


Unlike Chorin’s seminal work, [35, 36], which employs а constant кур, with 8 = кур/р, 
this development allows p in this continuity equation to vary. As a direct result, the eigenval- 
ues of the resulting system depend on a single non-dimensional number, wholly analogous to 
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the Froude and Mach number. For к = 1, this equation becomes the slight-compressibility 
continuity equation, which governs the low-speed flow of a perfect gas. This is the equation 
employed in the characteristic analysis of incompressible flows and associated development 
of a characteristics-bias formulation. As noted in Section 4.2.3, c, = c, for incompressible 
flows, hence у = 1, which is the magnitude of у used in this formulation. The correspond- 
ing formulation for incompressible flows then results by replacing = with 22 showing 
in Section 15.7 that the corresponding characteristics-bias perturbation in the new system 
remains stable for any к > 0, and then taking the limit for к — oo. With this limit, the 
resulting continuity equation achieves a form that does not contain any time derivative of 


pressure. 


15.1.2 Euler and Navier-Stokes Equations 
Two-Dimensional Flows 


On the basis of the slight-compressibility continuity equation, the corresponding two-dimen- 
sional Navier-Stokes equations are expressed as 


Op дил Ou» _ 
и = 


дил О әр О (изил) _ lOr; 
T (ut^ ): Any ^ род, 





+ Ф| (15.7) 


дио О (uua) О 2, P\ 1 дт» 
Ot Шш дт ш Ox» (us + с рда; + $2 


where, with reference to system (4.56) in Chapter 4, ф; and т;; respectively denote the 
Cartesian components of the source term and viscous deviatoric stresses. When these terms 
vanish, these equations reduce to the Euler system, which is cast in matrix form as 


Og Og 


= 1 . 
at ris a 





+ Aj(q) 


With 87 denoting Kronecker’s delta, the matrix for this system is expressed as 
| 0, Op , ^p 
Ада) = A(q)ó] = | Ep , wo uj , we (15.9) 
ój/p , шб , 0265 + Uj 


496 Multi-Dimensional Incompressible Flows 





Three-Dimensional Flows 


For three-dimensional flows, the slight-compressibility Navier-Stokes equations may be ex- 
pressed as 


Op дил Qu» диз 











бё: Pan, ?Рдт, "дл ~ 

Fat (р) ES EE EE у, 

A (анд) + a 
Te 20 ү Эбш ү (ug + 2) = E + д» 


where, again, 9; and т;; respectively denote the Cartesian components of the source term and 
viscous deviatoric stresses. When these terms vanish, these equations reduce to the Euler 
system, again cast as in (15.8) with system matrix 





0 , «p , pds , трд 
, т/р 110) + и; 102 163 
A;(q) = A;(q)d? = | | А. ake | : 15:1 
j(q) (q) 1 ó5/ p | изда | шоб? + и; 503 ( ) 
63/p , изда , изд , изда ES Uj 


15.2 Slight-Compressibility Acoustics Equations 


15.2.1 Matrix Form 


The matrix form of the acoustics equations for slightly compressible flows is obtained from 
the slight-compressibility Euler equations 





+ 
n 


= 15.12 
05. 0 (15.12) 


for a vanishing flow velocity. 


Two-Dimensional Flows 


Let (v, v2) denote the components of a unit vector v locally parallel to the velocity u and 


employ the “S” number 


eM ew V. (15.13) 


2 


с р 


Upon writing the velocity components (ui, и») in terms of SY as 


(uy, U2) = cS(v1, 92) (15.14) 
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the 2-D slight-compressibility system becomes 





э [Р [/ 0 > зора , тр | ә [Р 
a | 4 + óp, 0 „ 0 + СЗС; | -— | ш |=0 (15.15) 
иә | бур, 0 3 0 | "jV ао 
where С; denotes the completion matrix 
0, 0 , 0 
C;m|0, ад + , тд (15.16) 
0 , | vá ‚ 963 + t; 


For a vanishing S, these equations then reduce to the acoustics equations 


ӨР 0 , wo , њу „ {р 
из јр, 0 , уш 


for which A7 will denote the acoustics matrix multiplying the gradient of q in (15.17). These 
equations may also be expressed as 











= 

0t | — "zr, 

uo dp. са ар (15.18) 
Ot = pOa;, түрд 


The dependent variables in these equations correspond to those in a flow field that origi- 
nates from slight perturbations to an otherwise quiescent field. Following the characteristics 
analysis in Chapter 14, the characteristic speeds А associated with this system correspond 
to the eigenvalues of the matrix A7n;, which are 


M=0, | Ма= ју = = (15.19) 
| р 


Note that these eigenvalues remain independent from the wave-propagation direction unit 
vector n, which corresponds to isotropic wave propagation. 





Three-Dimensional Flows 


An analogous procedure applies for three-dimensional flows. Let (v1, vo, v3) denote the com- 
ponents of a unit vector v locally parallel to the velocity u. Upon expressing the velocity 
components (u1, us, из) in terms of the S number as 


(u1, из, из) = CS(V1, vo, оз) (15.20) 


the 3-D slight-compressibility system becomes 


р O , ype , pds , турб? р 
= JP o | | КЕ | = =0 (15.21 
772 uw | јр, 0 , 0 , 0 TOS Oe. | d то 


из јр, 0 , 0 , O из 
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where С; denotes the completion matrix 


0, 0 , 0 , 0 
0 vð + U; 0105 0105 
C; = | pu s ' 15.22 
: 0, 0901 , 1902 tU; , 0203 ( ) 
0 , U301 , 0305 , 0303, ЕЗ 03 


For a vanishing SY these equations then reduce to the slight-compressibility acoustics equa- 
tions 


р 0 , хр ‚ yp , w р 
O | u б1/р 0 0 0 д и 
= IP o | | == =( 15.23 
де | w | | Mp, о, 0 , о | aaj | us eee 
U3 Cie. 0 ~§ 9 i. 0 U3 


for which A7 will denote the acoustics matrix multiplying the gradient of q in (15.23). These 
equations may also be expressed as 














ay 

ðt i Oa; 

Bu: К a др 8 др (15.24) 
Ot pdx, урда; 





The dependent variables in these equations correspond to those in a flow field that originates 
from slight perturbations to an otherwise quiescent field. The characteristic speeds A for this 
system correspond to the eigenvalues of the matrix A7n;, which are 


1,20, А, = +, |у = же (15.25) 
| | 0 


Note that these eigenvalues remain independent from the wave-propagation direction unit 
vector m. 


15.2.2 Streamline and Crossflow Components 
Two-Dimensional Flows 


For апу two mutually perpendicular unit vectors а = (а, аз) and а“ = (а, а) within a 
2-D flow, along with implied summation on repeated indices, the acoustics matrix product 


At or can be expressed as 
2 





да да да 
A? — = A*a;ayz—— + Ааа} —— 15.26 
05. T um a К да | ) 
For а parallel to u, this expression corresponds to a decomposition of the acoustics matrix 
product into streamline and crossflow acoustics components. For solutions in wave-like 
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form, shown in Chapter 14, one eigenvalue of each rhs component vanishes; the remaining 
eigenvalues of these separate components have been determined as 





23 = ECs = = са) , №з = см = tcajn; (19:20) 


The two non-vanishing eigenvalues associated with the entire acoustics component at the lhs 
of (15.26), but as expressed as the rhs combination of streamline and crossflow components 
have then been determined as 


Aig = с ( (аот). + (ап). ) а | (ап) — (a?n;) = | (15.28) 


which shows that the square of these acoustic eigenvalues equals the sum of the square of 
the streamline and crossflow acoustic eigenvalues (15.27), as illustrated in Figure 15.1. 
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Figure 15.1: Polar Variation of Square of Acoustic Speeds 


Three-Dimensional Flows 


For any three mutually orthogonal unit vectors а = (ал, ао, аз), а“ = (а1',а2',а5'), and 
а^ = (aj?,a5?,a3?) within a 3-D flow, along with implied summation on repeated indices, 
the acoustics matrix product A can be expressed as 





да 94 _ Aĉa + Аза a m OF Ata "ma м OF 


7 Әг, 7 aja k Әл j а; Op Эт (15.29) 


For a parallel to u, this expression corresponds to a decomposition of the acoustics matrix 
product into one streamline and two mutually perpendicular crossflow acoustics components. 
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Two eigenvalues of each rhs component vanish; the remaining eigenvalues of these three 
separate components have been determined as 





Mae, 2 у=®® ч А bea, Uu (15.30) 


The two non-vanishing eigenvalues associated with the entire acoustics component at the lhs 
of (15.29), but as expressed as the rhs combination of streamline and crossflow components 
have then been determined as 


A34 = с ( (аут). F Cani + (а) ) | (an) + (a n;) + (an) = 1 (1531) 


which shows that the square of these acoustic eigenvalues equals the sum of the square of 
the streamline and crossflow acoustic eigenvalues (15.30). On any plane П that contains 
а, а“ and n, therefore, acoustic propagation naturally decomposes into two directional 
components, one along а and the other along а“, as illustrated in Figure 15.2. The variation 
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Figure 15.2: Polar Variation of Square of Acoustic Speeds on Plane II 


of the squares of the three principal acoustic speeds is illustrated in Figure 15.3 

The planar two-directional acoustic decomposition remains unaltered on plane II, as this 
plane spans the entire 3-D space by rotating about the line of a. Acoustic propagation, 
therefore, decomposes into a directional component along a and an isotropic component on 
any plane orthogonal to a. This result also follows from the expression 


(a n;) + (an) -1- (ауп). (15.32) 


from (15.31), which shows that acoustic propagation on the plane of а^ and а^ only 
depends upon (a;n;), hence on the angle between а and m. For any such angle, the “lhs” of 
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Figure 15.3: Spherical Variation of Square of Three Principal Acoustic Speeds 


(15.32) remains constant for any orientation of n with respect to а^ and ага. This result 
indicates that (15.32) is the equation of a circle, which signifies isotropic acoustic propagation 
on the plane оа“ and а^, as shown in Figure 15.4 


15.2.3 Similarity Transformation 
Two-Dimensional Flows 


From (15.26), the matrix Аа; is defined as 


0 , урај , ^ypao 
Аа; = а1/р ; 0 ; 0 (15,89) 
а2/ p , 0 , 0 


Despite its zero eigenvalue, this matrix features a complete set of eigenvectors X and thus 
possesses the similarity transformation 


Juge (15.34) 
with A^ defined as 
б „ Uu 
л"=|т 0, с ,0 (15565. 
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Figure 15.4: Spherical Variation of Square of Crossflow and Streamline Acoustic Speeds 


The corresponding eigenvector matrix X and its inverse X~! are 





р, WPW , OY 
Х = | ca, , —сал , —aa (15.36) 
cag, — саг , ај 
| (c> Wa , Pa 
е7 C , —урал , —Yypar (15.37) 
3960, —2ypcas , 2ypca 


Three-Dimensional Flows 


From (15.29), the matrix Аа; is defined as 


0 , (pai ‚ ура , "раз 

à. 2| Uu x DS » VU Y 9 

A а= ap, 0 . 0 , 0 (15.38) 
азјр , 0 , 0 , 0 


Despite its zero eigenvalues, also this matrix features a complete set of eigenvectors X and 
thus possesses the similarity transformation 


Aja; = ХАЛАХ! (15.39) 
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with Л“ the diagonal matrix of eigenvalues of A%a;. The eigenvector matrix X and its inverse 
X~! are 





"E a 9р ~ О X Q 
X= Cai , —са| , Us»... 08 (15.40) 
cag , —Cag , Q4 () 
саз , —саз , 0 , а 
и ураз | ypas 
1 Cor TMT a —ypa2 ; —^ypaa 
Бано 7 0 , —2урсаг , 2%үрс(а? + az) /ај | —2^pca»as / a1 (15.41) 
YPC | о , —2ypcaz ,  —2*pcagas/a, , 2%үрс(а? + a2)/a, 





Since two linearly independent eigenvector are available for the single vanishing eigenvalue, 
it's always possible to find two linearly independent eigenvectors such that a non-singular X 
is always available. 





15.3 Characteristic Analysis and Velocity Components 


For the slight-compressibility Euler system 


О 

d potins eg (15.42) 
Ot | 

the solution-dependent characteristic velocity components А = A(q) are determined by еп- 
forcing the condition that solutions in non-linear wave-like form satisfy this system. With 
reference to Chapter 14, this condition yields the eigenvalue problem 


| — А(9)1 + лю") Ми = 0 (15.43) 





For non-trivial solutions о" hence q = а(т), the characteristic velocity components А are 
the eigenvalues of the linear combination of system matrices 


0 рта , "y prio 
A; (q)n; = т/р , uini + uj , Uin (15.44) 
т/р, попа , чото t ujnj 
for two-dimensional flows, and 

0 Үр , "y prio , ^y pria 
A;(g)n; E ni/p ‚ Шт] ung , una u ; uns (15.45) 

na/p , попа ‚ шото Б ujnj , ита 

па/р , из | ugna ‚ изпз + UjNj 


for three-dimensional flows. For both two- and three-dimensional flows, these eigenvalues 
have been exactly determined in closed form as 





A = путу, АМЕ = шут + y ((ujn;)” + с2) (15.46) 
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where superscript dg signifies dimensional Euler eigenvalues; for two-dimensional flows, the 
eigenvalue A, is absent. The non-dimensional form of (15.46) follows from division by c, 
which supplies the S-number dependent expressions 





us = Ue, ee = UjTW SS + (1 + g2 (от;)?) (15.47) 


where vı, and то, in 2-р, and v1, v2, and v3, in 3-D, denote the components of а unit vector 
v in the velocity u direction. 

As the inner product of the two unit vectors n and v, the contraction v;n; supplies the 
cosine of the angle (0 — 0,) between n and v, where 0 and 0, respectively denote the angle 
between n and the x; axis and the angle between v and the x axis in the flow plane, in 2-D, 
or in any plane II that contains both n and v, in 3-D. The eigenvalues (15.47) thus become 








T = cos (0 — 0,) S, До = cos (0 — 0,) + / 1 + S? (cos (0 — 0,)) P) (15.48) 





These expressions, in particular, imply that these Euler eigenvalues achieve their extrema 
for 0 = 0,, hence when n points in the streamline direction, whereas for n pointing in the 
crossflow direction, hence 0 = 90° + 0», these eigenvalues no longer depend upon $ 

The convection eigenvalues Xa vanish when cos (0 — 6,) = 0, hence for n perpendicular 
to the streamline direction, or, equivalently, pointing in the crossflow direction. On the 
other hand, the acoustic-convection eigenvalues Asa never vanish, for an incompressible flow 


remains subsonic. A vanishing eigenvalue leads to a steady-flow eigenvalue. Since ài does 
not vanish, the steady incompressible-flow equations are not hyperbolic. Тће only real steady 
characteristic is thus the streamline. 


15.3.1 Polar Variation of Characteristic Speeds 


Figure 15.5 presents the polar variation of the absolute values of eigenvalues (15.47) for 
several < numbers, in a neighborhood of a flow field point P in the (x1, £2) plane, in 2-D, or 
any plane II that contains both n and v, in 3-D. These variations are obtained for a variable 
unit vector n = (cos0,sin 0) and fixed unit vector v, in this representative case inclined by 
+30° with respect to the x; axis, in 2-D, or a reference тү axis ор II, in 3-D. 

A collective inspection of all these diagrams reveals three shared features for all S num- 
bers. The maximum characteristic speeds occur in the velocity direction, i.e. along a stream- 
line, as noted before. Secondly, all the characteristic speeds are symmetrically distributed 
about the streamline direction. Thirdly, the eigenvalue pairs (|А; ||, || A5 ||) and (А || lA; ||) 
remain mirror skew-symmetric with respect to the crossflow direction, in the sense that the 
curves representative of ||А» || and ||А || become the respective mirror images of the variations 
of || A1 || and ||A || with reference to this direction. The streamline and crossflow directions, 
therefore, become two fundamental wave-propagation axes. 

For vanishing SY numbers, the acoustic-convection propagation curves in the figure ap- 
proach two circumferences. The distribution of propagation speeds in this case is therefore 
isotropic, which corresponds to the direction-invariant propagation of acoustic waves. As the 
S number increases from zero, the curves in the figure progressively become circular asym- 
metric, which corresponds to anisotropic wave propagation. For 3 = 0.5 this anisotropy is 
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Figure 15.5: Polar Variation of Wave Speeds 


already evident and becomes more pronounced for higher S numbers. ‘The non-dimensional 
characteristic speeds then approach 1 in the region about the crossflow direction, which 
corresponds to essentially acoustic propagation. 

Figure 15.7 presents the 3-D spherical variation of the absolute values of eigenvalues 
(15.47). The surface in this figure was obtained using spherical coordinates (т, 0, Фф), where 
r represent the magnitude of these eigenvalues and 0 and @ correspond to the spherical- 
coordinate angles depicted in Figure 15.7. With these angles, the cartesian coordinates of n 
and v are 





n = (sin Ф„ cos Oy, sin Фу, SIN On, COS Øn), v = (sin dy cos Oy, sin dy sin 0,, cos dy) (15.49) 


The corresponding expression for eigenvalues (15.47) become 


Me = (sin Ф„ cos 6, sin Ф, cos 0, + sin Фу sin 6, sin dy sin 0, + cos dy cos dy) S 
3 


Аз, 4 = (sing, соз 6, sin ф, cos 0, + sin фу sin 0, sin ф, sin 0, + cos $, cos dy) 


= (1 + (sin Фу, cos 0, sin ф, cos 0, + sin Ф, sin 0, sin dy sin 0, + cos dy cos фу) 3?) 
(15.50) 


The surfaces in Figures 15.7 illustrate the space variations of the characteristic speeds. 
These variations correlate with the 2-D curves, in Figures 15.5-15.6, which result from in- 
tersecting these 3-D surfaces with plane II. These surfaces too show that the extrema of the 
characteristic speeds occur along the streamline direction, whereas only acoustic propagation 
exists on the plane orthogonal to velocity at P. 
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Figure 15.6: Polar Variation of Wave Speeds 


For all S numbers, the convection eigenvalues Ај 2 change sign when the n-direction shifts 
from an upstream to a downstream axis with respect to u. For this reason, the associated 
curves cross the polar origin. Pure convective propagation, therefore, remains mono-axial, 
from upstream to downstream of P, and the axis of this kind of wave propagation is the 
streamline. 

For all S numbers the acoustic-convection eigenvalues А апа b respectively remain 
positive and negative for all directions. For this reason the associated curves contain the polar 
origin. Acoustic-convection waves, therefore, propagate bi-modally, from both upstream and 
downstream toward and away from point P, along all directions radiating from P. 








15.3.2 Wave Propagation Region and Characteristic Cone 


The streamline and crossflow directions are principal directions of acoustic and convection 
wave propagation. These directions become the axes of distinct wave-propagation regions, 
which are named the streamline and crossflow wave propagation regions. As Figure 15.8 
shows, subsonic acoustic-convection waves propagate bi-modally over the entire plane, hence 
the Euler eigenvalues do not all have the same algebraic sign. No mono-axial propagation 
region thus exists. 

With reference to Section 14.2, the equations for F representing the characteristic surfaces 
in the time-space continuum arise by substitution of (14.45), (14.46) for n; and A in the 
corresponding eigenvalues (15.47). This procedure yields the following partial differential 
equations for F 





(Fit Fa) =0, (Zu) = (uf) + 547. (15.51) 
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Figure 15.7: 3-D Variation of Wave Speeds 


where each subscript variable denotes differentiation with respect to that variable. In 
substantive-derivative form, the first of these two equations becomes 


С = 0 (15.52) 


which shows that the corresponding characteristic surface remains time-invariant from the 
perspective of an observer who travels along with a fluid particle. 

The principal propagation directions as well as the flow domain of dependence and range 
of influence of a flow field point P in the time-space continuum are determined by studying 
the variation of the characteristic-surface shape versus the < number. Аз delineated in 
Section 14.3, in order to investigate these shape changes it suffices to study the shape changes 
of the corresponding characteristic cones, which are tangent at each flow field point P to the 
corresponding characteristic surfaces, but are far easier to determine. 

By virtue of the Galilean transformations in Section 14.3, the characteristic-surface equa- 
tions (15.51) simplify to 








үрү (07V ој ОРУ AF OF 


in 2-D and 3-D. The equation of the tangent characteristic cone is then directly obtained 
from these equations through the Monge-cone ordinary differential equations presented in 
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Figure 15.8: Wave Velocity Distribution 


Section 14.3. T'he solution of these ordinary differential equations for each equation in (15.53) 
15 


g2 


Xj; — Хр =0, (Xj — Xj) (X5 — Хо) - a 


d 


(vj (X; — Хр)) 2(r— v)? (15.54) 


in 2-D and 3-D. 
By virtue of the Galilean transformation, the equation of the first characteristic cone 
with respect to the fixed reference coordinates (21, 12,1) then becomes 





LEG PNE ee EM 15.55 
t — t, DO t-t : ( ) 
in 2-D, and 
Tı — Lio 12 — 126 T3 — T30 
— = Цу, — = Цо, — = и 15.56 
t — t, о +, 2 t-t | ( ) 


in 3-D. In the time-space continuum, these equations correspond to the single “convection” 
straight line 57,57, as displayed in the 2-D case in Figure 15.9. As time elapses, therefore, 
waves reach and then leave P along this line, which, in the space continuum, projects onto 
the streamline 

Tı — Tio T2 — 120 


= (15.57) 


"1 иә 





in 2-D, and 
Хр — Zio 22 — То £3 — T30 
uM NL ш “ш. (15.58) 
U1 U2 U3 
in 3-D, which represents in the time-space continuum a plane that contains the convection 
line. A spatial discretization that aims to model this propagation mode, therefore, can 


receive un upstream bias in the streamline direction. 
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Figure 15.9: Characteristic Cone 


In the time-space continuum, the second characteristic equation in (15.54) corresponds 
to a characteristic cone with vertex at P that is tangent to the local characteristic surface 
at P and whose shape depends on S. As time elapses, therefore, waves funnel in towards 
P and out and away from P within the characteristic cone. For a 2-D flow, this cone also 
represents in the space continuum a family of ellipses. for a 3-D flow, this cone represents a 
family of ellipsoids. 

For a vanishing c, furthermore, this cone collapses onto the convection line (15.55), which, 
however, is not the axis of the characteristic cone. Figures 15.9 portrays this characteristic 
cone for 2-D flows. Significantly, as < increases, the cone shears in the streamline direction, 
while its cross section remains an ellipse, whose axes project onto the streamline and crossflow 
directions. For all Š, the time axis remains inside the cone. Accordingly, as time elapses, 
the funneling of waves within the cone, towards and then away from P, corresponds on any 
constant-t plane to closed curves encircling P that shrink towards P and then expand away 
from P. Figure 15.10 illustrates this pattern, which corresponds to the familiar Doppler 
distribution. This distribution results from projecting onto the flow plane several sections 
of the characteristic cone at various time levels and corresponds to pressure pulses emitted 
by а particle that moves along a streamline arc. From this perspective, a region of space 
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Figure 15.10: Wave Propagation 





centered about P is simultaneously the domain of dependence and range of influence for 
P. A spatial discretization that aims to model this propagation mode, therefore, should 
receive un upstream bias along all directions radiating from P. ‘The investigation of the 
characteristic cone shape change versus SY, therefore, indicates that for unsteady and steady 
subsonic flows, both the domain of dependence and region of influence encompass regions 
encircling P. 








15.3.3 Physical Multi-dimensional Upstream Bias 


For all S numbers wave propagation remains bi-modal. A physically consistent, intrinsically 
multi-dimensional, and infinite directional upstream formulation for the incompressible-flow 
Euler equations, therefore, has to provide an upstream approximation that remains bi-modal. 
This upstream approximation has to introduce an upstream bias along all directions radi- 
ating from each flow field point. The bias in this approximation must change with varying 
direction and correlate with the directional distribution of the characteristic propagation 
speeds. The directional distribution of the upstream bias must also remain symmetrical like 
the propagation speeds with respect to both the crossflow and streamline directions. 

The formulation developed in this book first identifies the genuine streamline and cross- 
flow convection and acoustics components within the system matrices. The formulation 
then establishes а physically consistent upstream approximation for each of these compo- 
nents, along all wave-propagation directions, with an upstream-bias magnitude that corre- 
lates with the directional distribution of the characteristic propagation speeds. For all S 
numbers, the approximation remains bi-modal within the domain of dependence and range 
of influence of each flow-field point. 
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15.4  Acoustics-Convection 
Characteristics-Bias Decomposition 


This section details a genuinely multi-dimensional characteristics-bias representation for the 
matrix product A;(q)ðq/Əx; in the slight-compressibility system 
дд 
Ot 


дд 
Ота 





+ Aj(q)z— = 0 (15.59) 


for both two- and three-dimensional flows. This formulation rests on a decomposition of this 
product into convection, pressure-gradient, and streamline and crossflow acoustic compo- 
nents. For three-dimensional flows, the isotropic acoustic propagation naturally decomposes 
into three directional propagation modes, the first along the streamline direction and the 
remaining two along any two mutually perpendicular crossflow directions. These two cross 
flow propagation combine into a two-dimensional isotropic acoustic propagation on any plane 
perpendicular to the velocity direction. 


15.4.1 2-D Convection and Pressure-Gradient Components 


The matrix product A;(g)0q/0x; can be decomposed into convection and pressure-gradient 
components as 


Og О дд 
PE d NEP 
мш, з Әх; 
where 4109/01; and Аўда/дт, respectively eie the convection and pressure components, 
defined as 


1 | AP (q) 1 (15.60) 





Ј Ј 
да 0, үрді үрдэ да 
НО 05 = = ‚ udi +uj , изд Dr, 
j Os пода ‚ U2d3 + и; d 
0 0 0 
Oq да 
А (0) 5— = бү/р , 0,0 Bm (15.61) 
: d3/p , 0 , 0 : 


For апу S number, as Section 15.3 has shown, the eigenvalues of A;(q)n; 


№ = UsNaS, ee = ОРИ = (1 + S (vjn;)") (15.62) 
have mixed algebraic sign and an upstream approximation for the matrix product along 
one single direction remains inconsistent with the two-way propagation of acoustic waves. 
Without the pressure gradient in the momentum equations, however, the speed of sound c 
would vanish and the corresponding system eigenvalues all have the same algebraic sign. The 
resulting convection matrix product can then be upstream approximated along one single 
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direction. Since no magnitude of S exists that can make Àj and A; have the same algebraic 
sign, the system matrix is decomposed as 


OL; 013 Об, 


д9 дд 
АР 
+ А? да: 





А (а) (15.63) 
This decomposition, however, is insufficient for an accurate multi-dimensional upstream 
modeling of acoustic waves, for any SY number within a crossflow wedge region and for low 
and vanishing SY numbers within a streamline wedge region. 

Concerning the cross-flow wedge region, the eigenvalues (15.63) do not all have the same 
algebraic sign within such a region. A mono-axial upstream-bias approximation of (15.60) 
within the cross-flow wedge region, therefore, remains inconsistent with the existing two-way 
wave propagation in this region. 

With regards to the streamline wave propagation region, the eigenvalues associated with 
the components in (15.63) are the eigenvalues of the matrices 








0, урта » гуртг 
Афту = | 0 , шат ит , uina (15.64) 
D попа , tana ujn; 
and 
D D. 
А(дајт = | m/p , 0 , 0 (15.65) 
n»/ p , 0 D 0 





The eigenvalues of these matrices respectively are 
М = Ш, А? = 21177, АЗ = (0 (15.66) 


апа 


к, (15.67) 


which certainly all keep the same algebraic sign for any wave propagation direction, but for 
vanishing S$ number remain far less than the dominant speed of sound c. For low S numbers, 
therefore, an upstream approximation for the components in (15.63) would inaccurately 
model the physics of acoustics. This difficulty is resolved by further decomposing the pressure 
gradient in (15.63) in terms of genuine streamline and crossflow acoustic component, for 
accurate upstream modeling of acoustic waves throughout the flow field. 





15.4.2 2-D Acoustic Components 


For arbitrary S$ numbers and corresponding dependent variables p, ш, and us, the matrix 


product ат may be decomposed as 
Og Og Og Од Og дд 
A;(q)— = А (а)-—— + А (4) — = А (да) -—— + А'(а)—— + А (а) — 15. 
i) Ох; 209) Ох; T 74) эт, 14) эт, Шш 7\4) Ox; Ју У (4) OF; ( : 98) 
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where A%(q) denotes the acoustic matrix and Аг“ indicates a non-linear coupling matrix, 


which completes the non-linear coupling between convection and acoustics within (15.68). 
АП the eigenvalues of the matrix contraction 


Ug = урту „ —'*yphs 
Ап; = | 0, 0 | 0 (15.69) 
0 , 0 0 


identically vanish. No need exists, therefore, to involve Ај“ in the upstream-bias approx- 
imation of the system matrix A;(q). Conversely, the eigenvalues of the acoustic matrix 
contraction 


О, трт , үрп 
Ате | те +» 0 y 0 (15.70) 
пој p ) 0 у 0 
аге 
А = 0, Mac Eco +017 (15.71) 


These eigenvalues coincide with the sound speed and remain independent of the propagation 
vector n for any S number, which signifies isotropic propagation. The acoustics matrix Aj 
is thus used for an upstream-bias approximation of the Euler equations in the low S-number 
regime, within the streamline region, and for any S number, within the crossflow region. 
With reference to Section 15.2.3, for any two mutually perpendicular unit vectors a — 
(a1, a3) and а“ = (а, а), along with implied summation on repeated indices, the acoustics 
component can be expressed as 
да 


а а дд а 4 а а —1 a_ у—1 





For a parallel to u, this expression corresponds to a decomposition of the Euler acoustics 
component into streamline and crossflow acoustics components. The matrices ХЛ X^! and 
X Ла X! respectively correspond to the “forward” and “backward” acoustic-propagation 
matrix components of A%a;. А bi-modal upstream-bias approximation of A%a,; thus readily 
follows from instituting a forward and a backward upstream-bias approximation respectively 
for its forward- and backward- propagation matrices. Similar results then readily follow by 
replacing а with а“. This bi-modal approximation directly yields both the non-negative- 
eigenvalue matrices 


Аза) = X (A** — A*-) X^, |Азау | = X, (А — AW) X (15.73) 


= 
N 
and the associated matrix product Ata, | акда/дт.. The matrices in (15.73) correspond to 
the streamline and crossflow absolute acoustics matrices. Different choices for the diagonal 
matrices A^*, Ла correspond to distinct levels of induced dissipation. With the selection 


Att m O «O05 0), Д-е== 0 .. Ve, 0 (15.74) 


1 
2 


N| ke 
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the matrix product of Ata; = X (A** — A*-) X^! and the directional derivative aj0q/O:j 
of q directly leads to the beautifully simple acoustic-field result 


Og Og дд 
Аб = Хе X ap = CH = = 15.75 
| га; ак or. тз сак Әт ( 
The similar result for (aj, a3’) replacing (a1, a2) is 
А oq 1 ом 09 д4 
Ajay aj aoc = ХОХ ак ас = саў a (15.76) 





where J denotes a 3 x 3 matrix. All the eigenvalues of the streamline and crossflow absolute 
acoustic matrices, therefore, equal +c. The matrix product A;(q ) 4 is thus expressed as 


Ox; 
Og ot d 
A;(q) —- = At(q A 
+ (XA%X + XA X!) жое (Ах + X "m an OF (15.77) 
OX, i N i N OX; 
15.4.3 Combination of 2-D 
Acoustics-Convection Decompositions 
The previous sections have shown that the system matrix product A; (9) 82 сап be equiva- 
lently expressed as 
Og Og 
AG AT 
Фә + Moe 
AT) 22 Д T 
да Ова Eo 
Ад) = да (15.78) 
"а + (XA% X + eant ар L7 
OX, 
(X, AT XL! + X, AA X.) ай у OF 
N N N N ак да. TL 


where the first expression is convenient for a characteristics-bias approximation within any 
streamline wedge region, for high Š numbers, and the second expression is needed for a 
characteristics-bias approximation within any crossflow wedge region and within a streamline 
wedge region, for low subsonic S numbers. 

For a two-dimensional upstream-bias approximation throughout the flow field and for all 
S numbers, the system matrix product can thus be cast as a linear combination of these two 
decompositions, with linear combination parameter а, 0 Са € 1 





дд дд дд oq nc d 
Ада)љ— = (1 — а) [Are rv + Aj юра] of agg + А z 
2 2 7 
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Е : д4 И _1\ „у 09 
а 1 a— 1 a 1 а— 
+ (XA X7 XA X) ао XA XS + Х.А X51) af aj a | (15.79) 


With ô = 1—a and а crossflow function o", this combination leads to the following acoustics- 
convection decomposition 


Og +уү—1 —1 да № +уү—1 =| Og 
za = а = PU T X AX па 
А; (а) " o (XA X -XN-X јак ~ (А Aa OP. fm ) aj т 
да д4 да yt 
+A; "s A; aA Авах 15. 
(d == ôA; (р) = pt + (а — о“) а; т еа (15.80) 


А consistent mM representation "s from this pues because of the 
physical significant of each term. The weights a and а“ respectively for the streamline 
and crossflow acoustic components in this expression may remain different from each other 
because the streamline and crossflow characteristic velocity components are different from 
each other, following the Euler eigenvalues (15.47), which can allow a “differential” u 
stream bias in the streamline and crossflow directions. Bi-modal wave propagation ex- 
Ds for all Sy a in the crossflow direction. Accordingly the crossflow acoustic term 

aN (Xy NEX САО ИРА E аў ot will receive a bi-modal upstream bias. The associated 
term (a — а мудаа М 29. need not receive апу upstream-bias, for if it did it would obliterate 
all the crossflow acoustic upstream-bias, which remains fundamental for stability, as indi- 
cated by the multi-dimensional characteristics analysis. No need exists to involve the matrix 
Ај“ in the upstream-bias formulation because this matrix is devoid of physical significance 
and all its eigenvalues vanish. 

The streamline acoustic expression a (ХЛ X^! + XA" X) ange accounts for the 
bi-modal propagation of acoustic waves; this expression is thus employed for an acoustic 
upstream-bias approximation for low Š numbers. As SY increases a greater fraction of the 


pressure gradient A5(q ) 54. may be involved in the upstream-bias approximation along with 
J 


д 
the acoustic matrix; accordingly, as SY increases, the upstream-bias function а may con- 
currently decrease. For any magnitude of both pressure and pressure gradient, the convec- 
tion field uniformly carries information along streamlines; hence, the entire convection term 


A*(q ) 54 can receive an upstream bias along the single streamline direction. 





15.4.4 3-D Convection and Pressure-Gradient Components 





Also for three-dimensional flows can the matrix product A;(q) zu be decomposed into con- 
vection and pressure-gradient components as 


Og Og 


oq 
_ 44 р 
A;(q dE vs = Ад Ds; + А; ТЖ (15.81) 





where Aj 22. and A5 fa respectively denote the convection and pressure-gradient components 
Ј Ј 


0, yer, 729, рб 
у 20. да — | 0, шб+и; , шд , 0 1408 Og 
Oz; 0 , поду ‚ изд + и; , 503 Oz; 
0 , изд] , из05 , U363 + Uj 
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0 , 0,0 
да ól/p , 0 , 0 | да 
оа 15.82 
1 ОФ; бә/р | 0 | 0 Ox; ( ) 
d3/p , 0,0 
For any S number, the eigenvalues of A;(q)n; 
d d p 
№5 = ит, M = ит) = у (un) e, c= ПР 
Ms =U, Aa = ee V(t + 32 (vjn;)”) (15.83) 


have mixed algebraic sign and an upstream approximation for the matrix product along 
one single direction remains inconsistent with the two-way propagation of acoustic waves. 
Without the pressure gradient in the momentum equations, however, the speed of sound с 
would vanish and the corresponding system eigenvalues all have the same algebraic sign. The 
resulting convection matrix product can then be upstream approximated along one single 
direction. 

The system matrix product can thus be decomposed as 


Og Og Og 
= AA AP 
Ох; í да; ш Оз 








A; (q) (15.84) 
Also for three-dimensional flows, however, this decomposition is insufficient for an accu- 
rate multi-dimensional upstream modeling of acoustic waves, for any © number within the 
crossflow region and for low and vanishing S numbers within any streamline region. 

Concerning the crossflow region, the eigenvalues associated with (15.84) do not all have 
the same algebraic sign within the cross-flow wave propagation region. A mono-axial up- 
stream - bias approximation of (15.84) within the crossflow region, therefore, remains incon- 
sistent with the existing two-way wave propagation in this region. 

With regards to the streamline wave propagation region, the eigenvalues associated with 
the components in (15.84) are the eigenvalues of the matrices 








0 , "y pr , "y pto , "y pria 
0 Па + ит; и По Uing 
q e ? J'*"J ? ? 
A; (a)n; 0 8 Чә , u»Tt + uj , U2N3 (15.85) 
EM изПл Е ugno , uana + и;т; 
0 · 0,0 
р 2 — па/р ? 0 И 0 
А (q)nj — "RENE (15.86) 
na/ p , 0 , 0 
The eigenvalues of these matrices respectively are 
Alo = и), к = 20:72, AG = 0 (15.87) 


апа 
Ма =) (15.88) 
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which certainly all keep the same algebraic sign for any wave propagation direction, but for 
vanishing S number remain far less than the dominant speed of sound c. For low S numbers, 
therefore, an upstream approximation for the components in (15.84) would inaccurately 
model the physics of acoustics. This difficulty is resolved by further decomposing the pressure 
gradient in (15.84) in terms of genuine streamline and crossflow acoustic components, for 
accurate upstream modeling of acoustic waves throughout the flow field. 





15.4.5 3-D Acoustic Components 


For arbitrary Š numbers and corresponding dependent variables p, u1, из, and из, the matrix 
product A;(q)24 may be further decomposed as 
J 


Og О 
Ада) 5— — A5 (q 5s; 
J 


Og О 


E Og 
= А a 
an, e ax, + AR (q)z— 


4 
AS (q 


BE (q) 1 (15.89) 





where A%(q) and A7*(q) respectively denote the acoustics and non-linear-coupling matrices. 
All the eigenvalues of the matrix contraction A7^n; 


Ü 4 = рта « =й = “VPNs 
"EE EC 0 0 0 
0 ) 0 5 0 , О 


identically vanish. No need exists, therefore, to involve А? in the upstream-bias approxi- 
mation of the system matrix A;(q). The eigenvalues of the acoustic matrix contraction 


0 , «pm , үрп , ps 
0 0 0 
Aun. = па јр ’ , ; 15.91 
14 по/р , 0 , 0 , 0 ) 
na/ p , 0 , 0 , 0 
has eigenvalues 


These eigenvalues coincide with the sound speed and remain independent of the propagation 
vector n for any SY number, which signifies isotropic propagation. Тһе acoustics matrix 
Ај can thus be used for an upstream-bias approximation of the Euler equations in the low 
S- ар regime, within the streamline region and for апу Š number within the crossflow 
region. 

For any three mutually orthogonal unit vectors а = (a1, ао, аз), а“: = (a^, a5! ,a3!), and 
а^ = (aj?,a5?,a3?) within а 3-D flow, along with implied summation on repeated indices, 








the matrix product A5 = сап Бе ехргеѕѕеа аѕ 
а, дд дд а ам a Og a a? al? Og 
А; 7 Ox, = = Ас јаја a да; + Аја 7 * Og, Аја 7 Op Ox, (15.93) 


For a parallel to u, this expression corresponds to a decomposition of the Euler acoustics 
component into one streamline and two crossflow acoustics components. 
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With reference to Section 15.2.3, the matrix contraction Ага; may be further decomposed 


as 
Aja; = XA X + ХА ХУ! (15.94) 


The matrices ХЛ X! and ХЛ X! respectively correspond to the “forward” and “back- 
ward” acoustic-propagation matrix components of Afa;. A bi-modal upstream-bias ap- 
proximation of A%a;, therefore, readily follows from instituting a forward and a backward 
upstream-bias approximation respectively for its forward- and backward- propagation ma- 
trices. Similar results then readily follow by replacing a with а“ and а^ This bi-modal 
approximation directly yields both the non-negative-eigenvalue matrices 





Аза, = X (А+ — A*-) Ж“! 


Аза»? = Xp, (AT – А) X7! (15.95) 





= Х, (AU – А) ХС, [Аал 





and the associated matrix product Ata, | акда/дт.. The matrices in (15.95) correspond to 
the streamline and crossflow absolute acoustics matrices. Different forms of A^* and A?- 
induce distinct levels of upstream dissipation. With the matrices 


D , 0 x 0 = 0 ET 4 Oy | 
1| 0 0,0, 0 1| 0 20 . 0 , 0 
a+ -— _ ? 9 ? а_ — ____ ) ) ? 
EL wm © 210. 0,<,0 (15.96) 
0 D. Oo. = 0, 0, 0, с 


? ? 


With these matrices, the matrix product of Аза, = X (Ла — A*-) X^! with the directional 
derivative a,0q/Ox;, of q directly leads to the beautifully simple acoustic-field result 





у да да _ са, 94 
The similar results for (а1',а2',а5') and (a;?,a5?,a3”7) replacing (а, а», аз) are 
м OF oq Од 

Азај |а == = X, cL Xi бр = = сар z— 15.98 

| а Ox, UK Ox, Tk T lk dip ( ) 
апа 5 5 

Аза = Ха оде 15.99 

| ap’ a Th * Or, = Сар да ( ) 








where J denotes the 4 x 4 identity matrix. For a vanishing <%, therefore, all the eigenvalues 
of the МОВ ate and crossflow absolute acoustic matrices coincide with +c. The matrix 
product Ag 20. a: may thus be cast as 


Xj 








да да да да 
А, =A Ie а | ОДАНДЕ D оја 
pp UAE *( Y тя 
+ (ХИ ХА XT) ар ы + (ХАУХ + Xp, AXT) аз OF (15.100) 
OX, N2 N2 N2 872 i Otk 
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15.4.6 Combination of 3-D 
Acoustics-Convection Decompositions 





The previous sections have shown that the Euler system matrix product А (0) a. сап ђе 
equivalently expressed as 
бой ag 
aia E к 
Ald ge = р (КУН + ХА X1) m (15.101) 


О 
+ (Xp, AXZ! + Xp, AXZ) ам 
OX, 
a а N Ода 
+ (X, A X1 + Xy А X1) aj? — 
Ox, 
where the first expression is convenient for a characteristics - bias approximation within 
the streamline region, for high 3 numbers, and the second expression is needed for a 
characteristics-bias approximation within the crossflow region and within the streamline 
region, for low S numbers. 
For a three-dimensional upstream-bias approximation throughout the flow field and for 
all S numbers, the system matrix product can thus be cast as a linear combination of these 
two decompositions with linear combination parameter а, 0 Са < 1 


Ald 52 = 1-0) [йде + + | 





+ (XA X + ХА X71) pt 


Og Og 
4 nc 
+а [Ate jo qum an, 


Ou; I дт; 


Tk Lk 


д д 
Ц (Xs, АХ, УУ Ах, А“ Хи) aq," D. T (X, n сен Шш Ax, А Xi) ay zl 


(15.102) 


With ô = 1—a and а crossflow function o", this combination leads to the following acoustics- 
convection decomposition 


= а (ХА X7! + XN- X71) md 


Tk 


A а 


Tj 


+a (X, AHX + А Ху ‘ap +а N (x, A**  + Xy A*- X. је 
k 
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Е + MATE + oye + (а — а“) AS (aj ag! + as an?) ot (15.103) 

As in the two-dimensional formulation, a consistent upstream-bias representation results 
from this combination because of the physical significant of each term. ‘The weights а and 
а“ respectively for the streamline and crossflow acoustic components in this expression may 
remain different from each other because the streamline and crossflow characteristic velocity 
components are different from each other, following the Euler eigenvalues (15.47), which can 
allow a “differential” upstream bias in the streamline and crossflow directions. Bi-modal wave 
propagation exists for all < numbers in the crossflow direction. Accordingly the crossflow 
acoustic term 


AT) 


м Oq 
TK да 


a. y- а y1) ом OF a. yg- а у 
и ахо и on +a" (X, M X71 + Ж, д-н 


will receive a bi-modal upstream bias. The associated term (а — а^) Азаар ot need not 
receive any upstream-bias, for if it did it would obliterate all the crossflow acoustic upstream- 
bias, which remains fundamental for stability, as indicated by the multi-dimensional charac- 
teristics analysis. No need exists to involve the matrix А? in the upstream-bias formulation 
because this matrix is devoid of physical significance and all its eigenvalues vanish. 

The streamline acoustic expression a (ХЛ X^! + XA^ X ja; vt accounts for the 
bi-modal propagation of acoustic waves; this expression is thus employed for an acoustic 
upstream-bias approximation for low Š numbers. As SY increases a greater fraction of the 


pressure gradient A5(q E may be involved in the upstream-bias approximation along with 
J 


д 
the acoustic matrix; accordingly, as Š increases, the upstream-bias function а may con- 
currently decrease. For any magnitude of both pressure and pressure gradient, the convec- 
tion field uniformly carries information along streamlines; hence, the entire convection term 


A (q )22 can receive an upstream bias along the single streamline direction. 





15.5  Characteristics-Bias System Matrix 


Two-Dimensional Flows 


With reference to (14.103), given the physical significance of the terms in decomposition 
(15.80) and algebraic signs of the corresponding eigenvalues, the associated principal direc- 
tion unit vectors for these terms are 


a, = –аг =a, = ав = а, аз = –ал = а“, ат = аз = 0 (15.104) 


At each flow-field point, а and а“ remain respectively parallel and perpendicular to the local 
velocity, with а“ obtained by а 90°-degree counterclockwise rotation of a. 

With (15.80) and (15.104), the general upstream-bias expression (14.103), expressed in 
Jacobian-matrix form, leads to the genuinely two-dimensional acoustics-convection character- 
istics-bias formulation 


д д д д 
ЕС = A;(q) — d 2 ев ( (aaia; + о“ ава) L4 + ai [4 p + ад А? (9 as) 
J 





О» дт; О; 
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In this result, the expressions (саса) 28. 2 a; A; (q) 2. + ад А5 (42) (са^ аах A) de- 
termine the upstream biases within respectively the streamline and crossflow wave propaga- 
tion regions. Directly corresponding to the physics of acoustics and convection, these two 
expressions combined then induce a correct upwind bias along all wave propagation regions. 

For vanishing S numbers, a and а“ will approach 1 whereas 6 will approach 0. Under 


these conditions, (15.105) reduces to 











Р = Aloe = s eo (egt ал = || (15.106 


which essentially induces only an acoustics upstream bias. Heed that this bias becomes in- 
dependent of specific propagation directions, for it no longer depends on (оа, + а“ајау ). 
This bias, therefore, becomes isotropic, in harmony with the isotropic propagation of acous- 
tic waves. In the limit of vacuum flows, hence for unbounded $, а — 0 and о — 1, and 
(15.105) thus becomes 








Oq д да дд 
ЕС = A;(q)— – NaNa — 4+ ai A (q) —5- 15.107 
(9 з 2 Ё С ај d; ior -"а (oat | ( ) 
which depends on the crossflow component of the absolute acoustics matrix and the entire 
system matrix product A;(q)0q/0z;. 


Three-Dimensional Flows 


With reference to (14.103), given the physical significance of the terms in decomposition 
(15.103) and algebraic signs of the corresponding eigenvalues, the associated principal direc- 
tion unit vectors for these terms are 


а = –аг = а = аза = а, аз = –ал = а“, a5— —ag— а`%, а= а = 0 (15.108) 


At each flow-field point, а is parallel to the local velocity vector, whereas а“ and а^ remain 
orthogonal to the velocity vector and each other. 

With (15.103) and (15.108), the general upstream-bias expression (14.103) leads to the 
acoustics-convection characteristics-bias formulation 





дд 
С — H Á 
О а + аза да Од Од 
E eu ( (aaia; Fa “(а +а :2) дт; s a; AS (q 4) Өл, +а i6 A5 (9 a] 
(15.109) 


In this result, the expressions 


да Од да N Quy 94 
cO; == + a4 А(а)-— + аб А (а)-— |, | са“ (а; aj + a;?a;? ) — 
| "Qu, 3; i5; ‘(a 5) DI 
determine the upstream biases within respectively the streamline and crossflow wave propa- 
gation regions. Directly corresponding to the physics of acoustics and convection, these two 
expressions combined then induce a correct upwind bias along all wave propagation regions. 
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For vanishing S numbers, a and а“ will approach 1 whereas 6 will approach 0. Under 
these conditions (15.109) reduces to 


Og О Og Og 
ЕС = А. = A 15.11 
ag — [ev (eat алиа 20) (15.110) 





which essentially induces only an acoustics upstream bias that does not depend on any 
specific propagation direction. This bias, accordingly, becomes isotropic, in harmony with the 
isotropic propagation of acoustic waves. In the limit of vacuum flows, hence for unbounded 
Sy, it follows that a — 0, а“ — 0 and 6 — 1; expression (15.109) thus becomes 





Og О a Og Og 
С | H Мә, 
aM О; = (a С "n У) Ох; ai; (4 a] pur 


which depends on the crossflow component of the absolute acoustics matrix and the entire 
system matrix product A;(q)0q/0z;. 


15.5.1 Consistent Multi-Dimensional and 
Infinite-Directional Upstream Bias 


Two-Dimensional Flows 


In matrix form, expression (15.105) becomes 


94 
да; 





д д 
Е° = A,(q) = Эл eu (c (ааа, + o"ajaj ) I + о;А3(9) + аб АЎ(а)) 


2. | (15.112) 


Such an upstream-bias expression essentially depends upon the five upstream-bias functions 
а1, а, а, б, а“. In order to ensure physical significance for this expression hence for the 
upstream-bias approximation to decomposition (15.80), these functions are determined by 
imposing on (15.112) the stringent stability requirement that it should induce an upstream- 
bias diffusion not just along the principal streamline and crossflow upstream directions, 
but along all directions n = (лі, по) radiating from any flow-field point. This condition 
corresponds to stability of the upstream-bias expression. 

By virtue of the developments in Sections 14.4,14.5.4, this expression will be stable when 
all the eigenvalues of the upstream-bias matrix 


А = п, (с (aaia; + anapa) Г + аА(9) + a;5.A¥(q)) n; (15.113) 


remain positive for all < and propagation directions m. 


Three-Dimensional Flows 


In matrix form, expression (15.109) becomes 


дд 


F* = Ада) = on oe 





Z ev (c (ааа; + а“ (a; ау + a, аў )) І + фАЦа) + аб Ab (q)) x 


(15.114) 
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This expression only depends upon the six functions ал, аә, аз, а, д, а“ since а“ and а^ 
are obtained from а as shown in Section 15.5.4. In order to ensure physical significance for 
the upstream-bias approximation to decomposition (15.103), these functions are determined 
by imposing on (15.114) the stability requirement that it should induce an upstream-bias 
diffusion not just along the principal streamline and crossflow upstream directions, but along 
all directions n = (та, n2, пз) radiating from any flow-field point. This expression will be 
stable when all the eigenvalues of the upstream-bias matrix 


А = п; (с (aaia; + а“ (а: "а" + к! I+ А (д) + аб АЎ(а)) n; (15.115) 


remain positive for all S and propagation directions m. 


15.5.2  Upstream-Bias Eigenvalues 





Despite the non-linear algebraic complexity of A, all of its eigenvalues have been analyti- 
cally determined exactly in closed form. Dividing through the speed of sound c, the non- 
dimensional form of these eigenvalues is 


— P NaN NY a. Ра 
А = qu (оа, + a а; а; ) т; F NVN 
= |. күүлү: Я О)? 
№з = Ni (оаа, Ра ага, ) n + nja;v;n;SY + таг (9,45) + (15.116) 
for two-dimensional flows, and 


Мо 
1 


М М М 
Àia = Nj (оа, + а“ (a; а; ta a;”)) ши ТТ, 


— N Ni № N2 N2 
Азал = f (оа, +a (a; а; +a, а; )) nj 





dO nass Be пау (оту)? + д (15.117) 





for three-dimensional flows. In these eigenvalues v; denotes the 7° direction cosine of a unit 
vector v parallel to the local velocity u. Heed that when а = v and n = v, the functions 
a and 6 within (15.116) and (15.117) determine the corresponding streamline upstream-bias 
eigenvalues 

Мм=а+-% А№з=а+8+у9% +6 (15.118) 


As shown in the following sections, all of these upstream-bias eigenvalues will remain positive 
when a and 6 are calculated via the streamline-flow expressions, from Chapter 11, and а“ 
forces Ag3, in 2-D, and Азд, in 3-D, to remain positive for all n and Mach numbers. 


15.5.3 Conditions on Upstream-Bias Functions and Eigenvalues 


Two-Dimensional Flows 





The eigenvalues (15.116) are expressed as 


À13 = Аз (Ss, n) (15.119) 
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to stress their dependence upon both SY and m. ‘The theoretical five conditions for the 
determination of the five functions ај, a2, а, ô, а“ are 


Ai(S,n) 20, а-а“ = 0 


Аг (S5, v) + Аз (S5, v) = Аг + Аз, б=1— а, Аз (S5, n) ES 0 (15.120) 


where Ag + Аз now denotes a prescribed streamline upstream-bias eigenvalue expression. 
The first condition stipulates that the unit vector а is parallel to the velocity vector and 
the second condition constrains а and а“ to be mutually perpendicular. Аз a results, these 
two vectors respectively point along the streamline and crossflow directions. The third and 
fourth conditions stipulate that o and ó equal the established streamline-flow expressions. 
For the determined a, а“, а and о, the fifth condition then establishes а“. 


Three-Dimensional Flows 





The eigenvalues (15.117) are expressed as 


Ата = Ата ey n) (15.121) 





to stress their dependence upon both & and n. The six conditions for the determination of 
the six functions a4, ао, аз, а, 0, а“ are 


Ai2(S,n) 20, а-а“ 20, а-а? = 0 


Аз (S5, v) + Ад (Ур) = Аз + Ad: д="1— С. Азд (‚т 2 0 (15,122) 


where Аз + А, now denotes a prescribed streamline upstream-bias eigenvalue function. The 
first condition stipulates that the unit vector а is parallel to the velocity vector; the sec- 
ond and third condition then constrain the unit vectors a, а“: and а^ to be mutually 
orthogonal to one other. In particular, these three conditions establish that a points in the 
streamline direction, while a^: and a^? point in any two mutually perpendicular crossflow 
directions. The fourth and fifth conditions again stipulate that а and о equal the corre- 
sponding streamline-flow expressions. For the determined a, а“, а”, a, and б, the sixth 
condition Аз.д (S, m) > 0 then establishes а“. 


Ni No 


15.5.4 Upstream-Bias Vectors а, а“, a 


Two-Dimensional Flows 


These functions are used in actual computations based on the characteristics-bias formulation 
(15.105). In the eigenvalue A, in (15.116), the components 


N 


2 
- 2 N,N, wN(AN 
ъашаупу = о (ат), njo^a;a;nj = а (а: nj) (15.123) 


are already non-negative for non-negative а and а“. The eigenvalues Ау, therefore, will 
remain non-negative for all positive а and а“, including а — 0 and а“ — 0, when the 
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additional component n;a;v;n;SY remains non-negative for all <. This requirement is met 
along with the first condition in (15.120) when a = v, for 


(ОНА = (011) 2 0 (15.124) 


This finding is not surprising, for the streamline direction is a principal characteristic direc- 
tion. Based on a = v, the components of а“ are calculated as 


ü eus == (15.125) 


Three-Dimensional Flows 
In the eigenvalues A; » in (15.117), the components 


N Ni 


2 N 
ташат; = a(ajn;) , та“ a; "anm 


сои" (an), ma'a а; "ту = a”? (an) 
(15.126) 
are already non-negative for non-negative a and а“. The eigenvalues Ај, therefore, will 
remain non-negative for all positive а and а“, including а — 0 and а“ — 0, when the 
additional component n;a;v;n;SY remains non-negative for all SY. This requirement is met 


along with the first condition in (15.122) when a = v, for 
ШУ TS = (011) = 0 (15.127) 


This finding is not surprising, for also in a three-dimensional flow is the streamline direction 
a principal characteristic direction. In any flow region where velocity vanishes, it is then 
computationally convenient to set a, = 1, ag = аз = 0. Since a? + a} + az = 1, it follows 
that either a? + a2 or a2 + а2 is always different from zero. For a? + a2 > 0, therefore, the 
components of a, а“, а^ can thus be expressed as 








uUi U2 из 


Q1 = т; а = ју, аз 
[и [и 


-lul 


Ni 


N 
Q4 1 


a2 a1 
eee a ae 
ai + аҳ ay + a3 


ала aoa 
N 193 М. 243 N 
па = = БИЕ ne z аә? == RT аз? == V а? + a2 (15.128) 
a1 + a5 4/01 + a5 


With these expressions, a, а“, and а^ are unit vectors that remain mutually perpendicular 
with respect to one another. For a? + a2 = 0, instead, the components of a, а^, а^ can be 
expressed as 


N 
аз ' = () 


Uy uo U3 

с = qq» G2=7 7, 03 = 77 

lul lul] lul] 
a =0, ap =-->, af = 1l 
Q^ + a3 Q5 + 03 


ауа ауа 
ада = a2 раё, a = -— =, ao? = — (15.129) 
2 1.19 PEPE 
a5 + a3 45 + аз 
Also with these expressions are а, а“, and а^ unit vectors that remain mutually perpen- 
dicular with respect to one another. 
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15.5.5 Upstream-Bias Functions a, 6, а^ 


With the established upstream-bias unit vectors, the eigenvalues (15.116) and (15.117) re- 
main positive within a conical region about the streamline direction, when а and д аге 
calculated by way of the streamline-flow expressions 


a(S) = V14+ 92-3, д=1—а (15.130) 

The eigenvalues remain positive throughout the flow field also depending on а“. 
In 2-р, a = v remains perpendicular to а“, while n;a; and n;a? denote the vector “dot” 
products between the unit vector n and the unit vectors a and а“ respectively. Accordingly, 








nia; = cosh, nia; a; nj = sin? ð, 0 


0 — 6, (15.131) 


where 0 and 6, denote the inclination angles between the x; axis and n and v respectively. 
In 3-D, а = v remains perpendicular to both a^: and a™2. The expressions таг, та; ', and 
n;a;? respectively denote the vector “dot” products between the unit vector n and the unit 
vectors а, а“, and а^, hence n = n;a;a + nja; ^a + nja;?a?? Accordingly, 





Мә 


1 = (траг) + (nia) + (nia; ). тыа; = cos Ө 


nia; a; nj + таа?т = 1 — cos^0 = віш? 0 (15.132) 


where 0 denotes the angle between n and а. In terms of this angle 0, as results for both 
two- and three-dimensional flows, the eigenvalues (15.116), (15.117) become 


Ае =a cos? 0 + а“ sin? 0 + S cos? 0 


= _ = = Еге; 
Ма = а cos? 0 + а“ sin? 0 + S cos? 0 + cos Ө (8 COS 0) +0 (15.133) 


For n = а“, ір 2-D, or n = ba"! + boa, b? + 2 = 1, in 3-D, hence 0 = 90°, these 
eigenvalues hence (15.116), (15.117) become 


А12 = 0, Азд == о“ (15.134) 


For 3 — 0, propagation is only acoustic and а“ = 1. For any 3 number, the specification 
а“ = 1 would certainly lead to non-negative eigenvalues (15.116) and (15.117). In order to 
decrease the amount of induced dissipation, however, а“ is set equal to a decreasing function 
of S. One choice is а“ = a. A numerical analysis of eigenvalues (15.116) and (15.117) reveals 
that with such a choice these eigenvalues remain non-negative for all Ө and S. With such 
a choice for o", the characteristics-bias system becomes independent of a, а“, and a™?. 
The characteristics-bias formulation in this chapter has employed a formulation in terms of 


streamline and crossflow components in order to allow use of any suitable expression for o. 
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15.6 Polar Variation of Upstream-Bias 


The directional variation of the upstream bias eigenvalues (15.116) is presented in Fig- 
ures 15.11 - 15.12 


S = 0.05 





249 — ^ 4 Line 7 300° 240° — ^ 4 lile 7 300° 
250° 260° 7» 2809 270 250° 560° әуе 2809 270 
9 " =аА= А, —— А 


Figure 15.11: Polar Variation of Upstream Bias: SY = 0.05, 0.5 


for representative < numbers. These variations are obtained for a variable unit vector 
n = (cosO,sin 0) and fixed unit vector a = v, in this representative case inclined by 4-30? 
with respect to the тү axis on the flow plane, for a 2-D flows, or a reference тү axis on 
any space plane II that contains both v and m, for а 3-D flow. For апу Š number and 
wave propagation direction m, as these figures collectively indicate, the characteristics-bias 
expressions (15.105), (15.109) induce a physically consistent upstream bias because the as- 
sociated upstream-bias eigenvalues (15.116), (15.117) remain positive and their directional 
variation mirrors the directional variation of the Euler eigenvalues (15.47). The upstream- 
bias eigenvalues are symmetrical about the crossflow direction and characteristic streamline, 
precisely like the Euler eigenvalues (15.47). For SY — 0.05, the directional variation of the 
upstream-bias eigenvalues in Figure 15.11 correlates with that in Figure 15.5 and thereby 
corresponds to an isotropic upstream bias, in complete agreement with the isotropic acoustic 
wave propagation speed in the Euler equations. For increasing SY numbers, the upstream 
bias becomes anisotropic, again in agreement with the anisotropic distribution of the Eu- 
ler eigenvalues (15.47). For S = 0.5 this anisotropy is already evident and then becomes 
more marked for increasing S numbers as indicated in Figure 15.12, which correlates with 
Figure 15.6. In particular, the crossflow upstream bias decreases for increasing SY number. 

Next, consider Figures 15.13 - 15.14. These figures compare the directional variations of 
the representative upstream-bias eigenvalue Аз and the corresponding Euler eigenvalue pu 
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3=20 





Figure 15.12: Polar Variation of Upstream Bias: 3 = 1.5,2.0 


S = 0.05 “= 0.5 
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Figure 15.13: Polar Correlation of Characteristic ps and Upstream As: 3 = 0.05,0.5 


This comparison is sufficient to depict the correlation between all the Euler and upstream- 
bias eigenvalues, for Лу ә and А2 are topologically similar to each other, compare Figures 15.6 
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Figure 15.14: Polar Correlation of Characteristic à. and Upstream Аз: 3 = 1.5,2.0 





and 15.12, while А, and A are respectively mirror skew-symmetric to Аз and PW with respect 
to the crossflow direction. 

As Figures 15.13 - 15.14 indicate, Аз is symmetrical about the characteristic streamline, 
precisely like the corresponding characteristic Euler eigenvalue № and the corresponding 
polar curve is topologically similar to the Euler eigenvalue curve. For S = 0.05, Аз and A. 
virtually coincide with each other and remain direction invariant, which corresponds to an 
isotropic upstream bias in correlation with the acoustic speed. For 3 = 0.5, Figure 15.13 
indicates that Аз is greater than Аз in the streamline direction. This results corresponds to 
minimal streamline upstream diffusion. 

As shown in Figure 15.14, the magnitude of the upstream bias reflects the magnitude of 
the characteristic eigenvalues, within the domain of dependence and range of influence of 
any flow field point. Outside this region, the upstream-bias eigenvalues are modestly less 
than the characteristic eigenvalues. In these variations, the upstream-bias eigenvalues are 
vanishingly small in the cross- flow direction, which, in particular, corresponds to minimal 
crossflow diffusion. 





15.7 Incompressible-Flow Formulation 


Following the developments in Chapter 14 and in the previous sections, the characteristics- 
bias the slight-compressibility continuity equation is expressed as 
Op Uu 


дї T Ox, 


530 Multi-Dimensional Incompressible Flows 


О др ди, М1 à; A а 2 др = 
D ev (а, e + Pa 23 + c (ада) + а“ (a; +a a x) =0 (15.135) 


As anticipated in Section 15.1, the corresponding characteristics-bias n equation for 
totally incompressible flows originates from this equation upon replacing 2 a; with 1 2р. Тһе 
complete characteristics-bias Euler system becomes 
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Hc + ( (оаа, + а“ (a; M a? + à; wia 2) Е + (ô — ув) ) = 0 (15.136) 


Since the polytropic exponent к > 0 по longer equals one, the eigenvalues of the char- 
acteristics -bias expression within this system will now equal the eigenvalues of the matrix 
product ТА, where 7/,, denotes a positive diagonal matrix with ones on the leading diagonal 
with the exception of the entry on the first row and column, which equals к. The eigenval- 
ues of this matrix have been exactly determined for two- and three-dimensional flows. For 
two-dimensional flows these eigenvalues are 
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which revert to (15.116) for & — 1. These eigenvalues remain positive for any & when the 
following inequality is satisfied 
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1 = 2 
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This inequality leads to 
N N_N 2 N N_N 2 
(n; (оаа, + а“ аг а; 2) nj) + 2n, (оаа, + а ‘а; а; 7) n; (njajUjn;SY) — 6 (та) > 0 (15.139) 


which no longer depends upon к and is unconditionally satisfied for the expressions already 
selected for a, a’, and ô. 
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For three-dimensional flows, the eigenvalues of /,.A аге 
ко __ Ny Ce 
M2 = Ni (aaia; +a "(ay à; + а; За; i) е а S 


С“ 
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which revert to (15.117) for к = 1. These eigenvalues remain positive for any к when the 
following inequality is satisfied 
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(n (аа, + ах“ (a; tas +a, a;?)) т; (=) + тают) + кф (nia) (15.141) 
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This inequality leads to 
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which no longer depends upon к and is unconditionally satisfied for the expressions already 
selected for a, а“, and 6. The eigenvalues (15.137), (15.140) thus remain positive for any 
positive &, of which the magnitude may be locally optimized for rapid convergence to steady 
state. The incompressible - flow Euler equations, with y = 1, formally result from the limit 
of system (15.136) for к — oo. This positive-eigenvalue condition, very likely either obviates 
or satisfies the “inf-sup” condition, [18, 19], for the characteristics-bias algorithm allows use 
of equal-order bi-linear approximation for both pressure and velocity. Following Chapters 4, 
14, the characteristics-bias Navier-Stokes system for incompressible flows becomes 
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E Ё ( (aaa; + o" (аа + aj?aj^ )) da, ) = 0 (15.143) 
from which the two-dimensional equations are obtained by setting а^ = a}? = 0. The addi- 


tion of the characteristics-bias temperature equation does not change eigenvalues (15.116), 
(15.117), but merely contributes another eigenvalue equal to Ај; in this equation the product 
of velocity gradients multiplied by Ес/ Ве corresponds to the viscous dissipation function. 
System (15.143) supply the characteristics-bias formulation for incompressible flows, a for- 
mulation that for к — oo does not contain any time pressure derivative in the continuity 
equation. With and without this time derivative, the formulation has generated essentially 
non-oscillatory solutions for the velocity, pressure, and temperature fields. 





15.8 Variational Statement and Boundary Conditions 


With implied summation on repeated subscript indices, 1 < 7,7 < n and 1 < £ < 2, 
the incompressible-flow characteristics-bias Navier-Stokes integral systems may be concisely 


expressed as 
Lop о 1 др Ou; 10 m 
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where the continuity equation has been separated from the linear-momentum and temper- 
ature equations and the arrays q, Ф, fj, fj. ју follow from inspection of (15.143). The 
corresponding weak statement is achieved by integrating by parts the characteristics-bias 
expression, an operation that yields the integral statements 
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When the divergence of the viscous flux fý is also integrated by parts, the following equivalent 
statement is obtained 
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where n; denotes the i-th component of the outward pointing unit vector perpendicular 
to a boundary facet, as depicted in Figure 15.15; when the boundary corresponds to a 
wall, then a;n; — 0 and the corresponding terms in the characteristics-bias surface integral 
will identically vanish. Тһе ew surface integral, in any case, is eliminated by enforcing 
a weak Neumann-type boundary condition for the hyperbolic-parabolic characteristics-bias 
perturbation. One part of this condition imposes that the original Navier-Stokes system 
should be satisfied at the boundary; the remaining terms are also set to zero as part of this 
weak boundary condition. Clearly, the single Neumann-type condition corresponds to the 


entire boundary expression set to nought. For large S, а, а“ — 0, 6 — 1 and for either 
na; = 0 ora; AL = = (), or both, this boundary condition enforces the Navier-Stokes system 


on the boundary. With the imposition of this weak boundary condition, system (15.146) 


becomes Р 5 
w 1 Ор и; 
h С ИВ. (2) ) е Ot т 23 a 
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from which, for computational simplicity, the characteristics-bias term for the viscous flux 
may be omitted without loss of stability. The corresponding weak statement for the conti- 
nuity equation without time derivative of pressure is 


О 2 


+, = Є Jes (оа, + а“ а; а) = dQ = 0 (15.148) 


For all test functions w € Н! (О), the variational formulation seeks a solution q € Н'(0) 
with 7 = 0 or 7 = 1 respectively for discontinuous or smooth flows, that satisfies this weak 
statement. This statement is subject to prescribed initial conditions q(r,0) = qo(r) and 
boundary conditions on 00 = 010. Synthetically, these boundary conditions are expressed 
as 








B(Zgq)4(Laqsb) = С, (хо, t) (15.149) 


where С, (2,0; t) corresponds to the array of prescribed Dirichlet boundary conditions, with 
a zero entry for each corresponding unconstrained component of q, and B(r,,) denotes a 
square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
corresponding unconstrained component of q. 

At an inlet, Dirichlet boundary conditions may be enforced on the components of velocity 
из, 1 <i <n, and on temperature АТ. These conditions may be cast as 


, AT , 
E (Tin t) = m (Еј Loren, PAT tnt) = q (6) (15.150) 


where q,. (t), 1 € i € n, апад, (t), denote prescribed bounded functions. Since the govern- 
ing equations determine pressure up to an arbitrary constant, at least one pressure boundary 
condition is required. If no other pressure boundary conditions are specified, than this single 
pressure boundary condition is enforced at one point, similarly to (15.150), replacing the 
continuity equation at that point. 

At a solid wall, which corresponds to a streamline, one boundary condition is required 
for an inviscid flow. This solid-wall boundary condition corresponds to the wall-tangency, 
i.e no-penetration, condition u : n = 0. With reference to the decomposition f; = f? + f; 
and Figure 15.15-a, the divergence of velocity and the convection flux with components ју 
within (15.147) are integrated by parts at a wall region, an operation that yields the wall 
boundary statement 


О 1 др O үшү Ou; Ow 
олу O СТР, D 
ИСЕ (5)): k Ot ы. PO; (5) 2 | (Ж. 
+f wundr +j > 


L (2) ev (c (aaia; + а“ а; ‘а e) ) Ё ШО =, 

















Variational Statement and Boundary Conditions 535 


























а) b) 


Figure 15.15: Boundary Regions: a) Wall; b) Outlet 
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where ју = 0 for an inviscid flow. This statement features a generalized “numerical flux” for 
/; and а wall surface integral that depends on the mass flux u-n. А wall mass-flux boundary 
condition is thus directly enforced within this surface integral, with a wall-tangency boundary 
condition obtained by setting the entire integral to nought. For an inviscid flow, this is the 
only boundary condition that is required at a solid wall. 

For a viscous flow, the two linear-momentum components in statement (15.151) are re- 
placed by the no-slip boundary conditions on ш, 1 < 4 < n, and the wall mass-flux surface 
integrals in the continuity and temperature components in this statement are then elimi- 
nated. The wall heat-flux integral in the temperature equation 
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is then used to specify a heat-flux boundary condition, by inserting the prescribed heat- 
flux oe = = т; in this integral. For a cold- ог hot-wall boundary condition, the entire 


temperature equation (15.152) is then replaced at each hot- or cold-wall point by the Dirichlet 


boundary condition 
OAT 


where q,,(t) denotes a prescribed wall temperature. 

At an outlet, a minimal-perturbation temperature boundary condition involves a рге- 
scribed heat flux This heat-flux boundary condition is enforced by inserting the prescribed 
magnitude of the heat flux in the corresponding surface integral in the outflow temperature- 


equation integral 
| "n Е "— O(u; AT) | 10 


Ot Ox; 
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Ow 1 OT Q f u p. OF 
G00 Freon, oo. PrRe дт; 
A vanishing outlet heat flux corresponds to an adiabatic outlet stream. 
A similar surface-integral procedure is employed to enforce a specified boundary condition 
on outlet pressure р and on the deviatoric surface tractions 7;;n;, 1 < 1,7 < m, for a 
viscous flow. With reference to the decomposition f; = f} + ју and Figure 15.15-b, the 


divergence of the pressure flux with components f? within the momentum equations in 
(15.147) is integrated by parts at an outlet region, an operation that yields the outflow 


boundary statement 
| (w+ eva =| Е — M 40 


ди; 


Ne Op 
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E "y |н Ewa, т) d + о (mi - z mni) d 0 (15.155) 


This statement features an outflow surface integral that depends on the outlet-pressure 
specific-force components pn; and surface tractions 7;;n;, 1 < 1,7 <n. The outlet boundary 
conditions on pressure and tractions are thus directly enforced by specifying their numerical 
values within this surface integral. 














праг =0 (15.154) 























15.9 Finite Element Galerkin Weak Statement 


Since the characteristics-bias system (15.147) is developed independently and before any 
discretization, a genuinely multi-dimensional upstream-bias approximation for the govern- 
ing equations (4.56) on arbitrary grids directly results from a classic centered discretization 
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of the characteristics-bias weak statement (15.147) on the prescribed grid. This statement is 
discretized in space by way of a Galerkin finite element method. This method not only accom- 
modates arbitrary geometries or generates consistent non-extrapolation boundary equations 
for q, but also retains the ideal surface-integral venues of the integral statement to enforce 
the boundary conditions described in the previous section. 

The finite element approximation exists on a partition О” of О, where h signifies spatial 
discrete approximation. Having its boundary nodes on the boundary д0 of Q, this partition 
O^ results from the union of №, non-overlapping elements Qe, O^ = UX, Qe. With n = 0 
or 7 = 1, respectively for shocked or smooth flows, and with Р, (Ә,) and 7Ў„(О„) the finite- 
dimensional function spaces of respectively diagonal square matrix-valued and vector-valued 
linear polynomials within each Qe, for each “t”, the corresponding diagonal square matrix- 


valued and vector-valued finite element discretization spaces employed in this study are 
defined as 


5'(0")= jw" e H'(0» qp" " 





E P (0.), VQ, € О”, Bix, w"(w, ,) = 0 


S(O) = {wh e HIO”) : wh Jw? (a 





„ € P(Q), VQ, € О”, Ba t) = COT 

(15.156) 
Based on these spaces, the finite element approximation q^ € 57, is determined for each “t” 
as the solution of the finite element weak statement associated with (15.147), determined as 
follows. 


Using the definition of О”, the finite-element continuity equation may be expressed as 
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Within each finite element Qe, for computational simplicity, the discrete pressure p^ 

this continuity equation is set equal to а centroidal constant p, exclusively within both 
ер ар and 2 (5); this simplification is not employed within the gradient of pressure 
in this equation or within any other term in the linear momentum equations. With this 
simplification, the complete set of characteristics-bias finite element equations can be cast 
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with similar expressions for statements (15.151)-(15.155). The corresponding weak statement 
for the continuity equation without time derivative of pressure is 
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Since every member ш” of S! results from a linear combination of the linearly independent 
basis functions of this finite dimensional space, statement (15.158) is satisfied for N inde- 
pendent basis functions of the space, where М denotes the |" of the space. For N 
mesh nodes within О”, there exist clusters of “master” elements ОМ, each cluster comprising 
only those adjacent [зше that share a mesh node хк, with 1 < ` < N, where М denotes 
the total number of not only mesh nodes, but also master elements. 

As detailed in Chapter 7, the discrete test function ш” within each master element ОМ 
will coincide with the “pyramid” basis function шк = ир (x), | € k € №, with compact 
support on Q. Such a function equals one at node хк, zero at all other mesh nodes and 
also identically vanishes both on the boundary segments of 927" not containing xj, and on the 
computational domain outside 107". 




















Figure 15.16: Pyramid Test Function for Q% 


The discrete solution q^ and flux ў" at each time t assume the form of the following 
group linear combinations 


t)= DW (x) - q^ (x,,t), | (x,t) = zu (x) - f; (q^ (x2, t) ) (15.159) 
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of time-dependent nodal solution values q^ (же, #), to be determined, and trial functions, 
which coincide with the test functions у(х) for a Galerkin formulation; an analogous ex- 
pression applies for ф and ү Similarly, the fluxes ff = f2(q(x,t)) and f? = f7(q(x,t)) 
are discretized through the group expressions 


N N 
fr = > о АДЕЛ) а = > о f? (a (et) ) (15.160) 
The notation for the Pius nodal variable and fluxes is then simplified as q;(t) = д (xz, t), 


fi, = f; (d (Xe, 5). ff = (Фф (Xe, DE. = ge (Xe, t) ) and expansions (15.159)- 
(15.160) are then ad into (15.158), wes yields the discrete finite element weak state- 
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for 1 < k < N. The corresponding finite element weak statement for the continuity equation 
without time derivative of pressure is 
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The three-test-function matrices in (7.186) are then needed to discretize the viscous dissipa- 
tion function in the temperature equation. There are three implied summations with respect 
to the subscript indices 7, 7, m. The subscript indices 2,7 in this expression denote cartesian- 
axis directions, hence 1 < 2,7 < 2, for two-dimensional flows, or 1 < 7,7 < 3, for three 
dimensional flows, whereas subscript m indicates a mesh node, hence 1 < m < N, although 
a sum like У , wm dam only involves a few neighboring terms because the compact-support 
test function Wm is only non-zero within a cluster of a few neighboring elements. 

While an expansion like the ones in (15.159) for ф", а", c^, а", aV" and ó^ can be directly 
accommodated within (15.161), each of these variables in this study has been set equal to a 
piece-wise constant for computational simplicity, one centroidal constant value per element. 


Within each element, the terms v^ and =" are respectively set equal to the controller and 
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reference length developed in Chapter 10. As shown in that chapter, =" corresponds to the 
length of the streamline radius of the generalized ellipse inscribed within each element, since 
the streamline is a characteristic principal direction. 

Since the test and trial functions шк are prescribed functions of x, the spatial integrations 
in (15.158) are directly carried out. For arbitrarily shaped elements, these integrations take 
place as detailed in Chapter 7. Concerning the boundary variables, no extrapolation of 
variables is needed in this algorithm on a variable that is not constrained via a Dirichlet 
boundary condition. In this case, instead, the finite element algorithm (15.161) naturally 
generates for each unconstrained boundary variable a boundary-node ordinary differential 
equation. For & — oo, the complete integration with respect to x transforms (15.161) into a 
system of continuum-time ordinary algebraic-differential equations (OADE) for determining 
at each time level t the unknown nodal values p" (x;, t), q^ (xe, t), 1 < #< N. 


15.10 Implicit Runge-Kutta Time Integration 





The finite element equations (15.161) along with appropriate boundary equations and condi- 
tions form a system of algebraic and differential equations. The discrete continuity equations 
provide the algebraic equations and the discrete linear-momentum equations supply the dif- 
ferential equations in the time variable. Although these equations feature no time derivatives 
of pressure, the implicit Runge-Kutta time integration procedure (8.5) succeeds in simulta- 
neously solving the discrete continuity, linear-momentum, and temperature equations and 
directly yielding the solution for both pressure, velocity and temperature. ‘The finite element 
algebraic-differential equations are expressed as 
dQ(t) 


MT = F (t, QC) (15.163) 





where M = {wwe} denotes the mass matrix, Me indicates the corresponding coupling 


of time derivatives in (15.161), and F (t, Q(t)) represents the remaining terms in (15.161); in 
this case, only zeros are present in each row of M that corresponds to a discrete continuity 
equation. The two-stage diagonally implicit Runge-Kutta algorithms for the numerical time 
integration of (15.163) is expressed as 


Сат — бда = МК + бо Ко 


МЕ EG d ce + c At, (s + аду Kı) 
M Ko = UND = (2 + GAL am F аә Kı + 22 Кә) (15.164) 





where n now denotes a discrete time station. Given the solution Qn at time tn, K is 
computed first, followed by Kə. The solution Qn+1 is then determined by way of the first 
expression in (15.164). 

The terminal numerical solution is then determined using Newton’s method, which for 
the implicit fully-coupled computation of the IRK2 arrays K;, 1 < 7 < 2, is cast as 


дғү 
м — ai At (50), | (Kf! — Kf) = At F (t + сл, Qf) - мк; 
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©; = Qn + aa KÍ + ai KG (15.165) 
where а; = 0 for j > i, l is the iteration index, and Kf = Ку for i = 2; the Jacobian 
OF 


D 
ЛО) = М — au AC (50), (15.166) 





has been analytically determined and implemented, leading to a block sparse matrix. For 
all the results documented in the next section, the initial estimate К? is set equal to the 
zero array, while a Gaussian elimination is used with only one iteration executed for (15.165) 
within each time interval. In this mode, Newton’s iteration becomes akin to a classical direct 
linearized implicit solver. 


15.11 Computational Performance 


The characteristics-bias finite element algorithm for the direct computational solution of 
the incompressible-flow Navier-Stokes equations has generated essentially non-oscillatory 
solutions for not only velocity and temperature, but also pressure for four flows involving: 
a backward-facing step diffuser, a lid-driven square cavity, natural convection in a square 
cavity, and the combined effect of natural and forced convection in the same cavity. Each 
benchmark has employed a non-uniform finite element discretization of Lagrange bilinear 
elements, consisting of 40 bilinear elements in the transverse and longitudinal directions, for 
a total of 1600 elements, 1681 nodes and 6724 degrees of freedom. 

For each benchmark, the calculations proceeded with a prescribed constant maximum 
Courant number, 








At 
Cmax = шахі ||| + с, ||u|| — с, © Ху, (15.167) 
For prescribed (Д26), and Cmax for each benchmark, the corresponding At is determined as 
Cas Af € 
At = Cy (15.168) 


шах{ ||ч| + с, llul] — с, cj 


Presented in non dimensional form, all the solutions in these validations have asymptotically 
converged to the preset machine zero of 5 x 107!?. The streamline fields were developed 
by placing terminating strips orthogonal to families of streamlines and then connecting the 
corresponding ends of each closed streamlines. Due to its the characteristics-bias terms, the 
algorithm provides for local conservation of mass within its order of accuracy. For each of 
the four benchmarks, the algorithm in 1 Newton-iteration mode, generated a final steady 
state by using a gradually increasing Courant number from 2, at the beginning of each 
computational sequence, to 20 in the middle of the sequence, and up to 100 towards steady 
state. As expected, the maximum allowable Courant number decreases when w decreases; 
on the other hand, the maximum allowable Courant number need not decrease substantially, 
when more than 1 Newton iteration is employed per time step. ‘The upstream controller 
i was set to w = 0.5, from beginning to convergence to an initial steady state, and then 
gradually reduced to w ~ 0.1 to lessen the decrease in the effective Reynolds number. A 
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current research project consists in further reducing induced upwind diffusion by decreasing 
Umin and Ymax proportionately to the magnitude of velocity and the streamline deviatoric 
traction within a boundary layer. Each computational final steady state was achieved in 
about two thousand time steps, with slighter faster convergence achieved with the time 
derivative of pressure in the continuity equation. For each of the test cases in this section, 
the characteristics-bias calculations were performed twice: the first time with the pressure 
time derivative in the continuity equation and the second without this derivative. In both 
cases, the procedure succeeded for each computational benchmark in generating identical 
steady states that remain essentially non-oscillatory. 





15.11.1 Backward-Facing Step Diffuser Flow 


The flow in a diffuser featuring a backward-facing step has been extensively investigated, 
with reference experimental results available in [9]. In this benchmark, the axial length 
of the computation domain equals about 1.25 times the reattachment length, in order to 
test the performance and effect of the outlet pressure and traction boundary condition on 
the upstream flow. The calculations have determined not only the velocity and pressure 
fields, but also the temperature distribution within the flow, retaining the viscous-dissipation 
expression in the temperature equation. Figure 15.17 shows the simplified computational 
domain for this benchmark. 








0; 





Figure 15.17: Non-uniform 41 x 41 Linear Element Grid 


The inlet corresponds to x = 0 and 0 € y < 0.5 and at this location Dirichlet boundary 
conditions are enforced on temperature and velocity components, whereas pressure is uncon- 
strained and allowed to vary with the flow. These Dirichlet conditions involve a vanishing 
transverse velocity component and fully developed temperature and axial-velocity profiles, 
corresponding to the exact Poiseuille flow solution. For an effective Re = 178, the outlet 
corresponds to x = 2.5 and —0.5 € y € 0.5. At this outlet, an adiabatic stream is specified, 
hence vanishing heat transfer in the temperature equation, along with physically meaning- 
ful prescribed longitudinal and transverse surface tractions суу; and оэ;т;; since at this 
outlet n; = 1 and л» = 0, these conditions specify pressure —c4; = p = 1.0 and shear 
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stress T21 = то from the Poiseuille distribution of u at the flow Reynolds number, conditions 
that allow the transverse velocity component to vary and lead to a minimally constrained 
converged solution. As detailed in Section 15.8, these physical conditions require no special 
boundary equation, but rather specify the surface integrals in the variational statement of 
the linear-momentum and temperature equations. At the solid walls at the top, bottom, 
and step site of the computational domain, hence y = 0.5, у = —0.5, and —0.5 < у € 0 
at x = 0, the no slip boundary condition is enforced on velocity; the step site and lower 
wall are treated as adiabatic walls, whereas a cold-wall condition, hence fixed temperature, 
is specified at the top wall. Quite far from the final steady state, the initial conditions 
specified fully developed velocity and temperature profiles at the inlet, with temperature 
variation set to zero at the step, a constant pressure field, with p = 1, a vanishing transverse 
component of velocity ug = v = 0, and fully developed velocity and temperature profiles for 
x > 0, profiles that satisfy global conservation of mass. ‘These simple initial fields were sufh- 
cient to start the calculations and within 1 time step the characteristics-boas procedure for 
incompressible flows updated these fields to unsteady fields that also satisfy the discretized 
continuity equation, as follows. The procedure does not require a pressure time derivative 
in the continuity equation; the system of equations for the first time step was thus solved in 
Newton iterative mode, but with only five Newton iterations per IRK array K;, 1 <i < 2; 
at the end of the first time step, accordingly, a field emerges that satisfies the discretized 
continuity equation; form this field, the calculations efficiently progressed in one-Newton- 
iteration mode. Corresponding to an eventual w = 0.1, the final steady state is documented 
in Figures 15.18-15.23. The velocity vector distribution in Figure 15.18 reflects the expected 
pattern, with the recirculation zone that extends for 4/5 of the domain length. Toward 
the outlet, velocity points down, as allowed by the shear-stress boundary condition, while 
the overall velocity distribution remains uniform, with correct decrease of axial maximum 
velocity as the effective flow channel widens. These features are reflected in the streamline 
distribution in Figure 15.19, which clearly portrays the recirculation zone. Normalized by 
the step height, the reattachment length for this test equals to 4.25, which reflects the result 
in [9] for Re — 178, the effective Reynolds number in this benchmark. 
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Figure 15.18: Vector Field 
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Figure 15.19: Streamline Distribution 


These velocity-field features originate from the individual velocity components ш = и and 
шә = v displayed in Figures 15.20-15.23. Figure 15.20 portrays the development of an effective 
flow channel, as the maximum axial velocity progressively decreases, and Figure 15.21 shows 
that the distribution of и remains monotone, from inlet, within the recirculation zone, and 
toward the inlet, where the surface-integral outlet boundary conditions promoted an uniform 
distribution. 

The distribution of v displays similar features. Figure 15.20 shows that this velocity 
component rapidly decreases within the effective flow channel, with minimum above and 
slightly upstream of the reattachment point. At the outlet, v is not forced to vanish, but 
is determined by the outlet shear-stress boundary condition, which can be more sharply 
satisfied by a finer grid in this region; within the flow field, the distribution of v remains 
monotone. 
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Figure 15.20: Axial Velocity Contours 
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Figure 15.21: Axial Velocity Surface 
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Figure 15.22: Transverse Velocity Contours 
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Figure 15.23: Transverse Velocity Surface 


The inlet point with coordinates (0;0) becomes the center of a singular zone where 
the positive v from the separated flow clashes with the negative v of the downward main 
flow. Тһе characteristics-bias procedure, nevertheless, negotiates this singularity and leads 
to an essentially non-oscillatory distribution of v, with a steep variation of this variable in 
the singular zone, which, as expected, induces a corresponding localized steep variation of 
pressure. 

The distribution of pressure is presented in Figures 15.25-15.24. Directly computed from 
the coupled characteristics-bias linear-momentum and continuity equations, these distribu- 
tions show the anticipated abrupt variation of pressure at the singular point, which remains 
contained within a 4-cell zone. In the remaining field, including the outlet region, pressure 
remains essentially non-oscillatory, These results support show the ability of the procedure 
to determine pressure directly and the viability of the surface-integral method to impose a 
minimally constraining pressure boundary condition. 
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Figure 15.24: Pressure Surface 
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Figure 15.25: Pressure Contours 


This study has also determined the temperature field, which is not usually detailed 
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in backward-facing step flow analyses. The calculated distribution of temperature in Fig- 
ures 15.26-15.27 reflects the flow and the imposed boundary conditions. 
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Figure 15.26: Temperature Contours 





The inlet temperature profile rapidly merges with the overall temperature distribution, 
a distribution that becomes less and less dependent on x, downstream of the inlet. ‘This 
feature echoes the Saint-Venant solid-mechanics principle that away from the ends of a 
slender bar the distribution of stresses in the bar becomes independent of the particular 
system of forces at the ends of the bar. The existence of such a feature in this distribution 
remains consistent with the elliptic nature of the steady-state temperature equation. This 
temperature distribution remains monotone even at the inlet singularity zone, where the 
variation from the maximum inlet temperature, down to the vanishing temperature variation 
at the (0;0) point, and up to the temperatures in the separated flow region takes place 
without any unphysical oscillation. Downstream of the inlet, the temperature gradually 
increases in the downward transverse direction, from the cold wall at the top of the channel, 
to the adiabatic wall, where the thermal energy of convection and internal friction raises the 
local temperature. 








Computational Performance 549 





SS 
Se 
0 
SR 


Q 
S 


д 
д 
# 


SS SX 
SS 
5% 


2 
2 
2 


S 


NS 
949 
Q NN 


X 
LQ 
SS SSS б S 
PSS SSS 
KS SN 
KS 
У 


УУ 
SIN 

5) 
O 0106 


ОСА S 
о 


SS 

XS 
QS 

SS 


© 
2 
ОДО 
СО 

ae 

CA 


ZZ 
LERS 
= 
> 
SS 


й 
IH 295 


9 
А 
BON 
SS 
< 


А 
OST 
С“ 


Ş 





Figure 15.27: Temperature Surface 


15.11.2 Natural Convection 


The flow induced by natural convection in a square cavity has also been exhaustively in- 
vestigated experimentally and numerically, with reference numerical results available in [52]. 
In this benchmark Ra = 10,000, Ec = 1.0, Pr = 0.7, Re = 1/Pr. The length of each 
side of the cavity equals 1 unit and the calculations have determined the velocity, pressure, 
and temperature fields. The temperature distribution was determined with and without 
using the viscous dissipation function in the temperature equation and the corresponding 
temperature fields were found virtually identical, as expected for the selected magnitude of 


Ra. 





Figure 15.28 shows the computational domain for this benchmark. Each side corresponds 
to a solid wall and the no-slip boundary condition is enforced on the velocity components on 
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every side of the cavity. Dirichlet boundary conditions are imposed on the vertical walls, with 
AT = 1 at x = 0 and AT = 0 at т = 1; at the top and bottom walls a vanishing heat flux is 
specified. As for pressure, one numerical value for this variable is specified at the (0; 0) corner, 
with p = 1 as a Dirichlet boundary condition replacing the nodal continuity equation at this 
corner. The initial conditions satisfy the continuity equation as they specified vanishing 
axial and transverse velocity components, a constant pressure field with p = 1 and a linearly 
varying temperature distribution between the imposed temperature boundary conditions. 
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Figure 15.28: Non-uniform 41 x 41 Linear Element Grid 


Obtained with only one Newton iteration per time-step cycle and corresponding to an 
eventual v» = 0.15, the final steady state is documented in Figures 15.29-15.34. The veloc- 
ity vector distribution in Figure 15.29 correspond to the expected pattern; the streamline 
distribution in Figure 15.30 reflects the results in [52]. The maximum axial and transverse 
velocity components reported in this reference аге |ulmax = 16.178 and |v|max = 19.617, as 
obtained by way of a 6, 561-поде grid. By favorable comparison, the corresponding maxima 
determined in this study аге |u|max = 15.922 and |v|max = 18.748, as generated by way of a 
1, 681-node grid. 
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Figure 15.29: Velocity Field 





Figure 15.30: Streamline Distribution 
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The computed distribution of the velocity component ш = u is presented in Figures 15.31- 


15.32. This distribution remains monotone throughout the computational domain. 
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Figure 15.31: Axial Velocity Contours 
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Figure 15.32: Axial Velocity Surface 
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Figures 15.33-15.34 present the distribution of the transverse velocity v. Also this distri- 
bution remains monotone in the entire flow field. 
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Figure 15.33: Transverse Velocity Contours 
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Figure 15.34: Transverse Velocity Surface 
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The distribution of pressure is presented in Figures 15.36-15.35. Since the buoyancy 
source term in the transverse momentum equation with Ra = 10,000 induces a substantial 
increase in pressure, the distribution in Figure 15.35 is scaled by the maximum pressure in 
the field. As shown in the figure, this distribution remains monotone. 
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Figure 15.35: Pressure Surface 
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Figure 15.36: Pressure Contours 


The calculated distribution of temperature in Figures 15.37-15.38 corresponds to the flow 
and the imposed boundary conditions. This distribution remains monotone and reflects the 
results in [52]. 





Figure 15.37: Temperature Contours 
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Figure 15.38: Non-uniform 41 х 41 Linear Element Grid 


15.11.3  Lid-Driven Cavity Flow 


The next test involves lid-driven flow in a square cavity, another well known incompressible 
flow. Also in this case has the temperature field been determined, using the dissipation 
function in the temperature equation. Figure 15.39 shows the computational domain for this 
benchmark and each side corresponds to a solid wall. The transverse velocity component 
v is set to zero on every side of the cavity; the axial velocity component и is set to zero 
on the x = 0, x = 1, and y = 0 walls; at the y = 1 wall, the boundary condition on this 
velocity component is и = 1. With reference to temperature, Dirichlet boundary conditions 
are imposed on the vertical walls, with AT = 0 at x = 0 and AT = 1 at x = 1; at the 
top and bottom walls a vanishing heat flux is specified. As for pressure, one numerical 
value for this variable is specified at the (0;0) corner, with p — 1 as a Dirichlet boundary 
condition replacing the nodal continuity equation at this corner. The initial conditions 
involve а constant pressure field with p = 1 and a linearly varying temperature distribution 
between the imposed temperature boundary conditions. The initial conditions for velocity 
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аге а vanishing transverse velocity component and an axial velocity component that only 
vanishes for у < 1. With these initial and boundary conditions on velocity, и only depends 
upon y and as a consequence the initial velocity identically satisfies the continuity equation. 
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Figure 15.39: Non-uniform 41 x 41 Linear Element Grid 





Corresponding to an effective Reynolds number Re = 130 and an eventual y = 0.2, 
the final steady state is documented in Figures 15.40-15.49. Figure 15.40 illustrates the 
known properties of the velocity vector distribution for this flow. ‘The center of the main 
recirculation zone is asymmetrically located towards the top and right walls of the cavity, 
while a minute separated-flow region emerges at each bottom corner of the cavity. In the 
vicinity of the top, left corner, velocity actually points towards this corner, before abruptly 
turning to follow the lid motion, a well documented phenomenon. These features are reflected 
in the streamline distribution in Figure 15.41, which shows the main recirculation zone 
hovering above the secondary corner separated-flow zones. Shown in Figures 15.42-15.45, 
the corresponding distributions of velocity components u and v, remain monotone, even in 
the vicinity of the upper corners, which correspond to two singularities. 
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Figure 15.41: Streamline Distribution 
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Figure 15.42: Axial Velocity Contours 
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Figure 15.43: Axial Velocity Surface 
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Figure 15.44: Transverse Velocity Contours 
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Figure 15.45: Transverse Velocity Surface 
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Figures 15.46-15.47 present the associated distribution of pressure, which remains smooth, 
even at the corner singularities. At these two locations, pressure experiences well known 
abrupt variations, akin to local spikes. These variations are sharply negotiated without any 
spurious oscillation or distortion. Also these results, accordingly, support the ability of the 
procedure to determine pressure directly from the coupled continuity and linear-momentum 
equations. 











Figure 15.46: Pressure Surface 


The calculated distribution of temperature displayed in Figures 15.48-15.49 reflects the 
flow and the imposed boundary conditions. Also this distribution remains monotone, even at 
the corner singularity nodes. The maximum temperature occurs at the top right corner where 
the intense flow shearing increases the local temperature, by means of the dissipation function 
in the temperature equation, consistently resolved in the finite element discretization. 
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Figure 15.47: Pressure Contours 





Figure 15.48: Temperature Contours 
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Figure 15.49: Temperature Surface 


15.11.4 Lid- and Buoyancy-Driven Cavity Flow 


The fourth test case in this chapter investigates a cavity flow induced by both buoyancy 
and а moving lid. The resulting flow combines several of the features of the flows discussed 
in the previous two sections. The location of hot and cold wall is selected so as to induce 
a recirculation zone that opposes the circulatory flow prompted by the sliding lid and for 
a sufficiently high Rayleigh number Ra two sizable counter-rotating circulatory flows may 
emerge. ‘This is the kind of flow discussed in this section as obtained with v» = 0.2, Ке = 200, 
and Ra = 10° and corresponding to the same grid, boundary, and initial conditions detailed 
in the previous section. Figures 15.50-15.59 present the steady-state distributions of velocity, 
pressure and temperature. 
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Figure 15.50: Velocity Field 
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Figure 15.51: Streamline Distribution 
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Figure 15.53: Axial Velocity Surface 
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Figure 15.54: Transverse Velocity Contours 
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Figure 15.55: Transverse Velocity Surface 


Computational Performance 567 





The velocity vector distribution in Figure 15.50 shows the anticipated and expected 
two counter-rotating recirculation zones, which appear of comparable strength, with the 
buoyancy-induced zone over half of the computational domain. Along the streamline sepa- 
rating these two zones, velocity points upwards, toward the cold wall, before the flow sep- 
arates in the two zones; in the vicinity of the upper left corner, velocity points toward this 
corner before the abrupt turn dictated by the sliding lid. These features are reflected in the 
streamline distribution in Figure 15.51, which shows the extent of the buoyancy circulatory 
flow, which has pushed the lid-driven recirculation zone upwards and toward the top right 
corner. Figures 15.52-15.53 graph the corresponding distributions of velocity components u 
and v. As in the previously discussed flows, these distributions remain monotone, even in 
the vicinity of the upper corners, which correspond to two singularities. 

Figures 15.56-15.57 present the associated distribution of pressure, which again remains 
smooth, even at the corner singularities. At these two locations, as in the previous lid-driven 
flow, pressure experiences some rather abrupt variations, akin to local spikes. Once again, 
these variations are sharply negotiated without any spurious oscillation or distortion. 
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Figure 15.56: Pressure Surface 
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Figure 15.57: Pressure Contours 


The calculated distribution of temperature is shown in Figures 15.58-15.59 As in the lid- 
driven flow, this distribution remains monotone, even at the corner singularity nodes. The 
maximum temperature occurs at the top right corner where again the intense flow shearing 
increases the local temperature. 
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Figure 15.58: Temperature Contours 
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Figure 15.59: Temperature Surface 


Chapter 16 


Multi-Dimensional 
Free-Surface Flows 


This chapter details the gravity-wave-convection specialization of the characteristics-bias 
system for investigating depth-averaged free-surface flows. Within a two-dimensional depth- 
averaged free-surface flow field, gravitational and convection waves propagate in infinitely 
many directions and along each direction the associated propagation velocity also depends 
on the Froude number. After stating the governing equations, the chapter describes an 
intrinsically multi-dimensional characteristics analysis based on a non-linear wave-like form 
of the solutions of the free-surface equations. ‘This analysis leads to the spatial distribution 
of multi-dimensional propagation velocities, investigates the correlation between the time 
axis and the characteristic surfaces, and shows that among all propagation directions the 
streamline and crossflow directions are principal propagation directions in the time-space 
continuum. 

This line of inquiry yields specific conditions for a physically coherent upstream bias 
formulation that remains consistent with multi-dimensional gravitational and convection 
wave propagation. The corresponding gravity-wave-convection flux Jacobian decomposition 
consists of components that genuinely model the physics of gravity-wave propagation and 
convection and also feature eigenvalues with uniform algebraic sign. ‘This decomposition 
leads to a non-discrete upstream bias term that couples the governing equations within the 
characteristics-bias system. A variational formulation of this system provides several sur- 
face integrals as efficient venues for enforcing physically meaningful boundary conditions, 
such as the wall-tangency and outlet-pressure conditions. A Galerkin finite element spa- 
tial discretization and implicit Runge-Kutta time integration of this system generate the 
computational procedure. The performance of this procedure is assessed for five flows in- 
volving: an asymmetric dam-break, a backward-facing step channel, a stream-driven inlet, 
and two oblique hydraulic jumps. For these flows, the procedure has computed essentially 
non-oscillatory solutions for not only the free-surface height and velocity, but also tempera- 
ture. 
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16.1 Governing Equations 


From the developments in Chapter 5 and system (5.185), the non-dimensional depth-averaged 
free-surface equations can be cast as 
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where the array ф = (0,644, m2, PE} is obtained by inspection of the source terms in (5.185). 
These equations are abridged as the system 
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Following the procedure in Chapter 14 to establish the characteristics-bias inviscid flux- 
divergence, the following developments are based on the inviscid-flow form of this system. 





16.2 Gravity-Wave Equations 


Let (v1, v3) denote the components of a unit vector v locally parallel to the velocity ш. Upon 
writing the velocity components (u1, иә) in terms of the Froude number Fr as 





(u1, U2) = cFr (v1, va) (16.3) 
the free-surface system becomes 
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where 6; and C; respectively denote Kronecher's delta and the matrix 
0 , 0 0. , 0 
a —U1uj ; 0103 T ој, 0165 ; 0 
Cj = = 1090; 7 0903 ; 0902 + Uj , 0 (16.5) 
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For а vanishing Fr these equations then reduce to the gravity-wave equations 
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for which A7" will denote the gravity-wave matrix multiplying the gradient of q in (16.6). 
Heed, in particular, that in this case the energy equation toward steady state is no longer lin- 
early independent from the continuity equation. The dependent variables in these equations 
correspond to those in a flow field that originates from slight perturbations to an otherwise 
quiescent field. 

Following the characteristics analysis in Chapter 14, the characteristic speeds A associated 
with system (16.6) correspond to the eigenvalues of the matrix A7"n;, which are 








The eigenvalues Азд in (16.7) correspond to the gravity-wave celerity. These eigenvalues 
remain independent from the wave-propagation direction unit vector n, which corresponds 
to isotropic propagation. 


16.2.1 Streamline and Crossflow Components 








For any two mutually perpendicular unit vectors а = (a,,a9) and а“ = (aj,a5), along 
with implied summation on repeated indices, the gravity-wave matrix product ATL can 
be expressed as 
дд дд q 
AS" = Ај ajara А) аар 16.8 
Ox, 7 6 rz к дт, Coe) 
For any unit vector a, the matrix p is expressed as 
0 , ај , d» , 0 
2 
Cai a 0 , 0 , O 
gw, — 
A а= Cay. 0 | 0 0 (16.9) 
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For а parallel to u, expression (16.8) corresponds to a decomposition into streamline and 
crossflow gravity-wave components. For wave-like solutions (16.15), two eigenvalues of each 
component vanish; the remaining eigenvalues of these separate components have been deter- 
mined as 
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The two non-vanishing eigenvalues associated with the entire gravity-wave component at the 
lhs of (16.8), but as expressed as the rhs combination of streamline and crossflow components 
have then been determined as 
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which shows that the square of the gravity-wave eigenvalues (16.7) equals the sum of the 
square of the streamline and crossflow gravity-wave eigenvalues (16.10), as illustrated in 
Figure 16.1. 











Figure 16.1: Polar Variation of Square of Gravity-Wave Celerities 


16.2.2 Similarity Transformation 


Despite its zero eigenvalues, А а; features a complete set of eigenvectors X and thus pos- 
sesses the similarity-transformation form 


AM i= KN (16.12) 


where the diagonal matrix A9" is expressed as 
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The associated eigenvector matrix X and its inverse X! are 
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16.3 Characteristic Analysis and Velocity Components 
The solution of system (16.2) is cast in wave-like form as 


а= ((2 n — A(q)) (16.15) 


The solution-dependent velocity component A — A(q) in this solution is determined by 
requiring this solution to satisfy system (16.2). Chapter 14 shows that this condition yields 
the eigenvalue problem 
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For non-trivial solutions ou hence q = а(т), the characteristic velocity components А are 
thus the eigenvalues of the linear combination of flux vector Jacobians 
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These eigenvalues have been exactly determined in closed form as 

A = U А =н (16.18) 


The non-dimensional form of (16.18) follows from division by с, which supplies the Froude- 
number dependent expressions 





As ws. y =n Frl (16.19) 
where 1, and v9 denote the components of a unit vector v in the velocity u direction. 

As the inner product of the two unit vectors n and v, the contraction v;n; supplies the 
cosine of the angle (0 — 0,) between n and v, where 0 and 0, respectively denote the angle 
between n and the x; axis and the angle between v and the x; axis in the flow plane. The 
eigenvalues (16.19) thus become 
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is = cos(0 — 6,) Fr, Аз, = сов (6 — 0,) Fr =1 (16.20) 





These expressions, in particular, imply that the free-surface eigenvalues achieve their extrema 
for 0 = @,, hence when m points in the streamline direction, whereas for n pointing in the 
crossflow direction, hence 0 = 90° + 0,, these eigenvalues no longer depend upon Ру. 

The convection eigenvalues A, > vanish when cos (0 — 0,) = 0, hence for n perpendicu- 
lar to the streamline direction, or, equivalently, pointing in the crossflow direction. Since 
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| cos (0 — 8») || < 1, the gravitational-convection eigenvalues Аз , can only vanish for Fr > 1, 
hence for supercritical flows. For these flows, Аз = 0 for 


+ cos (8 — 6,) = «sin ((6 — 90°) — 6,) = =: (16.21) 
hence for n perpendicular to the Froude lines, for +((@ — 90°) — @,) corresponds to the 
angle between a Froude line and the streamline, from the second expression in (16.21). This 
equation, thus defines the Froude lines. The lines that are perpendicular to the Froude lines 
are called “conjugate” lines. 

The lines that are perpendicular to n for vanishing eigenvalues A, апа Аз , thus respec- 
tively become the streamline and Froude lines. ‘This result is not coincidental, for vanishing 
eigenvalues Ај, correspond to wave-like supercritical solutions of the steady free-surface 
equations, for which the streamline and Froude lines are characteristic-wave propagation 
lines. 


16.3.1 Polar Variation of Characteristic Speeds 


Figure 16.2 presents the polar variation of the absolute values of eigenvalues (16.19) for 
subcritical, critical and supercritical Froude numbers, in a neighborhood of a flow field 
point P in the (21,22) plane. These variations are obtained for a variable unit vector 
n = (cos0,sin 0) and fixed unit vector v, in this representative case inclined by +30° with 
respect to the xı axis. 

А collective inspection of all these diagrams reveals three shared features for all Froude 
numbers. The maximum characteristic speeds occur in the velocity direction, i.e. along 
a streamline, as noted before. Secondly, all the characteristic speeds are symmetrically 
distributed about the streamline direction. Thirdly, the eigenvalue pairs (||A ||, 1А!) and 
(А || ПА) remain mirror skew-symmetric with respect to the crossflow direction, in the 
sense that the curves representative of ||А, || and ||А, || become the respective mirror images of 
the variations of ІА; || and |А. || with reference to this direction. The streamline and crossflow 
directions become two fundamental wave-propagation axes. 

For vanishing Froude numbers, the gravitational-convection propagation curves in the 
figure approach two circumferences. Тће distribution of propagation speeds in this case 
is isotropic, which corresponds to the direction-invariant propagation of gravity waves. 
As the Froude number increases from zero, the curves in the figure progressively become 
circular asymmetric, which corresponds to anisotropic wave propagation. For Fr = 0.5 this 
anisotropy is already evident and becomes more pronounced for higher Froude numbers. 
Тһе non-dimensional characteristic speeds then approach 1 in the region about the crossflow 
direction, which corresponds to essentially gravitational propagation. 

For all Froude numbers, the convection eigenvalues Ај» change sign when the n-direction 
shifts from an upstream to a downstream axis with respect to u. For this reason, the 
associated curves cross the polar origin. Pure convective propagation, therefore, remains 
mono-axial, from upstream to downstream of P and the axis of this type of wave propagation 
is the streamline. 

For subcritical Froude numbers the gravitational-convection eigenvalues A, and A, re- 
spectively remain positive and negative for all directions. For this reason the associated 
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Figure 16.2: Polar Variation of Subcritical Wave Speeds 
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Figure 16.3: Polar Variation of Supercritical Wave Speeds 


curves contain the polar origin. For subcritical flows, therefore, gravitational-convection 
waves propagate bi-modally, from both upstream and downstream toward and away from 
point Р, along all directions radiating from Р. 
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Beginning at the critical state, this pattern drastically changes for supercritical Froude 
numbers. In this case both A4 and А, change algebraic sign when the n direction shifts from 
upstream to downstream of P along a streamline. For this reason, the associated curves cross 
the polar origin. For supercritical flows, therefore, gravitational-convection wave propagation 
becomes mono-axial along a streamline, from upstream to downstream of P. 


16.3.2 Regions of Supercritical and Subcritical Wave Propagation 


The streamline and crossflow directions are principal directions of free-surface gravity and 
convection wave propagation. These directions become the axes of distinct wave-propagation 
regions, named the streamline and crossflow wave propagation regions. 

The supercritical mono-axial wave propagation pattern does not extend to the entire 
(21, 12) plane, but remains confined within two wedge regions about the streamline. About 
the crossflow direction, there exist two other wedge regions within which gravitational- 
convection wave propagation remains bi-modal, from both upstream and downstream to- 
ward and away from point P, even for supercritical flows. These regions are determined by 
finding the lines where the free-surface eigenvalues vanish. These lines are the crossflow and 
conjugate lines, as shown for subcritical and supercritical flows in Figure 16.4, along with the 
domain of dependence and region of influence of point P and the bi-modal and mono-axial 
propagation regions on the (21, 12) plane. 

As Figure 16.4-а shows, subcritical gravitational-convection waves propagate bi-modally 
over the entire plane, hence the free-surface eigenvalues do not all have the same algebraic 
sign. For supercritical flows, Figure 16.4-b shows the streamline wedge regions of mono-axial 
wave propagation, where the free-surface eigenvalues all have the same algebraic sign. Тће 
conjugate lines mark the boundary with the crossflow regions of bi-modal wave propaga- 
tion, where the free-surface eigenvalues do not all have the same algebraic sign, as in the 
subcritical-How situation. In particular, Луз < 0 and A,» > 0 respectively upstream and 
downstream of the crossflow direction. 

The conjugate lines remain perpendicular to the Froude lines while the mono-axial prop- 

agation regions grow as the Froude number increases. 
For Fr « 1, no mono-axial propagation region exists. For Fr — 1, the Froude lines coincide 
with the crossflow direction, the conjugate lines coincide with the streamline direction, hence 
the mono-axial propagation region consists of the streamline only. As the Froude number 
increases, the Froude lines approach the streamline and the conjugate lines approach the 
crossflow direction. ‘The mono-axial propagation regions thus grow as circular sectors of 
increasing angle, and the bi-modal propagation regions simultaneously shrink. Only for 
a theoretically infinite Fr will the mono-axial propagation region spread throughout the 
entire (21, z2) plane. The presence of the cross-flow bi-modal-propagation regions even for 
supercritical flows is due to gravitation-wave propagation. 
































16.3.3 Free-Surface Flow Characteristic Cones 


With reference to Section 14.2, the equations for F representing the characteristic surfaces 
in the time-space continuum arise by substitution of (14.45), (14.46) for n; and A in the 
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Figure 16.4: Wave Velocity Distribution: a) Subcritical Flows, b) Supercritical Flows 


eigenvalues (16.19). This procedure yields the free-surface characteristic-surface equations 


(Fi + uf.) =0, (A+ uf.) = ОР Fo, (16.22) 


where each subscript variable denotes differentiation with respect to that variable. In 
substantive-derivative form, the first of these two equations becomes 


DU 
(=) =i) (16.23) 
which shows that the corresponding characteristic surface remains time-invariant from the 
perspective of an observer who travels along with a fluid particle. 

The principal propagation directions as well as the flow domain of dependence and range 
of influence of a flow field point P in the time-space continuum are determined by studying 
the variation of the characteristic-surface shape versus the Froude number. As delineated 
in Section 14.3, in order to investigate these shape changes it suffices to study the shape 
changes of the corresponding characteristic cones, which are tangent at each flow field point 
P to the corresponding characteristic surfaces, but are far easier to determine. 

By virtue of the Galilean transformations in Section 14.3, the characteristic-surface equa- 
tions (16.22) simplify to 


OF \* ОРУ (Оту [Оту 
= | — | =0 =|--| -|- | - | | =0 16.24 
9 (22) | 9 (5) са ӘХ, ( ) 
The equation of the tangent characteristic cone is then directly obtained from these equa- 
tions through the Monge-cone ordinary differential equations presented in Section 14.3. The 
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solution of these ordinary differential equations for each equation in (16.24) is 


Хг Хо =0 
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By virtue of the inverse Galilean transformation, the equation of the first characteristic 
cone with respect to the fixed reference coordinates (£1, 22,1) then becomes 
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In the time-space continuum, these equations correspond to the single “convection” straight 

line 57,57, as displayed in Figures 16.5, 16.7. As time elapses, therefore, waves reach and 

then leave P along this line, which, in the space continuum, projects onto the streamline 
41 — Tio 42 — X20 


= a (16.27) 


U1 U2 
which represents in the time-space continuum a plane that contains the convection line. A 
spatial discretization that aims to model this propagation mode, therefore, can receive an 


upstream bias in the streamline direction. 
In the time-space continuum, the equation of the second characteristic cone becomes 





(21 — Lip — u(t — A + (£2 — 29, — иг(Е — i2 = с? (t — p (16.28) 
Hence 
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(ал — ал, — u(t — #,))? + (02 – — иви 
These equations corresponds to a characteristic cone with vertex at P that is tangent to the 
local characteristic surface at P and whose shape depends on Fr. As time elapses, therefore, 
waves funnel in towards P and out and away from P within the characteristic cone. In the 
space continuum, expression (16.29) represents the equation of a family of circumferences 
with center coordinates |21, + u4(£ — to), 22 + Ue(t — to)| and radius ||u|| (t — to) / Fr. 

For a vanishing c, this cone collapses onto the convection line (16.26), which, however, 
is not the axis of the characteristic cone. Figures 16.5, 16.7 portray this characteristic cone 
for subcritical and supercritical flows. Significantly, as Fr increases, the cone shears in the 
streamline direction, while its cross section remains an ellipse, of which the axes project onto 
the streamline and crossflow directions. 

As a fundamental geometric difference between supercritical and subcritical flows, a time 
axis through P is respectively outside and inside the cone. In this manner, time- independent 
rays, ie. lines issuing from the time axis for constant t, that are tangent to this cone 
only exist when the time axis is not inside the cone, that is for supercritical flows. The 
lines that issue from the time axis and are tangent to circumferences (16.29) in the (xj, £2) 
plane are then found to be the Froude lines. This finding is not coincidental, because 
time-invariant rays tangent to the characteristic cone correspond to steady-state (i.e. time- 
invariant) characteristic lines, which are the Froude lines for the steady free-surface equations. 
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Figure 16.5: Subcritical Characteristic Cone 


Figure 16.5 presents the subcritical characteristic cone. The time axis is inside the cone 
and no tangent time-invariant lines exist. As time elapses, in this case, the funneling of 
waves within the cone, towards and then away from P, corresponds on any constant-t plane 
to closed curves encircling P that shrink towards P and then expand away from P. Fig- 
ure 16.6 illustrates this pattern, which corresponds to the familiar Doppler distribution. This 
distribution results from projecting onto the flow plane several sections of the characteristic 
cone at various time levels and corresponds to pressure pulses emitted by a particle that 
subcritically moves along a streamline arc. From this perspective, a region of space centered 
about P is simultaneously the domain of dependence and range of influence for P. A spa- 
tial discretization that aims to model this propagation mode, therefore, should receive un 
upstream bias along all directions radiating from P. 

Figure 16.7 presents the supercritical characteristic cone. The time axis is outside the 
cone and the Froude lines are tangent to the cone on each constant-t plane. As time elapses, in 
this case, the funneling of waves within the cone, towards and then away from P, corresponds 
on any constant-t plane to information reaching P within its domain of dependence, between 
the two Froude lines upstream of P, and leaving P within its range of influence, between the 
two Froude lines downstream of P. Figure 16.8 illustrates this pattern, which corresponds 
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Figure 16.6: Subcritical Wave Propagation 


to the familiar Doppler distribution. ‘This distribution results from projecting onto the flow 
plane several sections of the characteristic cone at various time levels and corresponds to 
pressure pulses emitted by a particle that supercritically moves along a streamline arc. A 
spatial discretization that aims to model this propagation mode, therefore, should receive an 
upstream bias along all directions within the domain of dependence of P, with the streamline 
direction as the upstream-bias principal direction, since the streamline remains the axis of 
the domain of dependence and region of influence. 

The investigation of the characteristic cone shape change versus Fr, therefore, indicates 
that for unsteady and steady supercritical flows, the upstream-bias domain of dependence 
and region of influence for each flow field point P consist of the regions that contain the 
streamline through P and are bound by the Froude lines. For unsteady and steady subcritical 


flows, both the domain of dependence and region of influence encompass regions encircling 
I 

















16.3.4 Physical Multi-dimensional Upstream Bias 


Since for all Froude numbers there simultaneously exist regions of mono-axial and bi-modal 
propagation, a physically consistent, intrinsically multi-dimensional, and infinite directional 
upstream formulation for the free-surface equations has to provide an upstream approxi- 
mation suitable for supercritical flows within the mono-axial region, but consistent with 
subcritical wave propagation within the bi-modal region. This formulation has to involve 
a streamline upstream approximation that remains bi-modal for subcritical flows and then 
becomes mono-axial for supercritical flows. For all Froude numbers, а physical upstream 
approximation must then induce a bi-modal upstream bias along the crossflow direction. 
This upstream approximation has to introduce an upstream bias along all directions 
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Figure 16.7: Supercritical Characteristic Cone 


radiating from each flow field point. The bias in this approximation must change with 
varying direction and correlate with the directional distribution of the characteristic propa- 
gation speeds. Furthermore, the directional distribution of the upstream bias must remain 
symmetrical like the propagation speeds with respect to both the crossflow and streamline 
directions. 

The formulation developed in the following sections identifies the genuine streamline 
and crossflow convection and gravitational components within the flux Jacobian matrices. 
The formulation then establishes a physically consistent upstream approximation for each of 
these components, along all wave-propagation directions, with an upstream-bias magnitude 
that correlates with the directional distribution of the characteristic propagation speeds. 
For increasing Froude numbers, from zero on, the approximation gradually changes from 
bi-modal in subcritical flows to mono-axial in supercritical flows, within a conical streamline 
region that encompasses the domain of dependence and range of influence of each flow-field 
point, while remaining bi-modal for all Froude numbers within an appropriate conical region 
about the crossflow direction. 
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Figure 16.8: Supercritical Wave Propagation 


16.4 Gravity-Wave-Convection 
Flux Divergence Decomposition 


This section details a genuinely two-dimensional characteristics-bias formulation for the flux 
divergence Of; /Ox; in (16.2). This formulation rests on a decomposition of this divergence 
into convection, pressure-gradient, and streamline and crossflow gravity-wave components. 


16.4.1 Convection and Pressure-Gradient Components 
The flux divergence 2 2 сап be decomposed into convection and pressure-gradient compo- 
2 
Of, Off Of? 
„ 0f 9H (16.30) 
On; Ox: 0g. 
where fj and ј; respectively denote the convection and pressure flux components, defined 
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For any Froude number, Section 16.3 has shown the non-dimensional eigenvalues of the 
Jacobian "n; are 

À12 = быр, Азд = Па "d (16,32) 
For supercritical flows, the free-surface eigenvalues (16.32), all have the same algebraic sign 
within the streamline wedge region and the entire flux divergence can be upstream approx- 
imated along the streamline principal direction, within this region. For subcritical flows 
these eigenvalues have mixed algebraic sign and an upstream approximation for the flux 
divergence along one single direction remains inconsistent with the two-way propagation of 
gravity waves. Without the pressure gradient in the momentum equations, however, the cor- 
responding flux-Jacobian eigenvalues all have the same algebraic sign within the streamline 
wedge region and the resulting convection flux divergence can then be upstream approxi- 
mated along one single direction. The flux divergence can thus be decomposed as the linear 


combination of aft af? af? 
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where the positive pressure-gradient partition function can be chosen in such а way that 
all the eigenvalues associated with each of the two components between brackets in (16.33) 
keep the same algebraic sign within the streamline wedge region, for all Froude numbers. In 
this manner, these entire components can be upstream approximated along the streamline. 
The function B will gradually increase toward 1 for increasing Froude number, so that an 
upstream approximation for the components in (16.33) smoothly approaches and then be- 


д 


comes an upstream approximation for the entire 22 along the streamline, which also ensures 
J 


consistency with the corresponding one-dimensional formulation. Decomposition (16.33) is 
thus used for an upstream approximation of the flux divergence within the streamline wedge 
region, for subcritical and supercritical flows. This decomposition, however, is insufficient for 
an accurate multi-dimensional upstream modeling of gravity waves, for any Froude number 
range within the crossflow wedge region and for low and vanishing Froude numbers within 
the streamline wedge region. 

Concerning the cross-flow wedge region, the eigenvalues associated with (16.33) become 
the free-surface eigenvalues (16.18) for 8 = 1, hence for supercritical flows. As indicated 
in Section 16.3, these eigenvalues do not all have the same algebraic sign within the cross- 
flow wave propagation region. A mono-axial upstream-bias approximation of (16.33) within 
the cross-flow wedge region, therefore, remains inconsistent with the existing two-way wave 
propagation in this region. 

With regards to the streamline wave propagation region, for a Froude number that ap- 
proaches zero, the free-surface eigenvalues (16.18) can all keep the same algebraic sign only 
if the gravity-wave celerity contribution vanishes, which corresponds to a vanishing pressure 
gradient contribution and hence 8 approaching zero. But for 8 approaching zero, the eigen- 
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values associated with the components in (16.33) approach the eigenvalues of the Jacobians 
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m (E + е. Е F (Е + E) 2. (E + i3 y "üt 
(16.34) 
and 
0 , 0,0 , 0 
of; (д) Cui - 0 « 0.1 0 
да T = cns | 0 | 0 | 0 (16.35) 
Ü о 0,0,0 
The eigenvalues of these Jacobians respectively are 
Ala = 311; (16.36) 
and 
Ма = 0 (16.37) 


which certainly all keep the same algebraic sign for any wave propagation direction, but for 
vanishing Froude number remain far less than the dominant gravity-wave celerity c. For 
low Froude numbers, therefore, an upstream approximation for the components in (16.33) 
would inaccurately model the physics of gravity-wave propagation. This difficulty is resolved 
by further decomposing the pressure gradient in (16.33) in terms of genuine streamline 
and crossflow gravity-wave component, for accurate upstream modeling of gravity waves 
throughout the flow field. 


16.4.2 Gravity-Wave Components 


For arbitrary Froude numbers and corresponding dependent variables h, та, то and E, the 
free-surface flux Jacobians in (16.17) can be decomposed as 


Of; Off 05 Әр 
St eH St AM FAL 16. 
К ee qui (16.38) 


where, with reference to the gravity-wave equations (16.6) A7", and Ај“ are defined as 


0, 6 | б) ‚0 
có, 0 0 , 0 
А = 2 sj 
J C05 А 0 , 0 , 0 
87 2 53 2 
0 , 2(E-5) , 2(E- 5) , 0 
0 , -ói , —ói , 0 
ae | 0 | 0 , 0 
А; === () | () , () () (16.39) 
5 2 Й 2 
0, -2(E-5E) , -2(B+%) , 0 
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Heed, in particular that no flux component of f;(q) exists, of which the Jacobian equals A7". 
The eigenvalues of the matrix A7^n; have been determined in closed form as 





i =й (16.40) 


which identically vanish for any Fr. The matrix A7* can be termed a "non-linear coupling" 
matrix, for it completes the non-linear coupling иеа convection and gravity-wave within 
(16.17) so that the two free-surface eigenvalues | 4 in (16.19) do correspond to the sum of 
convection velocity components and gravity-wave celerity. Since the matrix A7" will be used 
in the upstream-bias formulation for small Froude numbers only and considering that the 
eigenvalues in (16.40) identically vanish no need exists to involve 47* in the upstream-bias 
approximation for the flux Jacobian (16.17). The eigenvalues of А n; have been exactly 
determined in closed form as 

Мо = 0, а = te (16.41) 


and remain independent of the propagation vector n, which signifies isotropic propagation. 
The matrix A7", therefore, can be termed the “gravity-wave” matrix, for its eigenvalues 
coincide with the gravity-wave celerity c for any Froude number. This matrix, therefore, 
can be used for an upstream-bias approximation of the free-surface equations in the low 
Froude-number regime, within the streamline region, and for any Froude number, within the 
crossflow region. 

For any two mutually perpendicular unit vectors а = (а, аз) and а“ = (а, а), along 
with implied summation on repeated indices, the gravity-wave component within the free- 
surface flux divergence can be expressed as 


AT" Ud = AT азар С 


Әх; 








q w 0q 
+ AM a; ay 16.42 
Ou fk да. ( ) 

With reference to Section 16.2.2, the matrix A7" a; possesses the similarity-transformation 
form 


Аа; = XA XT! = ХА XT! 4 ХА ХІ, AH = Agi 4 Ago (16.43) 


The matrices X A9"* X! and XA9"- X^! respectively correspond to the “forward” and 
"backward" gravity-wave-propagation matrix components of АЎ aj. А bi-modal upstream- 
bias approximation of А? ај, therefore, readily follows from instituting a forward and a 
backward upstream-bias approximation respectively for the forward- and backward- propa- 
gation matrices in (16.43). Results similar to (16.43) then readily follow by replacing a with 
а“. This bi-modal approximation directly yields both the non-negative-eigenvalue matrix 


statements 





Og дд 
дш — w+ _ gw- 
А9 aj aKa V LLL han 
дд дд 
дш м = w Ww 
|As а; = = A (AP + — A9 ух! CN "m (16.44) 


The matrices in (16.44) correspond to the streamline and crossflow absolute gravity-wave 
matrices. Different selection for A?"* and A9?"- induce distinct levels of upstream-bias dis- 
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sipation. With the forms 


265 О » 0, 0 Ü x U Vs | 
1| 0 0 0 0 1| 0 2с 0 0 
gw+ — ` , ? ? gw- — __— , ? ? 
didis Diy O СРНА T^ B 24 U^ y U » © + 0 Qo 
0 0 0 С Ug W gs С 


? ? ? 


the matrix product of |Af"aj = X (A9?"* — A9"-) X! and the directional derivative аљда/ От 
of q directly leads to the beautifully simple gravity-wave-field result 


Og Og Og 
gw Та - 
АЗ а ар Эт, = ХОХ аһ = саа. (16.46) 
The similar expression for (aj, a3 ) replacing (a1, a2) is 
х 09 1 n OF д4 
90 N “i I1 мо 73 _ No 20 
|Af"a? ag Bog. = Awl X ар a = сар a (16.47) 


where J denotes a 4 x 4 matrix. For a vanishing Fr, therefore, all the eigenvalues of the 
streamline and crossflow absolute gravity-wave matrices approach +c. 
Based on the similarity transformation, the flux divergence can thus be expressed as 








Of; ој дд 
243 = AP 
О. On У 
(XA X7! + ХА XT) а, ed + (Xp A+ XT? + X, ATÓ- X1) ya (16.48) 
F Ori LETS | 


in terms of forward and backward gravity-wave propagation components. 


16.4.3 Combination of Flux Divergence Decompositions 


The previous sections have shown that the free-surface flux divergence can be equivalently 


expressed as 
OF: Of? Of? 
Fe +6221 + [1 - 222: |: 





Ош; OL; OL; 
q 
е ОН ү ne Dd 
Ӧз; Ou. ab 
E _ 4 Е AN. oue 
a 1 а— 1 а 1 а— 
+ (XAH XT! + ХлХ ) аа + Т + ХА X51) af а y 
(16.49) 


The first decomposition conveniently leads to a characteristics-bias approximation within the 
streamline wedge region, for high-subcritical and supercritical Froude numbers, that induces 
less diffusion than the second, for increasing Froude numbers, but does not represent gravity- 
wave propagation for low subcritical Froude numbers. The second decomposition leads to a 
characteristics-bias representation that consistently models gravity-wave propagation within 
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the crossflow and streamline wedge regions, but induces more diffusion than the first for 
increasing Froude number. А gravity-wave-convection flux divergence decomposition for 
all Froude numbers for a characteristics-bias representation that not only induces minimal 
diffusion, but also models gravity-wave propagation is thus established as the following linear 
combination of these two decompositions, with linear combination parameter а and 0 < 
бу. Ж 1 


Of; _ Of wore Of? of la) | „ас OF 
ЕЕ и ad] + [1 -22 | а ón T Da 


_ = дд 2 -1\ „04 
a 1 а 1 а 1 а 
+ (ХлХ. ХА X ) ana + (XA ХХА Хак а = | (16.50) 








Owing to the simplifying parameter 6 = 8(1—а) and introducing the crossflow gravity-wave 
upstream parameter а“, with 0 < б, а“ « 1, the final form of the gravity-wave-convection 
flux-divergence decomposition becomes 





ofa) _ и (ХА Xx! de ХА ХТ) ES + о“ [LA a zu а^ | 
F OX, “ id Ox, 
Ој] Of; Of? да дд 
ô 1-а 0) + aA? Аба ur 16.51 
+ ар + | + (1-а т, + ? Эт. - + (а — а“) 7%} бк өл, (16.51) 


A consistent upstream-bias оа m from this combination because of the 
physical significant of each term. The weights a and a” respectively for the streamline and 
crossflow gravity-wave components in this expression are different from each other because 
the streamline and crossflow characteristic velocity components remain different from each 
other, following the system “о (16.19). For increasing Froude number, furthermore, 


the pressure gradient term Ел fi in this decomposition also contributes to the streamline 
gravity-wave upstream bias. These considerations indicate that the magnitudes of gravity- 
wave upstream bias for (16.51) along the streamline and crossflow directions will have to differ 
from each other for varying Fr, a “differential” upstream bias that can be instituted through 
the distinct weights a and а“ on the streamline and crossflow gravity-wave components. 

Bi-modal wave propagation exists for all Froude numbers in the crossflow direction. Ac- 
cordingly the crossflow gravity-wave term a" (x QUAE. LX. AU. 9 аў 29. will receive 
a bi-modal upstream bias. The associated term (а — а“) Ata? aj 20. need not receive any 
upstream-bias, for if it did it would obliterate all the GrOSsll o. gravity-wave upstream-bias, 
which remains fundamental for stability, as ied by the multi-dimensional character- 
istics analysis. In respect of the term a Ane 24. Jz, no upstream-bias is needed for this term 
either, for such an upstream would only add only algebraic complexity without any essen- 
tial contribution to the upwinding process since all of the eigenvalues of this term vanish, 
as noted in Section 16.4.2 with reference to (16.40). The magnitude of crossflow upstream 
bias is controlled by the weight о“, which does not have to vanish for supercritical flows, 
because of the presence of the finite bi-modal wave-propagation regions. Nevertheless, o" 
can decrease for increasing Fr, because the bi-modal crossflow region shrinks for increasing 
Froude number. 





590 Multi-Dimensional Free-Surface Flows 





The streamline gravity-wave term a (ХЛ X ! + ХЛ ХУ) a, ot accounts for the bi- 
modal streamline propagation of gravity waves; this term is thus employed for a gravity-wave 
upstream - bias approximation within the streamline wedge region, for low Froude numbers. 
Since this term already models pressure-induced gravity-wave propagation along each stream- 


j i bd А of? 
line, there is no need to develop an additional upstream bias for the (1 — a — б) also 
2 





д 
considering that the coefficient (1 — а — 0) of this term vanishes for gravity-wave and super- 


critical flows and all the associated eigenvalues are identically zero, as noted in Section 16.4.1 
with reference to (16.37). As the Froude number rises, besides, an increasing fraction of the 


| | "TE of} of; ; у 
pressure gradient receives an upstream bias іп the term E + 052 |. This expression is 
Ј Ј 


counted as one term because, with reference to (16.33), the eigenvalues associated with this 
term will all keep the same sign within the streamline wedge region, since ô = (l—a)@ < 8. 
Based on the two principles of minimal upstream dissipation and consistent infinite- 
directional upstream bias, the developments in the following sections show that for Fr = 0, 
the functions a and o equal 1, whereas the function 6 equals 0; for increasing Fr, a rapidly 
decreases and vanishes, о rapidly increases and then identically equals 1, for supercritical 
flows, and а“ monotonically decreases. Employing decomposition (16.51), the following 
sections establish a computationally efficient characteristics-bias Euler flux divergence. 





16.5 Characteristics-Bias Flux-Divergence 


With reference to (14.103), given the physical significance of the terms in decomposition 
(16.51) and algebraic signs of the corresponding eigenvalues, the associated principal direc- 
tion unit vectors for these terms are 


a, = –аг = а; = а, аз = –ал = а“, а = ат = аз = 0 (16:52) 


At each flow-field point, а and а“ remain respectively parallel and perpendicular to the local 
velocity, with а“ obtained by a 90°- degree counterclockwise rotation of a. 

With (16.51) and (16.52), the general upstream-bias expression (14.103) directly yields 
the gravity-wave-convection characteristics flux divergence 


Off Of; д да | Off Of 
- u NN NY CUT 16. 
qm a On еф c (оаа, + а "а; а; a Әл. -"а ‘Bz, T. Ro (16.53) 








д un ) (са ај ај AL) determine the 
upstream biases within respectively the streamline and crossflow wave propagation regions. 
These two combined expressions then induce a correct upwind bias along all wave propagation 
regions. The operation count for expression (16.53) is then comparable to that of an FVS 
formulation. The terms in this expression, furthermore, directly correspond to the physics 
of gravity-wave propagation and convection. Expression (16.53) determines f itself, up to 
an arbitrary divergence-free vector, as 


In this result, the expressions (cana; d 77 + а; a + а; 





Sag n2 (16.54) 


да 
С _ | _ NNN 
| =R ev | (aaja; + а ai 7) эт, ns "да; Ox; 
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According to this result, the intrinsic multi-dimensionality of each component С derives 
from its dependence upon the entire divergence of f} and ју. The components in this flux 
remain linearly independent of one another, which avoids the linear-dependence instability 
in the steady low-Froude-number free-surface equations. 

For vanishing Froude numbers, а and o^ will approach 1 whereas ó will approach 0. 
Under these conditions, (16.53) reduces to 


0ff Of; a да | Ofi 
m7. ‚о 16. 
Ox OL; Ox; i "n ib OL; ( 95) 




















which essentially induces only a gravity-wave upstream bias. Heed that this bias becomes in- 
dependent of specific propagation directions, for it no longer depends on (ова, + а“ај ај ). 
This bias, therefore, becomes isotropic, in harmony with the isotropic propagation of gravity 


waves. For supercritical flows, a = 0 and 6 = 1 and (16.53) thus becomes 


+ 3] (16.56) 


1 
ОВ; 





afe | Of; ð 


04 i 0355 Ox; 








Е [ca а/а 


х OF 
4 Ou 


which depends on the crossflow component of the absolute gravity-wave matrix and the 
entire divergence of the free-surface inviscid flux vector. 





16.5.1 Consistent Multi-Dimensional and 


Infinite Directional Upstream Bias 


In Jacobian form, expression (16.53) becomes 


of; Of; 2 Of j Of d Og 
= a; + о aa? | | те 
ш ов о еф | с (aaia; +а а; а; ) I +a; 91 + а;д ES (16.57) 





which essentially depends upon the five upstream-bias functions а, ао, о, д, а“. In order 
to ensure physical significance for the characteristics flux (16.54), hence for the upstream- 
bias approximation to decomposition (16.51), these functions are determined by imposing 
on (16.57) the stringent stability requirement that it should induce an upstream-bias diffu- 
sion not just along the principal streamline and crossflow upstream directions, but along all 
directions n = (па, по) radiating from any flow-field point. This condition corresponds to sta- 
bility of the upstream-bias expression. By virtue of the developments in Sections 14.4,14.5.4, 
expression (16.57) will, therefore, be stable when all the eigenvalues of the upstream-bias 
matrix 





OT: D 
А = п; ( (оаа, -— оаа") I+ m -— T n; (16.58) 


remain positive for all Fr and propagation directions m. 


16.5.2  Upstream-Bias Eigenvalues and Oblique-Jump Capturing 


Despite the formidable non-linear algebraic complexity of A, all of its eigenvalues have been 
analytically determined exactly in closed form. Dividing by the gravity-wave celerity c, the 
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non-dimensional form of these eigenvalues is 


Ms = hi (aaia; + o"ajaj ) n; + пау Fr 


Ад = nj (оаа, 4 o"aj'aj ) mt duds nurse n;a; V ô (16.59) 


In these expressions, v; denotes the j*" direction cosine of a unit vector v parallel to the 
local velocity u. Accordingly, the inner product v;n; supplies the cosine of the angle between 
the velocity vector and the unit vector n; when this unit vector is orthogonal to an oblique 
hydraulic-jump facet, these eigenvalues, as a result, depend on the ^normal" Froude number 
Fr, = Frvj;n;, which corresponds to the Froude number of the flow in the direction normal 
to the jump. The function д from Азд is thus calculated on the basis of this normal Froude 
number, so that the resulting multi-dimensional upstream-bias formulation across a jump will 
sense the supercritical and subcritical flows in the normal direction, as in a one-dimensional 
flow. 

All these eigenvalues must converge to 1 for vanishing Mach number, for an accurate 
modeling of gravity waves. Heed that for both а = v and m = v, the functions а and 
д within (16.59) determine the corresponding streamline upstream-bias eigenvalues already 
established in Chapter 12 


№ = а + Fr, Ма = а + Fr += Уб (16.60) 


Rather than prescribing some expressions for а and д and accepting the resulting variations 
for these eigenvalues, again physically consistent expressions for the streamline upstream-bias 
eigenvalues are instead prescribed and the corresponding functions for а and д determined. 
As shown in the following sections, all of these upstream-bias eigenvalues will remain positive 
when о and 6 are calculated via the streamline-flow expressions, from Chapter 12, and а“ 
forces Азд to remain positive for all n and Froude numbers. 


16.5.3 Conditions on Upstream-Bias Functions and Eigenvalues 





The eigenvalues (16.59) are expressed as 


Аја = Аја (Fr, n) (16.61) 








to stress their dependence upon both Fr and n. The five theoretical conditions for the 
determination of the five functions ај, ао, а, ô, а“ are 


Ai2(Fr,n) 20, а-а“ =0 
Ау (Fr, v) = Дү, Ад (Fr, v) = Ад, Азд (Ет, n) P (16.62) 


where A; and A4 now denote prescribed streamline upstream-bias eigenvalues. ‘The first 
condition stipulates that the unit vector а is parallel to the velocity vector and the second 
condition determines that а and а“ are mutually perpendicular vectors. In particular, these 
two conditions specify that the unit vectors a and а“ respectively point along the streamline 
and crossflow directions. ‘The third and fourth conditions stipulate that the streamline 
upstream-bias eigenvalues must equal prescribed eigenvalues. The streamline eigenvalues 
Ау and А will therefore coincide with the eigenvalues A; and A» of the one-dimensional 
formulation. For the determined а, а“, o and д, the fifth condition then establishes а“. 
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16.5.4 Upstream-Bias Functions a, a, and бё 


These functions are used in actual computations based on the characteristics flux divergence 
(16.53). In the eigenvalues Ај » in (16.59), the components 


2 
Napa; ny = а“ (ап) (16.63) 


пода тј) = а (an; , та 

are already non-negative for non-negative a and а“. The eigenvalues Ај; will remain non- 

negative for all positive a and o", including а — 0 and а“ — 0, when the additional 

component n;a;v;n;F'r remains non-negative for all Fr. This requirement is met when 
а = v, for 

n;a;U;n;Fr = Fr (vn) > 0 (16.64) 


This finding is not surprising, for the streamline direction is а principal characteristic direc- 
tion. Based on a = v, the components of а“ are calculated as 


а = 09, ар = (16.65) 


As noted, the expressions for а and д coincide with the streamline-flow results based 
on the prescribed streamline eigenvalues A, and A4. Restated here, for convenience, the 
expressions for these two eigenvalues are 














1 — Fr+ T Fr) | 0 < fr = 5 
Јер ЈЕ | а. 
à (Fr) = ( 2) T - 3 S ТЕ же 5 Еру (16.66) 
255 2 
Рт | 5 + ban ~ LF 
1— Fr | 0 SP © de 

Heady ee 
A4CFT) = | ) “Р аі , L= Epe < P x Lp Er (16.67) 

2€ p, 2 
where Ep. = "t From the expressions in (16.60), the corresponding functions for both 


а = a(Fr) and ó = ó(Fr) are 
oa(Fr) = №(Ет) – Fr, (Ет) = (А (Fr) — A3(Fr)) (16.68) 


16.5.5 Crossflow Upstream Function o" 


For the determination of а“ = o"(Fr) from Азд (Ет, т) > 0 in (16.62), heed that a = v 
remains perpendicular to а“, while n;a; and таг denote the vector “dot” products between 
the unit vector n and the unit vectors a and а“ respectively. Accordingly, 








nia; = cos 0, nid; a; nj = sin? 0, 0 


0 — 6, (16.69) 


594 Multi-Dimensional Free-Surface Flows 





where 0 and 6, denote the inclination angles between the x; axis and n and v respectively. 
For eigenvalue № = № (Fr, т) in (16.59), the condition А, (Fr, n) > 0 yields 


_ cos @М//8 — cos? 0 (а + Fr) 





“> а(б,Ег) = = 16.70 
i >g (8, r) 1 — cos? 0 ( 
For supercritical flows with Fr > 1 + £€,, а = 0 and 6 = 1, hence (16.70) becomes 
E cos Ü — Fr cos? 0 
YS wig жє = 16.71 
И > 9 (8, r) 1 — cos? 0 | ) 





and in particular а“ > gmax( Fr), where gmax(Fr) denotes the maximum of д = g(0, Fr) 
with respect to 0, for each Fr. From (16.71), the determination of gmax(F'r) yields 
Og 


п" = cos? – 2Егсо50 +1 = 0 (16.72) 


which leads to 


- 1 
cos 6 =Fr—VFr?-1,  gwx(Fr)-— Е (16:79) 
д—дтах 
Significantly, the same solution for gmax( Fr) results from the condition Аз (Ет, т) > 0. 
Consequently, 
да“ > (Fr- VFr? -1), Fr> Fr, =1te, (16.74) 


and considering that А, (Ет, , u) = 2,, an analogous equality is adopted for 2a" ( Fr,), leading 
to га (Fr,) = 2gmax(F'r,) + €,. For subcritical flows, a numerical analysis of g = g(0, Fr) 
from (16.71) reveals that g(0, Fr) < 0.3 for all Ө and Fr < Fr,. Additionally, for an isotropic 
gravity-wave upstream for vanishing Fr, а“(0) = 1 and да“ /дЕт|к—„ = Oa/OFT| po = 
o = —2, whereas for Fr > Fr, both а“ and its derivative with respect to Fr follow from 
(16.74). A smooth variation for а“ = a%(F'r) that satisfies all of these constraints is the 
composite spline 








‚ ‚ Fr i 
Ca + аут, — 20, + 2) e | 


Х 








| | ту 
— (ох + 200) Ет, — Зор, + 8) | : | 





Pra Fr, 
а“ (Fr) = ‚ [їр (16.75) 
+ (osFr,) (=) +1 0 <Fr< Fr, 
1 2 
— {1+ E (Fr — V Fr? - 1), pp. & Fr 
2 Fr, — Fr =] 
where superscript prime “’” denotes differentiation with respect to Fr and subscript “Fr,” 





in both o, and ар, indicate their respective magnitudes at Fr = Fr, from the second 
expression in (16.75). 
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16.5.6 Variations of a, б, а“ 


The variations of а = a(Fr), а“ = а“(Ет) and 6 = ó(Fr) in Figure 16.9 indicate that 
these three functions as well as their slopes remain continuous for all Froude numbers, with 
ж au ,0 <1; 

These distributions show that the variations of а and а“ remain distinct from each other. 
The decrease of а“, hence of the crossflow upstream-bias, is less rapid because this is the 
only contribution to a crossflow upstream. The function а“, nevertheless, decreases by 50%, 
at the critical state, and by 80% for Fr = 1.8. For this function, forcing non-negativity of 
Азд as opposed to equality to a prescribed positive constant, in particular, ensures minimal 
cross flow diffusion. 
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Figure 16.9: Upstream-Bias Functions 


Expression (16.75) leads to the conclusions 


О М 
Pun Ар ao ПРЕ Е 


0 (16.76) 


which indicate that the magnitude of crossflow upstream decreases with increasing Fr. ‘This 
result agrees with the physics of high-Fr flows, where the bi-modal propagation region 
narrows about the crossflow direction, as seen in Section 16.3. Convection thereby becomes 
the prevailing wave propagation mechanism, which therefore reduces the need for gravity- 
wave crossflow upstream bias. 
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16.6 Polar Variation of Upstream-Bias 


The directional variation of the upstream bias eigenvalues (16.59) is presented in Fig- 
ures 16.10 - 16.11 for representative subcritical and supercritical Froude numbers. These 
variations are obtained for a variable unit vector n = (cos@,sin@) and fixed unit vector 
а = v, in this representative case inclined by 4-30? with respect to the x; axis on the flow 
plane. 


Fr = 0.5 
90° 80° 





l у Џ У 
240° 7 ы] ш tes „300° 240° = шр шш Ме „300° 


Figure 16.10: Polar Variation of Subcritical Upstream Bias 


These figures collectively indicate that the characteristics flux divergence (16.53) induces 
a physically consistent upstream bias for any Froude number and wave propagation direction 
n, because the associated upstream-bias eigenvalues (16.59) remain positive and their direc- 
tional variation mirrors the directional variation of the characteristic free-surface eigenvalues 
(16.19). The upstream-bias eigenvalues are symmetrical about the crossflow direction and 
characteristic streamline, precisely like the characteristic free-surface eigenvalues (16.19). 
For Ёт = 0.05, the directional variation of the upstream-bias eigenvalues in Figure 16.10 
correlates with that in Figure 16.2 and thereby corresponds to an isotropic upstream bias, in 
complete agreement with the isotropic gravity-wave propagation celerity in the free-surface 
equations. For increasing Froude numbers, the upstream bias becomes anisotropic, again 
in agreement with the anisotropic distribution of the free-surface eigenvalues (16.18). For 
Ет = 0.5 this anisotropy is already evident and then becomes more marked for supercritical 
Froude numbers as indicated in Figure 16.13. In particular, the crossflow upstream bias 
decreases for increasing Froude number. 

Figures 16.12 - 16.13 compare the directional variations of the representative upstream- 
bias eigenvalue Аз and the corresponding free-surface eigenvalue A. 
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Figure 16.11: Polar Variation of Supercritical Upstream Bias 
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Figure 16.12: Polar Correlation of Subcritical Characteristic and Upstream Аз 
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Figure 16.13: Polar Correlation of Supercritical Characteristic A and Upstream A3 


This comparison is sufficient to depict the correlation between all the free-surface and 
. . Fr | . . 
upstream-bias eigenvalues, for Ај» and Ау» are topologically similar to each other, compare 





Figures 16.3 and 16.13, while A4 and du- are respectively mirror skew-symmetric to Аз and 
№" with respect to the crossflow direction. 

As Figures 16.12 - 16.13 indicate, Аз is symmetrical about the characteristic streamline, 
precisely like the corresponding characteristic free-surface eigenvalue A and the correspond- 
ing polar curve is topologically similar to the free-surface eigenvalue curve. For Fr = 0.05, Аз 
and А, virtually coincide with each other and remain direction invariant, which corresponds 
to an isotropic upstream bias in correlation with the gravity-wave celerity. For Fr = 0.5, 
Figure 16.12 indicates that P is greater than Аз in the streamline direction. 

For supercritical Froude numbers, Аз in the streamline direction coincides with Fr + 1. 
As shown in Figure 16.13, therefore, the magnitude of the upstream bias for supercritical 
flows is virtually identical to the magnitude of the characteristic eigenvalues, within the 
domain of dependence and range of influence of any flow field point. Outside this region, 
the upstream-bias eigenvalues are modestly less than the characteristic eigenvalues. In these 
variations, the upstream-bias eigenvalues are vanishingly small in the cross- flow direction, 
which, in particular, corresponds to minimal crossflow diffusion. 








16.7  Variational Statement and Boundary Conditions 


This section presents the characteristics-bias Euler and Navier-Stokes integral systems and 
then details a set of boundary conditions. 
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16.7.1  Characteristics-Bias Euler and Navier-Stokes Systems 


With reference to the developments in the previous sections and Chapter 14, the charac- 
teristics - bias Euler and Navier-Stokes systems for depth-averaged open-channel flows are 
formulated as follows. 
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Тһе corresponding Navier-Stokes equations аге expressed as 
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where T = Е/ћ— ||V |/2. These systems provide the Galilean-invariant characteristics-bias 
formulation for inviscid and viscous depth-averaged free-surface flows. 





16.7.2 Weak Statement and Boundary Conditions 


With implied summation on repeated subscript indices, 1 < 2,7 < n, the characteristics-bias 
Euler and Navier-Stokes free-surface integral systems may be concisely expressed as 
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where the arrays 9, fj, f;, ју follow from inspection of (16.77)-(16.82). The corresponding 
weak statement is achieved by integrating by parts the characteristics-bias expression, an 
operation that yields the integral statement 
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When the divergence of the viscous flux / is also integrated by parts, the following equivalent 
statement is obtained 
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where n; denotes the i-th component of the outward pointing unit vector perpendicular 
to a boundary facet, as depicted in Figure 16.14; when the boundary corresponds to a 
wall, then a;n; = 0 and the corresponding terms in the characteristics-bias surface integral 
will identically vanish. Тһе ew surface integral, in any case, is eliminated by enforcing 
a weak Neumann-type boundary condition for the hyperbolic-parabolic characteristics-bias 
perturbation. One part of this condition imposes that the original Navier-Stokes system 
should be satisfied at the boundary; the remaining terms are also set to zero as part of this 
weak boundary condition. Clearly, the single Neumann-type condition corresponds to the 
entire boundary EUM set to nought. For supercritical flows with Fr > 1+ =, а = 0, 
д = 1 and for either та; = 0 or aj AL = — 0, or both, this boundary condition enforces 
the Navier-Stokes system on the boundary. With the imposition of this weak boundary 
condition, system (16.85) becomes 
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from which, for computational simplicity, the characteristics-bias term for the viscous flux 
may be omitted without loss of stability. 

For all test functions w € ^t! (0), the variational formulation seeks a solution q € Н'(0) 
with 7 = бог 7 = 1 respectively for shocked or smooth flows, that satisfies this weak 
statement. This statement is subject to prescribed initial conditions q(r,0) = qo(r) and 
boundary conditions on 00 = 010. Synthetically, these boundary conditions are expressed 
as 











B(z;a)a(£54, t) E Gy (ss, E) (16.87) 


where С, (2,0) corresponds to the array of prescribed Dirichlet boundary conditions, with 
а zero entry for each corresponding unconstrained component of q, and B(r,,) denotes a 
square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
corresponding unconstrained component of q. 

The number of boundary conditions at inlet and outlet depends on the number of negative 
eigenvalues of the Jacobian "n. where n; denotes the j-th component of the outward 
pointing normal unit vector n on OX). 

At a subcritical inlet, only one eigenvalue of in is positive; as a result only one inlet 
variable must not be constrained. At such an inlet, Dirichlet boundary conditions are en- 
forced on free-surface height h, total energy E, and transverse linear momentum m». For an 
inviscid flow, no boundary condition is enforced on the axial linear-momentum component 
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та. For a viscous flow, an inlet boundary condition for the axial linear-momentum equa- 
tion that can be prescribed is a vanishing surface traction 7111), with ту; the components 
of the deviatoric Navier-Stokes stress tensor, a condition effectively enforced by deleting the 
corresponding surface integral in the statement 
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Where the inlet flow is supercritical, all the eigenvalues of От, are negative and, corre- 
spondingly, Dirichlet boundary conditions are enforced on free-surface height h, energy E, 
and the components т; and то of linear momentum. These conditions may be cast as 


Oh ‚ дЕ ‚ Әт; ‚ . 
э Т») = 4,00), 7 (0st = 400), (0,0) = а, (6), 15:52 (16.89) 


where 4, (t), q; (t), Gn, (t), 1 € i € 2, denote prescribed bounded functions. 

At a solid wall, which corresponds to a streamline, u · n = 0 and, as a result, only one 
eigenvalue of Sin is negative. One boundary condition is thus required at а wall for an 
inviscid flow. ‘This solid-wall boundary condition corresponds to the wall-tangency, i.e no- 
penetration, condition u - n = 0. With reference to the decomposition f; = ff + f; and 


Figure 16.14-a, 
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Figure 16.14: Boundary Regions: a) Wall; b) Outlet 
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the divergence of the convection flux with components ff within (16.86) is integrated by 
parts at a wall region, an operation that yields the wall boundary statement 
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where ју = 0 for an inviscid flow. This statement features a generalized “numerical flux” 
for f? and a wall surface integral that depends on the mass flux m.n. A wall mass-flux 


boundary condition is thus directly enforced within this surface integral, with a wall-tangency 
boundary condition obtained by setting the entire integral to nought. For an inviscid flow, 
this is the only boundary condition that is required at a solid wall. 

For a viscous flow, the two linear-momentum components in statement (16.90) are re- 
placed by the no-slip boundary conditions on та and т»; the wall mass-flux surface integrals 
in the continuity and total-energy components in this statement are then eliminated. The 
wall heat-flux integral in the energy equation 
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is then used to specify a heat-flux boundary condition, by inserting the prescribed heat-flux 


ôT = = n; in this integral. For a cold- ог hot-wall boundary condition on a corresponding 


wall facet, the heat flux is cast via a temperature variation or the energy equation (16.91) 
is replaced by a wall surface integral; similarly, for a condition on the axial velocity 
component u, the axial-momentum equation (16.88) is replaced by a corresponding surface 
integral. These integrals are 


fiw (T — T4) av — 0, gow (hu, — та) dT =0 (16.92) 


where Т and и, denote prescribed wall quantities. 

At a supercritical outlet, all the eigenvalues of = п; are positive and thus no boundary 
conditions are enforced for an inviscid flow; for a viscous flow, the minimal-perturbation 
boundary conditions that may be prescribed involve an adiabatic outlet stream and vanishing 
deviatoric work per unit time штут, and surface tractions Tinj. The adiabatic-stream 
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condition is enforced by deleting the corresponding surface integral in the outflow energy- 
equation integral 
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Тһе vanishing-traction condition is enforced by deleting the corresponding surface integral 
from the linear-momentum statement 
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If the traction 7;;n; does not vanish at an outlet, its known or prescribed numerical value 
may be enforced via the corresponding ier integrals in (16.93)-(16.94). 

At a subcritical outlet, one eigenvalue of 9f; aq nj 15 negative and one boundary condition is 
thus required. A similar surface-integral M is employed at such a subcritical outlet 
region to enforce a specified boundary condition on pressure p for an inviscid flow, and on 
the deviatoric surface tractions 7;;n; for a viscous flow. With reference to the decomposition 
f; = f; + f}, in Section 16.4.1, and Figure 16.14-b, the divergence of the pressure flux with 
components f7 within the momentum equations (16.94) is integrated by parts at an outlet 
region, an operation that yields the outflow boundary statement 
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This statement features an outflow surface integral that depends on the outlet-pressure 
specific-force components pn;, 1 < i < 3. With т;п; = 0, the outlet pressure boundary 
condition is thus directly enforced by specifying the prescribed outlet pressure for p within 
this surface integral. This strategy for imposing an outlet pressure boundary condition 
remains intrinsically stable as the following basic considerations on the linear-momentum 
equation for та indicate; similar conclusions apply to the linear- momentum equation for 
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то. Consider first the case of an outlet with nj < 0, which implies Qw/Ox, < 0 and 
m, < 0. If some computational perturbation induced a decrease in h at the boundary 
below the imposed magnitude, then m4 would increase, which would induce a corresponding 
restoring increase in h from the continuity equation; similar stability conclusions would 
results by considering a perturbation increase of h at the boundary. Consider the other case 
of an outlet with n; > 0, which implies Ow/O0x, > 0 and та > 0. If some computational 
perturbation induced a decrease in h at the boundary, then mı would decrease, which again 
would induce a corresponding restoring increase in h from the continuity equation; similar 
stability conclusions result by considering a perturbation increase of h at the boundary. 
The results in Section 16.10 confirm the accuracy and stability of this pressure boundary- 
condition enforcement procedure. 


16.8 Finite Element Galerkin Weak Statement 


Since the characteristics flux divergence (16.53), is developed independently and before any 
discretization, a genuinely multi-dimensional upstream-bias approximation for the govern- 
ing equations (16.2) on arbitrary grids directly results from a classic centered discretization 
of the characteristics-bias weak statement on the prescribed grid. To this end a Galerkin 
finite element method is employed to discretize in space the integral statement (16.86). 
This method not only accommodates arbitrary geometries or generates consistent non- 
extrapolation boundary equations for g, but also retains the ideal surface-integral venues 
of the integral statement to enforce the boundary conditions described in the previous sec- 
tion. 

The finite element approximation exists on a partition О” of О, where h signifies spatial 
discrete approximation. Having its boundary nodes on the boundary 0€? of Q, this partition 
Q^ results from the union of №, non-overlapping elements Qe, O^ = UX, Qe. With n = 0 
or 7 = 1, respectively for shocked or smooth flows, and with Р, (Ә,) and Р,,(Ә.) the finite- 
dimensional function spaces of respectively diagonal square matrix-valued and vector-valued 
linear polynomials within each Qe, for each “t”, the corresponding diagonal square matrix- 
valued and vector-valued finite element discretization spaces employed in this study are 
defined as 
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(16.96) 
Based on these spaces, the finite element approximation q^" € S”, is determined for each ^t" 
as the solution of the finite element weak statement associated with (16.86) 
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with similar expressions for statements (16.88)-(16.95). Since every member ш" of S! results 
from a linear combination of the linearly independent basis functions of this finite dimensional 
space, statement (16.97) is satisfied for N independent basis functions of the space, where 
N denotes the dimension of the space. For N mesh nodes within О”, there exist clusters of 
“master” elements 0“, each cluster comprising only those adjacent elements that share a 
mesh node хь, with 1 < k < N, where N denotes the total number of not only mesh nodes, 
but also master elements. 

As detailed in Chapter 7, the discrete test function w^ within each master element ОМ 
will coincide with the “pyramid” basis function шк = ир (x), | € k € №, with compact 
support on Q. Such a function equals опе at node хк, zero at all other mesh nodes and 
also identically vanishes both on the boundary segments of 127" not containing xj, and on the 
computational domain outside у. 














Figure 16.15: Pyramid Test Function for Ө 


The discrete solution q^ and flux f? at each time t assume the form of the following 
group linear combinations 


=Y u(x Кбе), Је = Ули бо) (q^ (xz, t) ) (16.98) 





of time-dependent nodal solution values 0" (x;,t), to be determined, and trial functions, 
which coincide with the test functions w(x) for a Galerkin formulation; an analogous ex- 
pression applies for ф and Ts Similarly, the fluxes f? = f#(q(x,t)) and f? = f7(¢(x,t)) 
are discretized through the group expressions 


fr кй = 3 we (x) ff (d G9); Fags Учеб) (еа) (16.99) 
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The notation for the ee nodal variable т fluxes is then simplified as qe(t) = q (xz, t), 


fie = Sj (q^ (Xe, t)), fi = fF (q (Xe, 8). 7, mI ( q* (же, t) and expansions (16.98)- 
(16.99) are then incu into (16.97), which EUN the discrete finite element weak statement 
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for 1 < k < N; the three-test-function matrices in (7.186) are then needed to discretize 
the viscous terms in the linear-momentum and energy equations. There are three implied 
summations with respect to the subscript indices 1, 7, т. The subscript indices 2,7 in this 
expression denote cartesian-axis directions, hence 1 < 2,7 < 2, for two-dimensional flows, ог 
1 < 2,7 < 3, for three dimensional flows, whereas subscript m indicates a mesh node, hence 
1 < m < N, although a sum like УУ , Wm Бо only involves a few neighboring terms because 
the compact-support test function Wm is only non-zero within a cluster of a few neighboring 
elements. 

While an expansion like the ones in (16.98) for 0", o^, c^, a^, aV" and 6” can be directly 
accommodated within (16.100), each of these variables in cn ub has been set equal to a 
piece-wise constant for computational simplicity, one centroidal constant value per element. 
Within each element, the terms v^ and =" are respectively set equal to the controller and 
reference length developed in Chapter 10. As shown in that chapter, =" corresponds to the 
length of the streamline radius of the generalized ellipse inscribed within each element, since 
the streamline is a characteristic principal direction. 

Since the test and trial functions шк are prescribed functions of x, the spatial integrations 
in (16.97) are directly carried out. For arbitrarily shaped elements, these integrations take 
place as detailed in Chapter 7. Concerning the boundary variables, no extrapolation of 
variables is needed in this algorithm on a variable that is not constrained via a Dirichlet 
boundary condition. In this case, instead, the finite element algorithm (16.100) naturally 
generates for each unconstrained boundary variable a boundary-node ordinary differential 
equation. The complete integration with respect to x transforms (16.100) into a system of 
continuum-time ordinary differential equations (ODE) for determining at each time level t 
the unknown nodal values q^ (x;,t), 1 << N. 























16.9 Implicit Runge-Kutta Time Integration 





The finite element equations (16.100), along with appropriate boundary equations and con- 
ditions, are abridged as the non-linear ODE system 


RD FE QH) (16.101) 
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where М = {шкш,} denotes the mass matrix, M 2900 indicates the corresponding coupling 
of time derivatives in (16.100), and F (t, Q(t)) represents the remaining terms in (16.100). 
The numerical time integration of (16.101) takes place through a two-stage diagonally 


implicit Runge-Kutta algorithms (IRK2), as detailed in Chapter 8, expressed as 


дала — ба = ЮК, + К 
МЕ = Д -F (tn + At, Qn + 41144) 
ЛМК» = дүз Е cs E Co AT, Qu аР аә1 К] T 033 Кэ) (16.102) 


where n now denotes a discrete time station. Given the solution Qn at time tn, K is 
computed first, followed by А». The solution С, is then determined by way of the first 
expression in (16.102). 

The terminal numerical solution is then determined using Newton's method, which for 
the implicit fully-coupled computation of the IRK2 arrays K;, 1 < 7 < 2, is cast as 


OF \? 

м — aa At (22) | a — К?) = At F (tr + ci At, QF) – MK? 
QF 

where а = 0 for j > i, p is the iteration index, and K? = К, for i = 2; the Jacobian 


ЛО) = M — au At on (16.104) 





has been analytically determined and implemented, leading to a block sparse matrix. For 
all the results documented in the next section, the initial estimate К? is set equal to the 
zero array, while a Gaussian elimination is used with only one iteration executed for (16.103) 
within each time interval. In this mode, Newton’s iteration becomes akin to a classical direct 
linearized implicit solver. 


16.10 Computational Performance 


The characteristics-bias finite element algorithm detailed in the previous sections has gener- 
ated essentially non-oscillatory solutions for five flows involving: an asymmetric dam-break, 
a backward-facing step channel, a stream-driven inlet, and two oblique hydraulic jumps. ‘The 
asymmetric dam-break problem has employed several grids; the remaining benchmarks have 
employed a non-uniform finite element discretization of Lagrange bilinear elements, consist- 
ing of 40 bilinear elements in the transverse and longitudinal directions, for a total of 1600 
elements, 1681 nodes and 6724 degrees of freedom. 

For each benchmark, the calculations proceeded with a prescribed constant maximum 
Courant number, 

At 


(AB (16.105) 


Cmax = max([[u|| + c; ||| — c, c} 
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For prescribed (226), and Cmax for each benchmark, the corresponding At is determined as 


Cmax(A£)e 


- (16.106) 
max{||ul| + с, ||u|| — с, с) 








АП the solutions in these validations are presented in non dimensional form and have asymp- 
totically converged to the preset machine zero of 5 x 10 !?. For each viscous flows, as men- 
tioned in the previous chapter, the algorithm in 1 Newton-iteration mode generated a final 
steady state by using a gradually increasing Courant number from 2, at the beginning of each 
computational sequence, to 20 in the middle of the sequence, and up to 100 towards steady 
state. As expected, the maximum allowable Courant number decreases when y decreases; 
on the other hand, the maximum allowable Courant number need not decrease substantially, 
when more than 1 Newton iteration is employed per time step. The upstream controller 
i was set to w = 0.5, from beginning to convergence to an initial steady state, and then 
gradually reduced to «v ~ 0.1 to lessen the decrease in the effective Reynolds number. For 
these viscous flows, each of the computational final steady state was achieved in about two 
thousand time steps. The inviscid flow cases rapidly converged each in about two hundred 
times steps with Cmax = 75, without employing the increasing Courant-number strategy. 




















16.10.1 Asymmetric Dam-Break Flow 


This section investigates the flow resulting from a the sudden failure of a portion of a 
dam. Тһе dam is transversally located at the center of a square channel, in which the 
non-dimensional length of each edge equals 1, and the width of the dam equals 0.05, as 
shown in Figure 16.16. 

The initial conditions involve a vanishing velocity field and a free-surface height that 
equals 1 and 0.5 respectively upstream and downstream of the dam. In the collapsed-wall 
region, this height remains transversally constant, but linearly decreases longitudinally from 
1 to 0.5. At the “inlet” AB, the free-surface h is set equal to 1; at the outlet CD, this height 
is set equal to 0.5, but through the average pressure. Along all the remaining walls, the no- 
penetration boundary condition m · n is enforced. The transient solution is obtained for a 
non-dimensional time in the range 0 € t € 7.2 with Cmax = 1. The solution for this problem 
is generated using two uniform grids, respectively containing 40 x 40 and 160 x 160 bilinear 
Lagrange elements, as illustrated in Figures 16.17-16.22, with the effect of the controller wv 
on solution accuracy investigated on the 40 x 40-element grid. On this grid, five solutions 
have been calculated, the first four respectively corresponding to ф = 1.00, 0.75, 0.50, 0.25, 
and the fifth obtained for a variable v», with 0.25 = v, < Y < Ymax = 1.00. 
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Figure 16.16: Computational Domain 


Figure 16.17 present the distribution of free-surface height h resulting from v = 1.00. 
Although this solution visibly shows the effect of induced upstream diffusion, it already 
displays the key features of this solution. The free surface develops a plateau at the entrance 
of the collapsed-wall region, while it experiences a steep depression at the dam-wall corners. 
Similar to an acoustic wave, the hydraulic jump propagates as an elliptic front, with jump 
strength that decreases away from the longitudinal flow propagation direction. These features 
sharpen as the magnitude of the controller ~ decreases, as shown in Figures 16.18-16.20. 

Even though the solution corresponding to vy = 0.25 displays an emerging dispersive 
mode at the dam-wall corners, a mode due to insufficient upstream diffusion, this solution 
displays а plateau and hydraulic jump that remain essentially non-oscillatory. The solution 
generated for а variable ф, with 0.25 = «Vui, < Y < Ymax = 1.00, remains essentially 
non-oscillatory in the flow field as shown in Figure 16.21. 

The solution features resulting from distinct magnitudes of the controller w reiterate 
the advantage of a variable that non-linearly depends on the evolving solution. The 
combination of a variable w with a finer grid leads to a solution with refined features. The 
beneficial effect of this combination is illustrated in Figures 16.22, 16.23 respectively showing 
the contour and distribution of free-surface height as obtained in the 160 x 160-element grid. 
This solution crisply resolves the dam-wall corner depressions, plateau, and curved hydraulic 
jump. 
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Figure 16.18: Free-Surface Distribution: v» = 0.75 
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Figure 16.20: Free-Surface Distribution: v» = 0.25 
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Figure 16.22: Free-Surface Contours: 160 x 160 Grid, 0.25 < v < 1.00 








613 


614 Multi-Dimensional Free-Surface Flows 








e 107 0.0 
Figure 16.23: Free-Surface Distribution: 160 x 160 Grid, 0.25 < w < 1.00 


16.10.2 Backward-Facing Step Diffuser Flow 


This flow is the free-surface counterpart of the fully enclosed flow described in Section 15.11.1. 
Also in this benchmark, the axial length of the computation domain equals 5 step lengths. 
The calculations have determined not only the velocity and pressure fields, but also the 
temperature distribution within the flow, retaining the viscous-dissipation expression in the 
temperature equation. Figure 16.24 shows the simplified computational domain for this 
benchmark. The inlet corresponds to 2 = 0 and 0 € y < 0.5 and at this location Dirichlet 
boundary conditions are enforced on temperature and momentum components, whereas 
pressure is unconstrained and allowed to vary with the flow. These Dirichlet conditions 
involve а vanishing transverse momentum component and fully developed temperature and 
axial-velocity profiles, corresponding to the exact Poiseuille fully-enclosed flow solution. For 
Re = 200, the outlet corresponds to x = 2.5 and —0.5 € y < 0.5. At this outlet, an 
adiabatic stream is specified, hence vanishing heat transfer in the energy equation, along 
with physically meaningful prescribed longitudinal and transverse surface tractions суу; 
and c5;n;; since at this outlet ny = 1 and то = 0, these conditions specify pressure —o1, = 
h? /2 = 9.0 and shear stress T21 = туз from the fully-enclosed Poiseuille-flow distribution of u 
at the flow Reynolds number, conditions that allow the transverse momentum component to 
vary and lead to а minimally constrained converged solution. As detailed in Section 16.7.2, 
these physical conditions require no special boundary equation, but rather specify the surface 
integrals in the variational statement of the linear-momentum and temperature equations. 
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Figure 16.24: Non-uniform 41 x 41 Linear Element Grid 


At the solid walls at the top, bottom, and step site of the computational domain, hence 
у = 0.5, у = —0.5, and —0.5 € y € 0 at x = 0, the no slip boundary condition is enforced on 
velocity; the step site and lower wall are treated as adiabatic walls, whereas a cold-wall con- 
dition, hence fixed temperature, is specified at the top wall. The initial conditions specified 
fully developed velocity and temperature profiles at the inlet, with temperature variation set 
to zero at the step, a constant pressure field, with h?/2 = 9, a vanishing transverse component 
of momentum m» = hv = 0, and fully developed velocity and temperature profiles for x > 0, 
profiles that satisfy global conservation of mass. Obtained in 1 Newton-iteration mode and 
corresponding to an eventual 4» = 0.2, the final steady state is documented in Figures 16.25- 
16.33. The velocity vector distribution in Figure 16.25 reflects the expected pattern, with 
the recirculation zone that extends for almost 1/2 of the domain length. Toward the outlet, 
velocity points down, as allowed by the shear-stress boundary condition, while the overall 
velocity distribution remains uniform, with correct decrease of axial maximum velocity as 
the effective flow channel widens. These features are reflected in the streamline distribution 
in Figure 15.19, which clearly portrays the recirculation zone. ‘The reattachment length for 
this test corresponds to a ratio of this length over the step height equal to 2.5. 


























Figure 16.25: Vector Field 
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Figure 16.26: Streamline Distribution 


These velocity-field features originate from the individual velocity components иу = и 
and u> = v displayed in Figures 16.27-16.30. As in the fully-enclosed flow, Figure 16.27 
portrays the development of an effective flow channel, as the maximum axial velocity pro- 
gressively decreases, and Figure 16.28 shows that the distribution of u remains monotone, 
from inlet, within the recirculation zone, and toward the inlet, where the surface-integral 
outlet boundary conditions promoted an uniform distribution. 

The distribution of v displays similar features. Figure 16.29 shows that this velocity 
component rapidly decreases within the effective flow channel, with minimum above and 
slightly upstream of the reattachment point. At the outlet, v is not forced to vanish, but 
is determined by the outlet shear-stress boundary condition, which can be more sharply 
satisfied by a finer grid in this region; within the flow field, the distribution of v remains 
monotone. 
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Figure 16.27: Axial Velocity Contours 
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Figure 16.28: Axial Velocity Surface 





Figure 16.29: Transverse Velocity Contours 
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Figure 16.30: Transverse Velocity Surface 


Also in this case is the inlet point with coordinates (0; 0) the center of a singular zone, 
where the positive v from the separated flow tends to oppose the negative v of the downward 
main flow. The characteristics-bias procedure, nevertheless, negotiates this singularity and 
leads to an essentially non-oscillatory distribution of v, with a steep variation of this variable 
in the singular zone, which, as expected, induces a corresponding localized steep variation 
of free-surface height. 

The distribution of this height is presented in Figure 16.31. This distribution shows 
the anticipated abrupt variation of height at the singular point, which remains contained 
within a 4-cell zone, and indicates that a finer grid in the inlet region would increase the 
computational accuracy. In the remaining field, including the outlet region, the free-surface 
height remains essentially non-oscillatory 
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Figure 16.31: Free-Surface Height 


This investigation has also determined the temperature field, which is not usually con- 
sidered in free-surface flow analyses. The calculated distribution of temperature in Fig- 
ures 16.32-16.33 reflects the flow and the imposed boundary conditions. The inlet temper- 
ature profile rapidly merges with the overall temperature distribution, a distribution that 
becomes less and less dependent on x, downstream of the inlet. This temperature distri- 
bution remains monotone even at the inlet singularity zone, where the variation from the 
maximum inlet temperature, down to the vanishing temperature variation at the (0;0) point, 
and up to the temperatures in the separated flow region takes place without any unphysical 
oscillation. Downstream of the inlet, the temperature gradually increases in the downward 
transverse direction, from the cold wall at the top of the channel, to the adiabatic wall, 
where the thermal energy of convection and internal friction raises the local temperature. 
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Figure 16.32: Temperature Contours 





Figure 16.33: Temperature Surface 


16.10.3 Stream-Driven Inlet Flow 


The next test involves a flow induced by a stream flowing past the entrance of a square inlet, a 
model that represents some harbors. On the basis of this representation, the flow is expected 
to remain periodic with cyclical variations of the free surface height. Figure 16.34 shows the 
computational domain for this test; the left, bottom, and right sides correspond to solid walls, 
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whereas the top side corresponds to a flowing stream. ‘The transverse momentum component 
m» is set to zero on every side of the inlet; the axial momentum component та is set to zero 
on the x = 0, x = 1, and у = 0 walls. Along the entire y = 1 wall, a boundary condition is 
enforced on the axial component of velocity, as described in Section 16.7.2; the condition on 
this velocity component corresponds to a Fr = 0.4. Concerning the temperature variation 
АТ, this variable is constrained to zero, at the cold side, and to one at the hot side. The 
computational procedure monitors the boundary magnitude of Fr; whenever this number 
locally exceeds one, the procedure automatically enforces a Dirichlet boundary condition on 
all the components of the depended variable q, а constraint equal to the numerical value that 
д attains when Fr first exceeds one. The initial conditions involve a constant free-surface 
height field with ћ = 1 and a linearly varying temperature field with AT' = x. The initial 
conditions for velocity are a vanishing transverse velocity component and an axial velocity 
component that only vanishes for y « 1. The initial field for the total energy E is then 
calculated form these distributions of h, V, and AT’, so that the resulting field also satisfies 
the boundary conditions on AT’. 
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Figure 16.34: Non-uniform 41 x 41 Linear Element Grid 





Corresponding to an effective Reynolds number Re = 100 and an eventual v» = 0.375, 
the solution, as expected, remains periodic, with a magnitude of the maximum residual of 
the order of 3.8 x 107°, as recorded during 50 periods of the flow with Cmax = 1, subsequent 
to the initial transient. ‘Throughout these periods, the solution remains essentially non- 
oscillatory. The state corresponding to the middle of the 50-th period is documented in 
Figures 16.35-16.44. Figures 16.35-16.36 present the distribution of free-surface height. 
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Figure 16.35: Free-Surface Height Contours 











Figure 16.36: Free-Surface Height 


This distribution remains essentially non-oscillatory, with clearly defined spikes at the 
upper corners of the domain, where the solution for this variable is expected to be singular. 
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The steep drop in h at the upper left corner leads to а local supercritical flow with Ёт = 1.08; 
remaining subcritical, the right-corner spike represents the increase in water height in this 
location of the inlet. Away form the corner singularities, the distribution of free-surface 
height remains monotone. 

Figure 16.37 presents the velocity vector distribution for this flow. The center of the main 
recirculation zone is asymmetrically located towards the top and right walls of the inlet. In 
the vicinity of the stream, left corner, velocity actually points towards this corner, before 
sharply turning to follow the outer stream. ‘These features are reflected in the streamline 
distribution in Figure 16.38, which shows the associated recirculation zone. Normalized by 
the outer stream speed, the corresponding distributions of velocity components и and 7, 
Figures 16.39-16.42, remain monotone, even in the vicinity of the stream singularity corners. 
These results, in particular, document the effectiveness of the surface-integral procedure to 
enforce a prescribed velocity magnitude. 
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Figure 16.37: Velocity Field 


624 Multi-Dimensional Free-Surface Flows 








Figure 16.38: Streamline Distribution 





Figure 16.39: Axial Velocity Contours 
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Figure 16.40: Axial Velocity Surface 








Figure 16.41: Transverse Velocity Contours 
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side, with reduced dependence upon у towards the opposite side of the domain. 
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Figure 16.42: Transverse Velocity Surface 





Resulting from convection and conduction, the calculated distribution of temperature in 
Figures 16.43-16.44 reflects the flow and the imposed boundary conditions. ‘The temperature 
profile at the stream side slowly increases towards the left corner, before rapidly rising to 
the hot-side magnitude, within a localized thermal boundary layer. The convection of fluid 
towards the hot side thus limits the increase in temperature along the stream side. Away 
from this side, the temperature distribution remains monotone, from the cold to the hot 
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2.5 Hydraulic-Jump Reflect 





This test involves an oblique hydraulic-jump configuration, with grid illustrated in Fig- 


16.10.4 Fr 
ure 16.45. 
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Figure 16.45: Моп- 
The wall-tangency boundary condition on the whole upper and lower boundary walls 


leads to an oblique hydraulic jump shock that propagates toward the upper wall and is 


The supercritical upstream flow corresponds to a free-stream Froude number F'r,, = 2.5, 
hence the inlet boundary conditions constrain free-surface height h, longitudinal as well 
then reflected downward towards the outlet. As shown in the velocity vector and streamline 








remains supercritical, hence no boundary conditions are enforced at this boundary. At the 
solid upper and lower walls, the inviscid wall-tangency boundary condition is enforced using 
the method in Section 16.7.2. An initially uniform supercritical Fr = 2.5 flow is deflected 
by 10° by a side wall and the final steady state is computationally achieved in about two 


hundred time steps with v» = 0.35, by advancing the solution in time. 
distributions in Figures 16.46-16.47, the velocity vector abruptly turns across the oblique 


as transversal linear momentum components m, and то and total energy E. The outlet 
hydraulic jumps. 


Figure 16.46: Vector Field 
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Figure 16.47: Streamline Distribution 


With maximum upstream-bias activated as described in Section 10.2, after Figure 10.5, 
at the geometric singularity of the jump initiation point, the free-surface height distribu- 
tion in Figures 17.35 and 17.36 corresponds to an essentially non-oscillatory solution with 
crisply calculated incident and reflected jumps. In particular, the algorithm allows the re- 
flected jump to cross the outflow boundary unperturbed, without any spurious distortion. 
Significantly, this computational solution mirrors the available exact solution, with three 
juxtaposed plateaus connected by two oblique jumps. 


0.3 


0.15 





-0.2 0 0.2 x 04 0.6 0.8 


Figure 16.48: Free-Surface Height Contours 
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Figure 16.49: Free-Surface Height 


A similar essentially non-oscillatory field is displayed in the Froude-number distribution in 
Figures 16.50-16.51. The incident and reflected jumps are crisply calculated, with a reflected 
jump that can cross the outflow boundary without any spurious distortion. 
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Figure 16.50: Froude Number Contours 
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Figure 16.51: Froude Number Surface 


16.10.5 Fr=5.0 Supercritical Flow 


This final test determines a supercritical flow with free stream Froude number Fr = 5.0, to 
demonstrate the capability of the characteristics-bias procedure to calculate a strong oblique 
hydraulic jump. The sharpness of the captured hydraulic jumps directly depends on the 
magnitude of ф. A decrease in the magnitude of the controller may lead to a solution that 
may tend lose its essentially non-oscillatory character, as shown in this section. ‘The solution 
corresponds to the same grid as well as initial and boundary conditions described in the 
previous section, and is obtained for the magnitude ф = 0.2 for the controller. 

As shown in the velocity vector and streamline distributions in Figures 16.52-16.53, the 
free stream Froude number leads to an oblique hydraulic jump that remains close to the 
deflecting wall and does not reach the upper wall in the computational domain. As these 
charts indicate, the velocity vector abruptly turns across the oblique jump. 
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Figure 16.53: Streamline Distribution 


The free-surface height distribution in Figures 16.54-16.55, with maximum upstream- 
bias at the jump initiation corner, remains essentially non - oscillatory. Event though this 
character may be lost with any reduction of v, as implied by the mild undulations at the 
edges of the jump, this jump is crisply captured and allowed to cross the outlet boundary 
undistorted. Also this solution mirrors the available exact solution, with two juxtaposed 
plateaus connected by the oblique jump. 





Figure 16.54: Free-Surface Height Contours 
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Figure 16.55: Free Surface Height 


A similar essentially non-oscillatory field is displayed in the Froude-number distribution 
in Figures 16.56-16.57. ‘The jump is crisply calculated and can cross outflow boundary 
without any spurious distortion. 





Figure 16.56: Froude Number Contours 
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Figure 16.57: Froude Number Surface 
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Multi-Dimensional 
Compressible Flows 


This chapter expounds the multi-dimensional acoustics-convection upstream resolution al- 
gorithm and documents its computational performance for subsonic, transonic, supersonic 
and hypersonic smooth and shocked flows. Developed for the two- and three-dimensional 
Euler and Navier-Stokes equations, this formulation introduces an intrinsically infinite direc- 
tional and multi-dimensional upstream bias along characteristic directions. This upstream 
bias is directly induced at the differential equation level, before any discretization, within a 
characteristics-bias system associated with the Euler and Navier-Stoles equations. For any 
Mach number, this system induces consistent upwinding along all wave-propagation direc- 
tions radiating from any flow-field point. An integral formulation of this companion system 
then directly yields a generalized non-discrete SUPG formulation. 

The characteristics-bias system relies upon an intrinsically multi-dimensional character- 
istics analysis based on a non-linear wave-like form of the solutions of the Euler equations. 
This analysis recognizes that within a compressible flow field, acoustic and convection waves 
propagate in infinitely many directions and along each direction the associated propaga- 
tion velocity also depends on the Mach number. ‘The results of this characteristics analysis 
lead to the spatial distribution of multi-dimensional propagation velocities and shows that 
among all propagation directions the streamline and crossflow directions are principal propa- 
gation directions in the time-space continuum. This line of inquiry yields specific conditions 
for a physically coherent upstream bias formulation that remains consistent with multi- 
dimensional acoustic and convection wave propagation. 

The formulation developed in this chapter decomposes the multi-dimensional flux Jaco- 
bian into components that genuinely model the physics of acoustics and convection and fea- 
ture eigenvalues with uniform algebraic sign. ‘The formulation then establishes a physically 
consistent upstream approximation for each of these components, with an upstream-bias 
magnitude that correlates with the directional distribution of the characteristic propaga- 
tion speeds. This formulation eliminates the unstable linear-dependence problem in steady 
low-Mach-number flows and satisfies by design the upstream-bias stability condition. For 
increasing Mach numbers from zero, the approximation gradually changes from bi-modal 
in subsonic flows to mono-axial in supersonic flows, within a streamline conical region that 
encompasses the domain of dependence and range of influence of each flow-field point; simul- 
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taneously, the approximation remains bi-modal for all Mach numbers within an appropriate 
conical region about the crossflow direction. 

A traditional Galerkin finite element discretization on arbitrary grids of the characteristics- 
bias system automatically and directly generates a consistent and genuinely multi - dimen- 
sional upstream-bias approximation of the Euler and Navier-Stokes equations. The associ- 
ated discrete infinite - directional upstream-bias remains independent of the direction of the 
coordinate axes as well as orientation of each computational-cell side, which obviates the 
need for rotated stencils. ‘This approximation requires data only from the computational 
cells shared by each grid node and also reduces to a consistent upstream approximation of 
the acoustics equations, for vanishing Mach number. ‘The operation count for this algorithm 
is comparable to that of a simple flux vector splitting algorithm. The upstream principal 
directions are continuously updated and high-rate convergence to machine zero achieved 
without additional shock-capturing terms, data filtering or loss of essential monotonicity. 


17.1 Euler and Navier-Stokes Systems 


With respect to an inertial Cartesian reference frame and implied summation on repeated 
subscript indices, the Navier-Stokes conservation law system 


да | Ofj(q) ој 


Ot Е On; Og: 








= 0 (17.1) 


consists of the continuity, momentum and total-energy equations. In the absence of viscous 
stresses and heat conduction, the viscous vector components /7 vanishes and this system 
reduces to the Euler system. This system becomes a hyperbolic system because the flux 
vector Jacobian (0 f;/Oq)n; possesses real eigenvalues and a complete set of eigenvectors for 
any unit vector n, with direction cosines n; providing the Cartesian components of n along 
the coordinate axes. With reference to Figure 17.1, for а representative 2-D flow field, the 
unit vector n | the propagation direction of plane waves with speeds that equal the 
1(4 


eigenvalues of “bq nj, аз elaborated in Section 17.3. 








Figure 17.1: Reference Unit Vectors 


The figure also displays the unit vectors а and а“ respectively pointing in the streamline and 
5 
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crossflow directions, vectors that provide the two principal directions for the decomposition 
developed in Section 17.4. 


17.1.1 2-0 Formulation 


For two-dimensional flows, subscript 7 varies in the range 1 € 7 < 2, while the independent 
variable (2,1) = (#1, 22,1) in (17.1) varies in the Cartesian-product domain D = О x [t.t ;], 
to, t;] E *, О C X7, with R denoting the real-number field. The dependent-variable array 
q = q(«,t) and viscous and inviscid flux “vector” components ЈУ, and f; = f;(q) are then 
defined as 





0 тд то 0 
т, m2 

Mı — m +p — mi 01; 

f ni ' Г 
= I = m , = ‚ [= 
: Tm i FRU : — то + p : 05; 

m i 

Е TAE + p) ~- (E +9) 790-9 


17.1.2 3-D Formulation 


For three-dimensional flows, subscript 7 varies in the range 1 < 7 < 3 and the independent 
variable (2,1) = (£1, £2, 13,1) varies in the domain D = О x [5,1], [to, ty] e R^, AC R. 
The dependent-variable array q = q(a,t) and viscous and inviscid flux “vector” components 
f; and fj = fj(q) are then defined as 








p 0 
та ej 
= M2 и oe 
та 05; 
E 0—4 
тд me m3 
тә m3 
— Hy tP — ma un 
My тә + m3 
— — m = — m = — m 
Л = р 2 , ње р : Р , h= р à (17.4) 
m m 
— ma FL FL +p 
TI 2 3 
roa — (E+ p) xL) 
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17.1.3 Dependent Variables 


In the array q, the variables p, та, то, та, and E, respectively denote static density and 
volume-specific linear momentum components and total energy. Concerning the viscous and 
inviscid fluxes, the variables o7, qi and p respectively indicate the deviatoric stress-tensor 
components, the Fourier heat conduction flux component and static pressure. The Eulerian 
flow velocity u, with cartesian components uj, 1 < j < 3, is then defined as и = m/p. 


17.1.4 Constitutive Relations 


With reference to Chapter 2, the components 7;; = oj; of the deviatoric stress tensor аге 
expressed as 








uj Us ОШ = 2 
Tij = и (5 + 22) хома À — —3H + fis (17.5) 
where u and А respectively denote the first and second coefficient of viscosity, with та the 
bulk viscosity. For mono-atomic gases 7, vanishes, while for other fluids, like air, the two 
coefficients of viscosity are classically related by specifying equality between mechanical 
and thermodynamic pressure, which leads to А = —2y/3, traditionally known as Stokes’ 
hypothesis. The components qi of the Fourier heat flux vector are expressed as 





OT 
фу = — ka (17.6) 








where T indicates static temperature and k denotes the coefficient of thermal conductivity. 


17.1.5 Equations of State and Speed of Sound 





For any homogeneous equilibrium gas, pressure can be expressed as a function of two other 
thermodynamic variables. ‘They are density p and mass-specific internal energy e, in this 
case, since they are readily available from the Euler system (17.1): p directly from the 
continuity equation in the system, and e from q as 


E | 
є = "inb (m? + т2 + та) (17.7) 
The pressure equation of state thus becomes 


E 1 
p= i.d => (22 - gs (mt end emi) (17.8) 


According to this expression, the Jacobian derivatives of p with respect to q, for the Jacobian 
Of;/0q of f;(q), are not all independent of one another. The Jacobian derivatives of (17.8) 
with respect to та, то, ma and Е in fact satisfy the constraints 

Op та Op Op m» Op Op ma Op 


Un NEU === _ __ ~ ER LL: S i 
Әт; р ДЕ’ дт» p ДЕ’ Oma p дЕ oe) 
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as obtained by expressing the derivatives of p with respect to та, то, ma and E in terms of 
the thermodynamic derivative of p with respect to е, from the first expression in (17.8). In 
the following sections, for simplicity, the abridged notation 

Op Op Op Op Op 

p^ до; ma = , Виа = т 0: Duc um 4 рв = др (17.10) 

др Ота От Ота дЕ 
will denote the Jacobian derivatives of pressure. In terms of these derivatives, the square of 
the speed of sound c for general equations of state can be expressed as 


Op Е-р 1 
2 — 2 2 2 


This result, in particular, allows expressing the mass-specific total enthalpy Н аз 


u Е-+ фр u E (1 + p, M?) — D, 
p Py 
where M = |тш||/с denotes the Mach number. 
Chapter 3 details the calculation of pressure and its derivative for high-temperature 


reacting gases. For a perfect gas, the specific expressions for (17.7) and (17.8) follow from 
the internal energy and equation of state 








H 








(17.12) 





R 
geb T == ү pies por (1210) 
^Y — 





where c,, Т, А and » respectively denote the constant-volume specific heat, static tempera- 
ture, gas constant and specific-heat ratio. The elimination of T' from these two expressions, 
along with (17.7), leads to the following familiar expressions for the equation of state for p 
in terms of q 


р= (1-0 -D (B= g (тї +тї + т) (17.14) 


With this equation of state, the corresponding Jacobian derivatives of pressure become 
2 2 2 
mI rms] Thy 
pe(yel ——.— В. S a (17.15) 
2p p 
which satisfy (2.22). From (17.11), the perfect-gas speed of sound can be expressed as 
Е + р "тт 


2=@-1)| : 2; 


directly in terms of the dependent variables. 











(17.16) 





17.2 Acoustics Equations and 
Streamline and Crossflow Components 





This section identifies the acoustics equations embedded within the multi-dimensional Euler 
equations. Such an identification determines the acoustic-wave propagation matrix that then 
leads to an accurate upstream-bias modelling of acoustics-wave propagation. 
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17.2.1 Acoustics Systems 
Two-Dimensional Flows 
The 2-D Euler equations 


др Om, Ome 


0b Ox, до 
Ота О ТП О Тә u 
at + за: (Mm +p) + ge (Zm) =0 
т, д (m, V, 9 (m. | YQ und 
Ot да | p 2) дал. > |) 
OE oa (mi O [mə 
E ->| {F = 
x ase e») + a (78 «nj 0 


are abridged as the system 











да | Ofj(q) 


Ot Об: 


Let (v, v2) denote the components of а unit vector v locally parallel to the velocity ш. Upon 
writing the velocity components (ид, иә) in terms of the Mach number M as 





=0 (17.18) 


(u1, u2) = СМ (v, 72) (17.19) 


and using the pressure derivative identities (17.9), the Euler system becomes 





р 0,8 , & , 0. р 
— 2 | | : МС, | — 17.20 
| m [FI] p, 0, 0 , рй | |а, | m к 
Е O , На , Hà, O Е 
where 87 and C; respectively denote Kronecher’s delta and the matrix 
0 | | 0 Е О | 0 
= — 1010; ; 0101 T Uj — VIP 20} , 0105 = VP „д1 ЕС 0 
7 —U2U; ; 0201 = VP 2% , 0205 Tu — V2P Б 02 , 0 
Uj (p, v H) , —0301рь , —Uju2pg » Uj (1 + рь) 
CEST 
For a vanishing Mach Number, these equations reduce to the acoustics equations 
p о, & , à , 0 p 
О J j О 
д | m PO 0,0, Рьй | OE | (17.22) 
Ot | ma p, , 0 - 3 И Раду | Ox; | mo 
d 0 , Ноа , Hà, Ù E 


for which Аз will denote the acoustics matrix multiplying the gradient of д in (17.22). The 
dependent variables in these equations correspond to those in a flow field that originates from 
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slight perturbations to an otherwise quiescent field. Chapter 1 has developed the following 
relationship between the derivatives of density and energy 






































2 
= E | | 
|“ з VN = (17.23) 
D Ox; д2; p Ox; 
In terms of the Mach number this result becomes 
c—p,\ др OE Әт; 
- = — cu M— 17.24 
| Pr | Ox; Ox; Tj Ох; ) 
For acoustic flows with M — 0, this result simplifies as 
OE 2 — О О дЕ 
и Жы у ес (17.25) 
OX; Dr Ox; Ori Cp. JE 
On the basis of (17.25) the acoustics equations become 
Op u Om; 
Ot | дк 
Bur др (17226) 


Heed, in particular, that the energy equation toward steady state is no longer linearly 
independent from the continuity equation. This linear-dependence phenomenon explains 
the widely reported convergence difficulties towards steady state experienced in the CFD 
simulation of incompressible, i.e. low-Mach-number, flows with a compressible flow formu- 
lation. The infinite-directional algorithm detailed in this chapter incorporates a convenient 
upstream-bias expression to eliminate this steady-state linear-dependence phenomenon. 

Following the characteristics analysis in Chapter 14, the characteristic speeds А associated 
with this system correspond to the eigenvalues of the matrix Afn,;, which are 














1/2 à —p 
) = Н = ” (1727) 
S 


a a 1/2 Op 
1,2 = 0, Азд = T (p, +p,H) = ЕС == + | р 
Е 


до 





Note that these eigenvalues remain independent from the wave-propagation direction unit 
vector n, which corresponds to isotropic propagation. Both c and the eigenvalues Аз, in 
(17.27) correspond to isentropic speed of sound (17.11). 
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Three-Dimensional Flows 


The 3-D Euler equations 








др Ота Om» Oma 
Ot = Ox ш Охә T Ота 








| 
а 3 (m, = 0 (17.28) 
| 





ГЕУ > 
тзт) RS) ы). 
a x. (ME ) +o (Met ) Eur 4 ) = 0 
are abridged as the system 
^ + а -0 (17.29) 


Similarly to the two-dimensional case, let (v1, v2, оз) denote the components of a unit vector 
v locally parallel to the velocity u. Upon expressing the velocity components (u1, иә, из) in 
terms of the Mach number M as 


(u1, U2, из) = cM (v1, 1, v3) (17.30) 


and using the pressure derivative identities (17.9), the Euler system becomes 





Ј Ј Ј 
p 0 ur д1 , 0» , 03 , 0 | p 
J J 
Ó Mı р,дћ ? 0 ? 0 ? 0 | Pg д1 д Mı 
E Тә = р,д : 0 ; 0 ; О ; руба + смс, PE Mo = 0 
Ot 7 7 Ох; 
тз Pors О = O a D. a Ре тз 
Е 0 , Ноа , Н, HÀ, O0 E 
(17.31) 
where С; denotes the completion matrix 
CG; = 
0 ; | 0 a о | ; о | | 0 
—7vjuj А 015} que hpp А 0152 — v2pg ð E 0102 — U3p ада А 0 
—v2uj | 0201 — V1) 55% ; 90265, + о; — V2) p 02 ; 0283 — ®зрьб» а 0 
—U3U; ; 0361 — VED gO, А 9385, — V2P 595, | U302 pu e U3pg 95 А 0 
Uj (р, n H) Д —UjU1P RE Д —vju2Dp р , —Uju3p pe Д Uj (1 tPg) 


(17.32) 
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For a vanishing M these equations reduce to the acoustics equations 


р 0 , да , $ , да , 0 p 
ð TIW p,91 ’ 0 0 0 р. д TI 
| |4 93 0 0 0 0 | | m | =0 (17.33) 
Ot 2 ae ’ б , | ? К ’ A дт; 2 ^ 
13 D, 3 3 2 ИШ. 2 Pr 3 m3 
E 0 , Но , Н, Hà, O0 E 


for which A7 will again denote the acoustics matrix multiplying the gradient of q in (17.33). 
The dependent variables in these equations correspond to those in a flow field that originates 
from slight perturbations to an otherwise quiescent field. Heed, in particular, that also 
for three-dimensional flows is the energy equation toward steady state no longer linearly 
independent from the continuity equation. 

Following the characteristics analysis in Chapter 14, the characteristic speeds A for this 
system correspond to the eigenvalues of the matrix A7n;, which are 





а а 1/2 др 





1/2 с —p 
) = = (17.34) 
S Pr 





Note that these eigenvalues remain again independent from the wave-propagation direction 
unit vector n. Both c and the eigenvalues A$, in (17.34) correspond to isentropic speed of 
sound (2.30). 


17.2.2 Streamline and Crossflow Components 
Two-Dimensional Flows 


For any two mutually perpendicular unit vectors а = (а, аз) and а“ = (а, а) within a 
2-D flow, along with implied summation on repeated indices, the acoustic matrix product 
Ag 20. may be expressed as 

Tj 





«ӨЧ _ да. _ ӨЧ , да мом OF 


For any unit vector a, the matrix Аа; is expressed as 








0 , ај , аә , 0 
Dp,01 , 0 0 » Рај 
Aja; = | р,а2 , | 0 Ps 0 ‚ Pra (17.36) 
C = C= 
0 , = ay, P, Q2 , 0 
Py Pg 


For a parallel to и, expression (17.35) corresponds to a decomposition of the Euler acous- 
tics component into streamline and crossflow acoustics components. For wave-like solutions 
(17.53), two eigenvalues of each component vanish; the remaining eigenvalues of these sepa- 
rate components have been determined as 





№а = Xe, = = сајту, Азад = ten = Ecaj nj (ОК) 
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The two non-vanishing eigenvalues associated with the entire acoustics component at the lhs 
of (17.35), but as expressed as the rhs combination of streamline and crossflow components 
have then been determined as 


а = с ( (аут). + (ад пр) ) И (a;n;) + (a?n;) 3 (17.38) 


which shows that the square of the acoustic eigenvalues (17.27) equals the sum of the square 
of the streamline and crossflow acoustic eigenvalues (17.37), as illustrated in Figure 17.2. 
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Figure 17.2: Polar Variation of Square of Acoustic Speeds 


Three-Dimensional Flows 


For any three mutually orthogonal unit vectors а = (ај, ах, аз), а“ = (а1!,а2',аз'), and 
а= (уа саз) том ита 9- | flow, along with implied summation on repeated indices, 








the acoustic matrix product А7224 = шау be expressed as 
дд дд дд дд 
А; = Ajaja + Аја "x а= + Аја зга еа 17.39 
7 дт, Tr. к да k да, Enos 
For any vector a, the matrix Ата; is expressed as 
0 ) ај , аә , аз , 0 
D,01 ; 0 , 0 , 0 > Pra 
р.а ; 0 › 0 , 0 > Pra 
Аа; = p " 11.4 
0 раз , А 0 , А 0 , А 0 ; Рь@з ( i 0) 
с — с — с^ — 
0 , E 72 , >, , pom , 0 
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For a parallel to и, expression (17.39) corresponds to a decomposition of the Euler acous- 
tics component into one streamline and two crossflow acoustics components. For wave-like 
solutions (17.53), three eigenvalues of each component vanish; the remaining eigenvalues of 
these three separate components have been determined as 








Aj, Еау и. Аа бај "Uh, 1.532800, оу (17.41) 


The two non-vanishing eigenvalues associated with the entire acoustics component at the lhs 
of (17.39), but as expressed as the rhs combination of streamline and crossflow components 
have then been determined as 


347€ ( (ауп). F (an) А (апр) 


which shows that the square of the acoustic eigenvalues (17.34) equals the sum of the square 
of the streamline and crossflow acoustic eigenvalues (17.41). On any plane П that contains 
а, а“ and m, therefore, acoustic propagation naturally decomposes into two directional 
components, one along a and the other along а“, as illustrated in Figure 17.3. 





B (апу) + (ап) (a?) о. 








Figure 17.3: Polar Variation of Square of Acoustic Speeds on Plane II 


The variation of the squares of the three principal acoustic speeds is illustrated in Fig- 
ure 17.4. The planar two-directional acoustic decomposition remains unaltered on plane II, 
as this plane spans the entire 3-D space by rotating about the line of a. Acoustic propagation 
thus decomposes into a directional component along a and an isotropic component on any 
plane orthogonal to a. This result also follows from the expression 


CEAI + (an) = 1— (a;n;) (17.43) 
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Figure 17.4: Spherical Variation of Square of Three Principal Acoustic Speeds 


from (17.42), which shows that acoustic propagation on the plane of а^ and а^ only 
depends upon (a;n;), hence on the angle between а and т. For any such angle, the “lhs” of 
(17.43) remains constant for any orientation of n with respect to а“: and а^, as n rotates 
about a. This result indicates that (17.43) is the equation of a circle, which signifies isotropic 
acoustic propagation on the plane of a™! and а, as shown in Figure 17.5 


17.2.3 Similarity Transformation 
Two-Dimensional Flows 


Despite its zero eigenvalues, Аа; features a complete set of eigenvectors X and thus possess 
the similarity-transformation form 


Азај = ХАЛАХ! (17.44) 


The corresponding diagonal matrix A^ is 


(17.45) 
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e 
E oO 
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Figure 17.5: Spherical Variation of Square of Crossflow and Streamline Acoustic Speeds 


The associated eigenvector matrix X and its inverse X ^! for general equations of state (17.8) 





are 
Dg 

ср; ал 

ср p42 

ge р, 





Three-Dimensional Flows 


Dy Pp s 0 
D Hed B. y Todd (17.46) 
—CP p42 0 ; Q1 | 
Cay, qoa 0 
сал : CQ» ; Pg 
— D | — Cag | Pe 
17.4 
, —2с°рьа» 2е°рьа\ , 0 


Also for three-dimensional flows, despite its zero eigenvalues, will Аа; feature a complete 
set of eigenvectors X and it thus possesses the similarity-transformation form 


Аа; = Рао 


(17.48) 
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where the diagonal matrix A^ is 


c, 0,0,0,0 
0, —c, 0,0,0 

Аш! 0 «04 0 5 (17.49) 
0, 0,0,0,0 
TE а DE Oy 0 


? ? 


where the corresponding eigenvector matrix X and its inverse X`! for general equations of 
state (17.8) are 


Ре » Pp s Pg , О, 0 
ср; 1 » “CP , 0 » во, —аа@3 
Х = | cp,d2 , —ср а , 0 , а , —агаз (17.50) 
СРЕ аз , Ро , 0 ) 0 , ад T а5 
C — D, jy Сб = D, , — р, , 0 0 
D, , Ca) , сао , саз ) Dg 
P, , — Са] , — Сао ‚ саз , Pr 
1 2 (c — р,) ' 0 , 0 0 ‚ === 
=j 
EE 2c^p.a 2с?ю а 
207p. 0 | pn = () | () 
ат -+ Q5 Q1 + 45 
0 2с?р „ауаз 2c°p „a243 1 0 
) а? $ as 7 ат $ а ) ) 


(17.51) 
Since two linearly independent eigenvector are available for the single vanishing eigenvalue, 
it’s always possible to find two linearly independent eigenvectors such that a non-singular X 
is always available. 








17.9 Characteristic Analysis and Velocity Components 


Within a multi-dimensional flow field, acoustic and convection waves propagate in infinitely 
many directions; along each direction the associated propagation velocity also depends on 
the Mach number. As an essential prerequisite for the developments in Section 17.4, this 
section presents an intrinsically multi-dimensional characteristics analysis based on a non- 
linear wave-like form of the Euler solution q. This analysis leads to the spatial distribution 
of multi-dimensional propagation velocities and shows that among all propagation directions 
the streamline and crossflow directions are principal propagation directions. ‘This line of 
enquiry is highlighted because it yields specific conditions for a physically coherent upstream 
bias formulation. 


17.3.1 Characteristic Velocity Components 


For the multi-dimensional Euler system 


дд P ofila) 


ot Of; 





=0 (17.52) 
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the non-linear wave-like form of д is expressed as 


да = 40%), т=еетљ— №9) = zjn; — A(q)t (173) 


where n denotes a space-domain propagation-direction unit vector, independent of (a, t), 
and А = A(q) indicates а wave-propagation velocity component along the n direction. This 
solution-dependent velocity component for this system is determined by enforcing the con- 
dition that the non-linear wave-like solutions (17.53) satisfy this system. For linear and 
non-linear А = A(q), Chapter 14 shows that this condition yields the eigenvalue problem 


Of; да — 
(a97 ‘ an; 0 (17.54) 


am — 
For non-trivial solutions a hence q = а(т), the characteristic velocity components А are 
thus the eigenvalues of the linear combination of flux vector Jacobians 








Ој (4) 
Од 
0 ’ пл , пә , 0 
—ujujn; TPN , UN TUN – Ра , ипо T Pm, N1 Pg 
—usujn; FP, N2 , ита + p, N2 ‚ шото + ujni-Fp, n2 , Юь1%2 
ш (р, — Н) Hn + ujnjp,,, Hna + ита, , ujn; (1 + p,) 
(17.55) 
in 2-D, and 
Ој (9) 
Tj = 
Од 
0 , n , 2 , n3 , 0 
—uiujnj; Кра , uimni-cujnjctpa,T , uin2 + р, N1 , u1n3a um nı | Рт 
—u2ujnj-Fp,n2 , u2n1 + Pm, n2 > u2n2-rujnj; + Pm N2 , U2N3 + Pm, N2 pgn2 
—ua3ujnj +р,тз , UZN1 + Pm, n3 j uana + Pma na , U3n3 FUjNj Pm N3 , pgna 
ujn; (P, — Н А Hna + UjnjPm, А Hno + шутур, : Hng + чуур» , иупу(1+ рь) 
(17.56) 





in 3-D. For general equilibrium equations of state, these eigenvalues have been exactly de- 
termined in closed form as 


1/2 


№8 = шту, А35 = шту + (р, + Pe (Н — ujus) ) (17.57) 


where superscript а; signifies dimensional Euler eigenvalues. These eigenvalues correspond 
to a 2-D flow. A 3-D flow simply induces another eigenvalue АЕ that coincides with AT. Of 





interest, eigenvalues Aa directly incorporate a sound speed expression that coincides with 
the isentropic partial derivative of pressure (2.30), a result that is achieved without having to 
make the assumption of an isentropic flow. Through (2.30) these equilibrium-gas eigenvalues 
become 

№8 = путу, А = шту te (17.58) 
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which have the same familiar form as the perfect-gas eigenvalues. The non-dimensional form 
of (17.58) follows from division by c, which supplies the Mach-number dependent expressions 





Aig — vjnjM, а = vjnjM +1 (17.59) 


where vı, and v5, in 2-D, and v1, v2, and vs, in 3-D, denote the components of a unit vector 
v in the velocity u direction. 

As the inner product of the two unit vectors n and v, the contraction v;n; supplies the 
cosine of the angle (0 — 0,) between n and v, where 0 and 0, respectively denote the angle 
between n and the x; axis and the angle between v and the x axis in the flow plane, in 2-D, 
or in any plane II that contains both n and v, in 3-D. The eigenvalues (17.59) thus become 





a = cos (0 — 0,) M, а = cos (0—0, M +1 (17.60) 





These expressions, in particular, imply that the Euler eigenvalues achieve their extrema for 
0 = 0,, hence when m points in the streamline direction, whereas for n pointing in the 
crossflow direction, hence 0 = 90° + 0,, these eigenvalues no longer depend upon M. 

The convection eigenvalues m vanish when cos (0 — 0,) = 0, hence for n perpendicu- 
lar to the streamline direction, or, equivalently, pointing in the crossflow direction. Since 
| cos (0 — @,) | < 1, the acoustic-convection eigenvalues Nga can only vanish for М > 1, 


. E 
hence for supersonic flows. For these flows, A, = 0 for 


| 


+ сов (Ø — бь) = sin ((0 — 90°) — 6) = = 


(17.61) 
hence for n perpendicular to the Mach lines, for +((0 — 90°) — 0,) corresponds to the angle 
between a Mach line and the streamline, from the well known second expression in (17.61). 
This equation, thus defines the Mach lines, in 2-D, and the Mach cone, in 3-D. ‘The lines 
that are perpendicular to the Mach lines will be called “conjugate” lines. 

The lines that are perpendicular to n for vanishing eigenvalues лр апа Аз, , thus respec- 
tively become the streamline and Mach lines. This result is not coincidental, for vanishing 
eigenvalues Aa correspond to wave-like solutions of the steady Euler equations, for which 
the streamline and Mach lines are characteristic-wave propagation lines. 


17.3.2 Polar Variation of Characteristic Speeds 


As a novel way of visualizing the Euler eigenvalues, Figures 17.6-17.7 present the polar 
variation of the absolute values of eigenvalues (17.59) for subsonic, sonic and supersonic 
Mach numbers, in a neighborhood of a flow field point P in the (жу, £2) plane, in 2-D, or any 
plane II that contains both n and v, in 3-D. These variations are obtained for a variable 
unit vector n = (cos 0, sin 0) and fixed unit vector v, in this representative case inclined by 
+30° with respect to the x; axis, in 2-D, or a reference тј axis on II, in 3-D. 

A collective inspection of all these diagrams reveals three shared features for all Mach 
numbers. The maximum characteristic speeds occur in the velocity direction, i.e. along 
a streamline, as noted before. Secondly, all the characteristic speeds are symmetrically 
distributed about the streamline direction. Thirdly, the eigenvalue pairs (|А; |, || A5 ||) and 
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Figure 17.6: Polar Variation of Subsonic Wave Speeds 


(Аз ||, ПА, ||) remain mirror skew-symmetric with respect to the crossflow direction, in the 
sense that the curves representative of ||А» || and ||А || become the respective mirror images 
of the variations of ||; || and |А || with reference to this direction. The streamline and 
crossflow directions thus become two fundamental wave-propagation axes. 

For vanishing Mach numbers, the acoustic-convection propagation curves in the figure 
approach two circumferences. ‘The distribution of propagation speeds in this case is isotropic, 
which corresponds to the direction-invariant propagation of acoustic waves. As the Mach 
number increases from zero, the curves in the figure progressively become circular asymmet- 
ric, which corresponds to anisotropic wave propagation. For M = 0.5 this anisotropy is al- 
ready evident and becomes more pronounced for higher Mach numbers. The non-dimensional 
characteristic speeds then approach 1 in the region about the crossflow direction, which cor- 
responds to essentially acoustic propagation. 

Figures 17.8-17.9 present the 3-D spherical variation of the absolute values of eigenvalues 
(17.59) for subsonic and supersonic flows. The surfaces in these figures were drawn using 
spherical coordinates (т, 0, ф), where т represent the magnitude of these eigenvalues and 0 
and $ correspond to the spherical-coordinate angles depicted in Figure 17.8. With these 
angles, the unit vectors n and v may be expressed in Cartesian-coordinate form as 

















n = (sin Ф„ cos On, sin Фа Sin On, COS Øn), о = (sin @, cos 0y, sin Qy sin 0y, cos oa) (17.62) 


The corresponding expressions for eigenvalues (17.59) become 


215 = (sin Ф„ cos Ó, sin Q, cos 0, + sin фу sin 0, sin dy sin 0, + cos Ф„ cos dy) М 


E 


Аза = (sind, cos, sin ф„ cos 0, + sin o, sin 0, sin dy sin 0, + cos фь cos dy) M + 1 
(17.63) 
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Figure 17.7: Polar Variation of Supersonic Wave Speeds 


The surfaces in Figures 17.8-17.9 illustrate the space variations of the characteristic 
speeds. These variations correlate with the 2-D curves, in Figures 17.6-17.7, which result 
from intersecting these 3-D surfaces with plane II. These surfaces too show that the extrema 
of the characteristic speeds occur along the streamline direction, whereas only acoustic prop- 
agation exists on the plane orthogonal to velocity at P. 

For all Mach numbers, the convection eigenvalues Ај change sign when the n-direction 
shifts from an upstream to a downstream axis with respect to u. For this reason, the 
associated curves cross the polar origin. Pure convective propagation remains mono-axial, 
from upstream to downstream of P, and the axis of this type of wave propagation is the 
streamline. 

For subsonic Mach numbers the acoustic-convection eigenvalues № апа A respectively 
remain positive and negative for all directions. For this reason the associated curves contain 
the polar origin. For subsonic flows acoustic-convection waves propagate bi-modally, from 
both upstream and downstream toward and away from point P, along all directions radiating 
from P. 

Beginning at the sonic state, this pattern drastically changes for supersonic Mach num- 
bers. In this case both P and Pu change algebraic sign when the m shifts from upstream to 
downstream of P along a streamline. For this reason, the associated curves cross the polar 
origin. For supersonic flows acoustic-convection wave propagation becomes mono-axial along 
a streamline, from upstream to downstream of P. 
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Figure 17.8: 3-D Variation of Subsonic Wave Speeds 


17.3.3 Regions of Supersonic and Subsonic Wave Propagation 


The streamline and crossflow directions are principal directions of gas dynamic acoustic and 
convection wave propagation. These directions become the axes of distinct wave-propagation 
regions, which are named the streamline and crossflow wave propagation regions. 

The supersonic mono-axial wave propagation pattern does not extend to the entire 
(24, 12) plane, in 2-D, or the entire (11, £2, 3) space in 3-D, but remains confined within two 
conical regions about the streamline. About the crossflow direction, in fact, there exist two 
other conical regions within which wave propagation remains bi-modal, from both upstream 
and downstream toward and away from point P, even for supersonic flows, essentially due 
to acoustic propagation. These regions are determined by finding the lines where the Euler 
eigenvalues vanish. These lines are the crossflow and conjugate lines, as shown for subsonic 
and supersonic flows in Figure 17.10, along with the domain of dependence and region of 
influence of point P and the bi-modal and mono-axial propagation regions on the (11, 22) 
plane, in 2-D, or on plane II, in 3-D. 

As Figure 17.10-a shows, subsonic acoustic-convection waves propagate bi-modally over 
the entire plane, hence the Euler eigenvalues do not all have the same algebraic sign. For 
supersonic flows, Figure 17.10-b shows the streamline conical regions of mono-axial wave 
propagation, where the Euler eigenvalues all have the same algebraic sign. The conjugate 
lines mark the boundary with the crossflow regions of bi-modal wave propagation, where the 
Euler eigenvalues do not all have the same algebraic sign, as in the subsonic-flow situation. 
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Figure 17.9: 3-D Variation of Supersonic Wave Speeds 


In particular, Луз < 0 and A, > 0 respectively upstream and downstream of the crossflow 
direction. The sign of an eigenvalue in any region of the diagram indicates the propagation 
direction along an axis with unit vector n pointing from P into that region. 

Since the conjugate lines remain perpendicular to the Mach lines, they directly deter- 
mine the growth of the mono-axial propagation regions as the Mach number increases. For 
M < 1, no mono-axial propagation region exists. For М = 1, the Mach lines coincide with 
the crossflow direction, the conjugate lines coincide with the streamline direction, hence 
the mono-axial propagation region consists of the streamline only. As the Mach number 
increases, the Mach lines approach the streamline and the conjugate lines approach the 
crossflow direction. ‘The mono-axial propagation regions thus grow as circular sectors of 
increasing angle, and the bi-modal propagation regions simultaneously shrink. Only for a 
theoretically infinite М will the mono-axial propagation region spread throughout the entire 
(21,23) plane, in 2-D, ог the entire (£1, 22, 13) space, in 3-D. The presence, perhaps unex- 
pected, of these bi-modal-propagation regions even for supersonic flows is due to crossflow 
acoustic propagation. 

As seen, pure acoustic propagation remains bi-modal about the crossflow direction, while 
pure convection is bi-modal or mono-axial about the streamline direction, depending on 
the presence of either a subsonic or supersonic flow. The following sections develop an 
upstream-bias formulation with magnitude of upstream bias that reflects this distribution of 
characteristic speeds. 
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Figure 17.10: Wave Velocity Distribution: a) Subsonic Flows, b) Supersonic Flows 


17.4  Acoustics-Convection 
Euler Flux Divergence Decomposition 


This section details an intrinsically multi-dimensional characteristics-bias representation for 
the flux divergence O0f;/0x;. This formulation rests on a decomposition of this divergence 
into convection, pressure-gradient, and streamline as well as crossflow acoustic components. 
As a guiding principle in formulating this particular Euler flux Jacobian decomposition, the 
form of the eventual characteristics-bias flux divergence should minimally depart from the 
form of the Euler flux divergence, both for efficiency of implementation and accuracy of 
numerical computations. The acoustics-convection flux Jacobian decomposition consists of 
components that genuinely model the physics of multi-dimensional acoustics and convection. 
The characteristic analysis of the acoustics components shows that the three-dimensional 
isotropic acoustic propagation naturally decomposes into three directional propagations, the 
first along the streamline direction and the remaining two along any two mutually perpen- 
dicular crossflow directions; these two cross flow propagation modes, in particular, combine 
into a two-dimensional isotropic acoustic propagation on any plane perpendicular to the 
velocity direction. This formulation eliminates an unstable linear-dependence problem in 
steady low-Mach-number flows and satisfies by design the upstream-bias stability condition. 
As the Mach number increases, the formulation smoothly approaches and then becomes an 
upstream-bias approximation of the entire flux divergence, along the principal streamline 
direction. 
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17.4.1 2-D Convection and Pressure-Gradient Components 


For supersonic flows, the Euler eigenvalues (17.59) associated with the Jacobian Sting 


Мо = vjnjM, А, = vnjM =1 (17.64) 





all have the same algebraic sign within а streamline wedge region so that within this region 


the entire flux divergence 22 сап Бе upstream approximated along the streamline principal 
direction. For subsonic flows these eigenvalues have mixed algebraic sign and an upstream 
approximation for the flux divergence along one single direction remains inconsistent with 
the two-way propagation of acoustic waves. For subsonic flows it is the pressure gradient 
in the momentum equations that induces mixed-sign eigenvalues. Accordingly, by suitably 
decreasing the contribution from this gradient, the resulting flux-Jacobian eigenvalues all 
have the same algebraic sign within a streamline wedge region and the resulting convection 
flux divergence can then be upstream approximated along one single direction. In order 
to isolate the pressure contribution, the Euler flux is expressed in terms of convection and 


pressure fluxes as f; = f} + ff, where f? and ЈУ indicate the arrays 








m; p 0 
m; | 
2t ) = ru MU Hp. 2p B at ) = i (17 65) 
Е um «p^ p то [' "V 7] ры | 
(E +p) Е + р 0 





Based on these arrays, a flux-divergence decomposition with variable pressure-gradient con- 
tribution is then obtained through the linear combination 


Qf. OIG 04 Of; 

where the positive pressure-gradient partition function 8 = (M) can be chosen in such a 
way that all the eigenvalues associated with each of the two components between brackets 
in (17.66) keep the same algebraic sign within the streamline wedge region, for all Mach 
numbers. In this manner, these entire components can be upstream approximated along the 
streamline. This choice for B is possible because the eigenvalues of a matrix are continuous 
functions of the matrix entries and hence all the eigenvalues for the components in (17.66) 
will continuously depend upon 8. The function @ will gradually increase toward 1 for in- 
creasing Mach number, so that an upstream approximation for the components in (17.66) 





smoothly approaches and then becomes an upstream approximation for the entire oh along 
the streamline, which also ensures consistency with the one-dimensional formulation. De- 
composition (17.66) is thus used for an upstream approximation of the flux divergence within 
the streamline wedge region, for subsonic and supersonic flows. ‘This decomposition, how- 
ever, is insufficient for an accurate multi-dimensional upstream modeling of acoustic waves, 
for any Mach number range within the crossflow wedge region and for low and vanishing 
Mach numbers within the streamline wedge region. 
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Concerning the cross-flow wedge region, the eigenvalues associated with (17.66) become 
the Euler eigenvalues (17.58) for 6 = 1. As indicated in Section 17.3, these eigenvalues do 
not all have the same algebraic sign within the cross-flow wave propagation region. A mono- 
axial upstream-bias approximation of (17.66) within the cross-flow wedge region remains 
inconsistent with the existing two-way wave propagation in this region. 

With regards to the streamline wave propagation region, for a Mach number that ap- 
proaches zero, the Euler eigenvalues (17.58) can all keep the same algebraic sign only if 
the sound speed contribution vanishes, which corresponds to a vanishing pressure gradi- 
ent contribution and hence 8 approaching zero. But for O approaching zero, the acoustics 
components are obliterated and the eigenvalues associated with the components in (17.66) 
approach the eigenvalues of the Jacobians 








0 ; 11 ’ n2 ? 0 
Off(q) _ — и ит; г и s uno | 0 
да а —UgQU;N; | попа ‚ото Бит; , 0 
Un (p, — Н) , Hnit pa > Ниш. 1791 + РА) 
(17.67) 
and 
0. 0 , о , 0 
offa) _ | Рт o Ра s Рат, Рьт (17.68) 
Og d D, Tto , Ds, по , D, 02 , Dg» 
0. 0 , 0 , 0 


Using the pressure-derivative identity (2.22) the eigenvalues of these Jacobians respectively 
are 
Ма = шут, № = ujn;(l- pz) (17.69) 


and 
Ара 0, 4 = —ujmyp (17.70) 


which certainly all keep the same algebraic sign for any wave propagation direction, but 
for vanishing Mach number they also vanish rather than approaching the dominant speed 
of sound c; considering that all of the pressure eigenvalues vanish in these conditions, an 
upstream-bias approximation of the isolated pressure gradient is unnecessary, for it would 
not represent acoustic or any other propagation. For low Mach numbers an upstream approx- 
imation for the components in (17.66) would inaccurately model the physics of acoustics. 
This difficulty is resolved by further decomposing the two-dimensional pressure gradient 
in (17.66) in terms of genuine streamline and crossflow acoustic components, for accurate 
upstream modeling of acoustic waves throughout the flow field. 


17.4.2 2-D Acoustic Components 


For arbitrary Mach numbers and corresponding dependent variables p, та, то and Е, the 
Euler flux Jacobians in (17.55) can be decomposed as 


Of; _ Of} Of; Ofj 


Est 4 асы дса Д 17.71 
да да Ц да да пр с ш. l ) 
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where, with reference to the acoustics equations (17.22), the matrices - d e , A5, and Аз“ 
are defined as 
0 | д) | ду | 0 
ој] _ —u1uj | u0? T uj А и1ф | 0 
да i — uu; | иод] | 1205 F Uj ; 0 
Uj (p, — Н) , Нд; + usp,,, , Нё + ujp,,, » Uj Em 
0 | 0 _ 4 0 Е 0 | 
Of; | PA + рыб, Pm > Реф 
да P,0% , PmÔ2 > Ра,да , Ред 
0, 0 , 0 , 0 
о, X , вз , 0 
por, 0 | 0 ‚ рад 
Ај = | рф , , 9 |, , PrO 
с^ — 5 с^ — 5 
о, Lp. He. 0 
Dg Pg 
0 ) –8 , — 55, , 0 
Uc. Doct & Реал yU 
AVS] 0, pÀ . p ‚0 ie 
^ = : pe | 
0 Ee , Рў , 0 
Pr Dg 


Heed, in particular that no flux component of f;(q) exists, of which the Jacobian equals Аг. 
The eigenvalues of the matrix A7^n; have been determined in closed form as 





13 — 0, Ад“ = СрО (17.79) 


which become infinitesimal for vanishing M. The matrix А“ can be termed a “non-linear 
coupling” matrix, for it completes the non-linear coupling between convection and acoustics 
within (17.71) so that the two Euler eigenvalues А in (17.58) do correspond to the sum 
of convection and acoustic speeds. Since the matrix А will be used in the upstream-bias 
formulation for small Mach numbers only and considering that the eigenvalues in (17.73) 
vanish for these Mach numbers and also for n pointing in the crossflow direction, for which 
ujnj = 0, no need exists to involve A7* in the upstream-bias approximation of the flux 
Jacobian (17.55). 
The eigenvalues of Ат; have been exactly determined in closed form as 


=й, е (17.74) 


and remain independent of the propagation vector n, which signifies isotropic propagation. 
The matrix Аб can thus be termed the “acoustics” matrix, for its eigenvalues equal the 
speed of sound c. This matrix is thus used for an upstream-bias approximation of the Euler 
equations in the low Mach-number regime, within the streamline region, and for any Mach 
number, within the crossflow region. 
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For any two mutually perpendicular unit vectors а = (а, ао) and а“ = (а, a’), along 
with implied summation on repeated indices, the acoustics component within the Euler flux 
divergence can be expressed as 





a 
"oa 


a, o Od , да мом 9 
= ж Ба + Азаз ар a (019) 


m 
For a parallel to u, this expression corresponds to a decomposition of the Euler acoustics 
component into streamline and crossflow acoustics components. 
With reference to Section 17.2.3, the two-dimensional-flow similarity transformation for 
these components may be expressed as 





Да XX a NX IUOS X РА Ра 


Aja, = Хр Хе X, AU XC XA XC (17.76) 


where the matrices X A^* X^! and X A?^- X^! respectively correspond to the “forward” and 
"backward" acoustic-propagation matrix components of Аја. Accordingly, a bi-modal 
upstream-bias approximation of Аа; readily follows from instituting a forward and а back- 
ward upstream-bias approximation respectively for the forward- and backward- propagation 
matrices in (17.76). This bi-modal approximation directly yields both the non-negative- 
eigenvalue matrices 


Ава) = X (A** — A) X, |Азау = X, (Л — AX) ХС) (17.77) 


and the associated matrix product Ава, акда/ Әтһ. The matrices іп (17.77) correspond 
to the streamline and crossflow absolute acoustics matrices, which depend on the diago- 
nal matrices A^* and A?-, with different choices inducing distinct levels of upstream-bias 
dissipation. With the following matrices 


20 , 0 , 0 , 0 0, 0,0, 0 
оо 110, 2,0, 0 

ал = ге ? ? ? OS = , ? ? 

МЕ РЕ У: – 9210,0, е, 0 РЕЈА 
0,0,0, е 0,0,0, е 


the matrix product of Aa; = X (A** — A*-) X! and the directional derivative aj,0q/O:j 
of q directly leads to the beautifully simple acoustic-field result 


да д4 д4 
A; = XcI X == 17.79 
| за; Ak === БҮК Чск Ax, — Eum ( ) 
The similar result for (af, a5) replacing (а, a2) is 
д4 1 х 04 д4 
Азал | ag —— э XS ai 2 m сар ә_- (17.80) 





where J denotes а 4 x 4 matrix. For a vanishing M, all the eigenvalues of the streamline and 
crossflow absolute acoustic matrices thus approach +c. 
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On the basis of the acoustics similarity transformation, the Euler flux divergence may 
thus be expressed as 








| 4 
Ox; |— з 
_ E да да 
а 1 а а а N 
+ (XA%X + ХАРХ ‘ana + (Xs P MALE E. х2) а (17.81) 


For а and а“ respectively pointing in the streamline and crossflow directions, this expression 
corresponds to a decomposition in terms of streamline and crossflow acoustic components. 


17.4.3 Combination of 2-D Acoustics-Convection 
Characteristics-Bias Decompositions 


The previous sections have shown that the Euler flux divergence can be equivalently ex- 


pressed as 
26 р О 
=] з 
Of; — M A 
Ox; OL; ? 
+ (XA* X71 + ХА X71) ш ај (X да+ x7! +X AX- јак х 04 
Ox, N N N м ) Ck Өт. Th 
(17.82) 


The first decomposition will conveniently lead to a characteristics-bias approximation within 
the streamline wedge region, for high-subsonic and supersonic Mach numbers that induces 
less diffusion than the second, for increasing Mach numbers, but does not represent acous- 
tic propagation for low subsonic Mach numbers. The second decomposition will lead to a 
characteristics-bias approximation that consistently models acoustic propagation within the 
crossflow and streamline wedge regions, but induces more diffusion than the first for in- 
creasing Mach number. An acoustics-convection flux divergence decomposition for all Mach 
numbers for a characteristics-bias resolution that not only induces minimal diffusion, but 
also models acoustic propagation is thus established as the following linear combination of 
these two decompositions, with linear combination parameter œ and 0 < а, 5 < 1 


ЖЕ | x и TE la E og | + Ip + ди D 
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: E д4 = -1\ м. 98 

а 1 a— 1 a 1 а= 

+ (ХлХ. XA" X Jaca +(Х„А “Хх + XA Xo) ag ар = | (17.83) 
Owing to the simplifying parameter д = 5(1 — а) and introducing the crossflow acoustic 


upstream parameter а“, with 0 < à, а“ < 1, the final form of the acoustics-convection 
flux-divergence decomposition becomes 


ofila) 
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A consistent upstream-bias — m" from this combination because of the 

physical significant of each term. The weights a and а“ respectively for the streamline 

and crossflow acoustic components in this expression are different from each other because 

the streamline and crossflow characteristic velocity components remain different from each 

other, following the BINE poe (17.59). For increasing Mach number, furthermore, the 


+ (a — о“) Азаар 7 (17.84) 


pressure gradient term Ел in this decomposition also contributes to the streamline acoustic 
upstream bias. ‘These нес пое indicate that the magnitudes of acoustic upstream bias 
for (17.84) along the streamline and crossflow directions will have to differ from each other 
for varying M, a “differential” upstream bias that can be instituted through the distinct 
weights а and а“ on the streamline and crossflow acoustic components. 

Bi-modal wave propagation exists tor. all Mach dabis in the crossflow direction. Ac- 
cordingly the crossflow acoustic term a N (х, AXI + Х„А°- Х= 1) ağ 29. will receive a 


bi-modal upstream bias. The associated term (а — а^) A%a ај да need not receive any 


upstream-bias, for if it did it would obliterate all the crossflow acoustic upstream-bias, which 
remains fundamental for stability, as indicated by the multi-dimensional characteristics anal- 
ysis. In respect of the term a Anc 29. no upstream-bias is needed for this term either, for such 
an upstream of this term would essentially add only algebraic complexity to the formulation, 
since its coefficient а rapidly decreases and then vanishes for supersonic and high subsonic 
Mach numbers; three out of four eigenvalues of the Jacobian of this term vanish, as discussed 
in Section 17.4.2 with reference to (17.73), and the product of а and the remaining fourth 
eigenvalue remains negligible for а > 0; additionally all the eigenvalues of this term vanish 
in the crossflow direction. The magnitude of crossflow upstream bias is controlled by the 
weight a, which does not have to vanish for supersonic flows, because of the presence of 
the finite bi-modal wave-propagation regions. Nevertheless, а“ can decrease for increasing 
M, because the bi-modal crossflow region и Ене for increasing Mach number. 

The streamline acoustic term a (ХЛ X^! + ХЛ Xa; ot accounts for the bi-modal 
streamline propagation of acoustic waves; this term is thus employed for an acoustics up- 
stream - bias approximation within the streamline wedge region, for low Mach numbers. 
Since this term already models pressure-induced acoustic-wave propagation along each stream- 








: 5 : Ө}? 
line, there is no need to develop an additional upstream bias for the (1 — а — 8). also 
J 





considering that the coefficient (1 — а — 6) of this term vanishes for acoustic and super- 
sonic flows and three out of four eigenvalues of the Jacobian of this term identically vanish, 
as discussed in Section 17.4.1 with reference to (17.70). As the Mach number rises, be- 


sides, an | fraction of the pressure gradient receives an upstream bias in the term 
ai 
UJ. 








= ЈЕЛ Т. This expression is counted as one term because, with reference to (17.66), the 


eee associated with this term will all keep the same sign within the streamline wedge 
region, since ô = (1 — 0)8 < f. 

Based on the two principles of minimal upstream dissipation and consistent infinite- 
directional upstream bias, the developments in the following sections show that for М = 0, 
the functions a and o" equal 1, whereas the function ô equals 0; for increasing M, а rapidly 
decreases and vanishes, д rapidly increases and then identically equals 1, for supersonic flows, 
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and а“ monotonically decreases. Employing decomposition (17.84), the following sections 
establish a computationally efficient characteristics-bias Euler flux divergence. 


17.4.4 3-D Convection and Pressure-Gradient Components 


Also for three-dimensional flows is the Euler flux f; decomposed as f; = Ју + ју, where the 
convection and pressure fluxes are defined as 





1; p 0 
0 
4(q) = 278 = igh = 1.0 72 5$. (ду = PO (17.85) 
m р р | 
— та m3 pox 
р 
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For any Mach number, Section 17.3 has shown that the non-dimensional Euler eigenvalues 
of the Jacobian Ойт, аге 
q 
Noo = vjnjM, №, = отм =1 (17.86) 


For supersonic flows, these eigenvalues all have the same algebraic sign within the streamline 
region and the entire flux divergence can be upstream approximated along the streamline 
principal direction, within this region. For subsonic flows these eigenvalues have mixed alge- 
braic sign and an upstream approximation for the flux divergence along one single direction 
remains inconsistent with the two-way propagation of acoustic waves. Without the pressure 
gradient in the momentum equations, however, the corresponding flux-Jacobian eigenvalues 
all have the same algebraic sign within the streamline region and the resulting convection 
flux divergence can then be upstream approximated along one single direction. Also for 
three-dimensional flows, accordingly, can the flux divergence be decomposed as the linear 
combination 








Of; [Off 9} -al 
ae воа ae). 0<8<1 (17.87) 


where the positive pressure-gradient partition function 8 = (M) is chosen in such a way 
that all the eigenvalues associated with each of the two components between brackets in 
(17.87) keep the same algebraic sign within the streamline region, for all Mach numbers. 
In this manner, these entire components can be upstream approximated along the stream- 
line. The function 2 will gradually increase toward 1 for increasing Mach number, so that 
an upstream approximation for the components in (17.87) smoothly approaches and then 





becomes an upstream approximation for the entire A along the streamline, which also 
ensures consistency with the one-dimensional formulation. Decomposition (17.87) is thus 
used for an upstream approximation of the flux divergence within the streamline region, for 
subsonic and supersonic flows. This decomposition, however, is insufficient for an accurate 
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multi-dimensional upstream modeling of acoustic waves, for any Mach number range within 
the crossflow region and for low and vanishing Mach numbers within the streamline region, 
for the same reasons stated for the case of two-dimensional flows. For 2 approaching zero, 
the eigenvalues associated with the components in (17.87) approach the eigenvalues of the 
Jacobians 
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(17.88) 
and 
0 , 0 0 , 0 , 0 
Of? (а) рт > Pm, , Peart s Pea + Ре 
гу пу = | pna , р.п , Баћа + Баћа , Prr (17.89) 
Pra ; рь, з + Peara s ры. з + Dg 
0 0 | 0 | 0 , 0 


Using the pressure-derivative identity (2.22) the eigenvalues of these Jacobians respectively 


are 
NE = UN; М — ujnj(1 F Pa) (17.90) 


and 
Ng 0, Jd =P (17.91) 


which certainly all keep the same algebraic sign for any wave propagation direction, but 
for vanishing Mach number they also vanish instead of converging to the dominant speed 
of sound c. For low Mach numbers, an upstream approximation for the components in 
(17.87) would thus inaccurately model the physics of acoustics. Again, this predicament is 
resolved by further decomposing the three-dimensional pressure gradient in (17.87) in terms 
of genuine streamline and crossflow acoustic components, for accurate upstream modeling of 
acoustic waves throughout a three-dimensional flow field. 


17.4.5 3-D Acoustic Components 


For arbitrary Mach numbers and corresponding dependent variables p, та, то, тз, and E, 
the Euler flux Jacobians in (17.56) can be decomposed as 


Of; 0pm Of. ој 
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| . . . Of of? 
where, with reference to the acoustics equations (17.33), the matrices 2; 2; , A5, and A7^ 
are defined as 
0 , ж , dd ,., d , o0 
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p03 , Рад ӧз , Ping 93 ? Pm, 03 , руда 
0 , 0 , 0 0 > 0 
о, & , B‘ G‘ 0 
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0 , ау , = у с , 0 
Dg Dg Dg 
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j j j 
Ane = 0 , Pm, 03 , Prng 2 , Prng 92 , 0 (17.93) 
() ; Pm да ; Рада ; Рада ; 0 
0,8, в, -——5.) 
Dg Dg Dg 


Heed, in particular that no flux component of f;(q) exists, of which the Jacobian equals a5. 
The eigenvalues of the matrix Ату have been determined in closed form as 





0.3 = 0, А = —6M p inj (17.94) 


which become infinitesimal for vanishing M. Again, the matrix A7* can be termed a “non- 
linear coupling" matrix, for it completes the non-linear coupling between convection and 
acoustics within (17.56) so that the two Euler eigenvalues 15 in (17.58) do correspond to 
the sum of convection and acoustic speeds. Since the matrix A5 will be used in the upstream- 
bias formulation for small Mach numbers only and considering that the eigenvalues in (17.94) 
vanish for these Mach numbers and also for n pointing in the crossflow direction, for which 
vjn; = 0, no need exists to involve A‘ in the upstream-bias approximation of the flux 
Jacobian (17.56). 
The eigenvalues of Аўт; have been exactly determined in closed form as 


je) е (17.95) 


and remain independent of the propagation vector n, which signifies isotropic propagation. 
The matrix А can be thus termed the “acoustics” matrix, for its eigenvalues equal the speed 
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of sound c. This matrix can be thus used for an upstream-bias approximation of the Euler 
equations in the low Mach-number regime, within the streamline region, and for any Mach 
number, within the crossflow region. 

For any three mutually orthogonal unit vectors а = (а, а, аз), а“: = (ал, a5", a3"), 
and а*? = (aj?,a5?,a3?), along with implied summation on repeated indices, the acoustics 
component within the Euler flux divergence can be expressed as 


id 
2020; 





TT OF saga 04 
+ Аа? + Авај з (17.96) 
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= Аја Qjük-z — BE 
For a parallel to u, this expression corresponds to a decomposition of the Euler acoustics 
component into one streamline and two crossflow acoustics components. 

With reference to Section 17.2.3, the three-dimensional-flow similarity transformation for 
these components may be expressed as 





Ајај = RIX SAANA AAN XS, = eA 


Ajaj! = X, A°X = Xy AX + Xy А ХС) 


J 9) 
AG = X, ex; =A UATEX ААА (17.97) 


where the matrices X A^* X ! and ХЛ X ^! respectively correspond to the “forward” and 
"backward" acoustic-propagation matrix components of Аа;. Accordingly, a bi-modal 
upstream-bias approximation of А?а; readily follows from instituting a forward and а back- 
ward upstream-bias approximation respectively for the forward- and backward- propagation 
matrices in (17.97). This bi-modal approximation directly yields both the non-negative- 
eigenvalue matrices 


Аза | = X (А+ — А) Х 
Aja; 


| Ава = X,, (А — M) XUI (17.98) 





= Xp (AU – А) ХІ, Ават 





and the associated matrix product Asa, | акда/дт.. The matrices in (17.98) correspond to 
the streamline and crossflow absolute acoustics matrices. As in the two-dimensional-flow 
case, these absolute matrices depend on the diagonal matrices A^* and A?-, with different 
forms inducing distinct magnitudes of upstream-bias dissipation. With the following matrices 


ле О Uy Uo. U DU. d y Us OD „ BD 
0,0,0,0, 0 0,22%,0,0,0 
1 1 
A"*2-]0,0,c,0,0]|, л–—=–—-|0,0 ,с,0,0 
^|0,0,0,c,0 ^lo0,0,0,c,0 
0,0,0,0, с D. 0 „О, x x 
(17.99) 
the matrix product of Аза; = = X (A** — A*-) X^! and the directional derivative аљда/дт 
of q directly leads to the beautifully simple acoustic-field result 
|Аза | аъ 1 T 254g и = са a (17.100) 
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The similar results for (a;',a;',a3') and (aj?,a5?,a3?) replacing (а, а», a3) are 





Аза" со == = a, = p. 17101 
| е др, k др, |F Oxy (17.101) 
and да 5 5 
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where J denotes the 5 х 5 identity matrix. For a vanishing M, all the eigenvalues of the 
streamline and crossflow absolute acoustic matrices thus approach +c. 

On the basis of the acoustics similarity transformation, the Euler flux divergence may 
thus be expressed as 





Of, Of; 2 E 1). да 
= acu cc — 
да) Oa; ^! On, +( + тя 
+ (АЕ + Хи ХИ] ар Et (Xx АХ + ХА Ху IP (17.103) 
NI s О N2 ш Ox, 


For a, а“, and а^ respectively pointing in the streamline and two mutually perpendicular 
crossflow directions, this expression provides a decomposition in terms of three-dimensional 
streamline and crossflow acoustic components. 


17.4.6 Combination of 3-D Acoustics- Convection 
Characteristics-Bias Decompositions 


The previous sections have shown that the Euler flux divergence can be equivalently ex- 
pressed as 

ofi О Д Of? 

БЛ + 922 + [1 - 222 |: 
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(ХлХ + Xy A ХЛ) ад 
да 
As for two-dimensional flows, the first decomposition will conveniently lead to а charac- 
teristics - bias approximation within the streamline wedge region, for high-subsonic and 
supersonic Mach numbers that induces less diffusion than the second, for increasing Mach 
numbers, but does not represent acoustic propagation for low subsonic Mach numbers. ‘The 
second decomposition will lead to a characteristics-bias approximation that consistently mod- 
els acoustic propagation within the crossflow and streamline wedge regions, but induces more 
diffusion than the first for increasing Mach number. An acoustics-convection flux divergence 
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decomposition for all Mach numbers for a characteristics-bias resolution that not only induces 
minimal diffusion, but also models acoustic propagation is thus established as the following 
linear combination of these two decompositions, with linear combination parameter a and 


US ou 1 
ОЛ др} Of; Е Of; 
EN «855 | + [a 241 
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(17.105) 


Owing to the simplifying parameter ô = 5(1 — а) and introducing the crossflow acoustic 
upstream parameter o, with 0 < ôa < 1, the final form of the acoustics-convection 
flux-divergence decomposition becomes 


ofila) 
Ou; 
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р Ox; aa Inr. к fon) ;( pom ar”) Өт, 
As for two-dimensional flows, а consistent НИТИ representation results from this 
combination because of the physical significant of each term. The weights a and a™ respec- 
tively for the streamline and crossflow acoustic components in this expression are different 
from each other because the streamline and crossflow characteristic velocity components re- 
main different from each other, following the Euler eal (17.59). For increasing Mach 


number, furthermore, the pressure gradient term 525 fi in this decomposition also contributes 
to the streamline acoustic upstream bias. These M а она indicate that the magnitudes 
of acoustic upstream bias for (17.106) along the streamline and crossflow directions will have 
to differ from each other for varying M, a “differential” upstream bias that can be instituted 
through the distinct weights о and o" on the streamline and crossflow acoustic components. 
Bi-modal wave propagation region exists for all Mach numbers in the crossflow plane 
perpendicular to each streamline. Accordingly the crossflow acoustics expression 


д д 
aN (Xp, AXZ! + Xp АХ) aj s.a" (X, A* X1 + X, A XS) ag B 


will receive a bi-modal upstream bias. The associated term (а — а“) A*(a5' a; + ај а) 29. 


need not receive any upstream-bias, for if it did it would obliterate all the crossflow acoustic 
upstream-bias, which remains fundamental for stability, as indicated by the multi-dimensional 
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nc да 
J 0; 
term either, for such an upstream of this term would essentially add only algebraic complexity 
to the formulation, since its coefficient а rapidly decreases and then vanishes for supersonic 
and high subsonic Mach numbers; three out of four eigenvalues of the Jacobian of this term 
vanish, as discussed in Section 17.4.5 with reference to (17.94), and the product of а and 
the remaining fourth eigenvalue remains negligible for о > 0; additionally all the eigenvalues 
of this term vanish in the crossflow direction. The magnitude of crossflow upstream bias is 
controlled by the weight о“, which does not have to vanish for supersonic flows, because of 
the presence of the finite bi-modal wave-propagation regions. Nevertheless, a can decrease 
for increasing M, because the bi-modal crossflow region shrinks for increasing Mach number. 
The streamline acoustic term а (ХЛ X | + ХЛ X 1) ange accounts for the bi-modal 
streamline propagation of acoustic waves; this term is thus employed for an acoustics up- 
stream - bias approximation within the streamline wedge region, for low Mach numbers. 
Since this term already models pressure-induced acoustic-wave propagation along each stream- 
line, there is no need to develop an additional upstream bias for the (1 — à — ô) a also con- 


characteristics analysis. In respect of the term aA no upstream-bias is needed for this 








sidering that the coefficient (1— а — б) of this term vanishes for acoustic and supersonic flows 
and three out of four eigenvalues of the Jacobian of this term identically vanish, as discussed 
in Section 17.4.4 with reference to (17.91). Besides, as the Mach number rises, an increasing 








p of? af? | 
fraction of the pressure gradient receives an upstream bias in the term E + д al. This 
J 2 


expression is counted as one term because, with reference to (17.87), the eigenvalues аѕѕо- 
ciated with this term will all keep the same sign within the streamline wedge region, since 
ó — (1— o)8 < 8. 

Based on the two principles of minimal upstream dissipation and consistent infinite- 
directional upstream bias, the developments in the following sections show that for M — 0, 
the functions a and а“ equal 1, whereas the function 6 equals 0; for increasing M, o rapidly 
decreases and vanishes, д rapidly increases and then identically equals 1, for supersonic 
flows, and а“ monotonically decreases. Employing decomposition (17.106), the following 
sections establish a physically meaningful three-dimensional characteristics-bias Euler flux 
divergence. 





17.5  Characteristics-Bias Euler Flux Divergence 


This section presents the characteristics-bias Euler flux divergence for both two- and three- 
dimensional flows. 


Two-Dimensional Flows 


With reference to (14.103), given the physical significance of the terms in decomposition 
(17.84) and algebraic signs of the corresponding principal-direction eigenvalues, the associ- 
ated principal direction unit vectors for these terms are 

ар = —Q = а; = а, аз = –а = а“, ав = Q7 = ag = 0 (17.107) 


At each flow-field point, а and а“ remain respectively parallel and perpendicular to the local 
velocity, with а“ obtained by a 90°- degree counterclockwise rotation of а. With (17.84) 
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and (17.107) the general upstream-bias expression (14.103) in Chapter 14 directly yields the 
acoustics-convection characteristics flux divergence 
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j Әх 
upstream biases within respectively ne Кене ие "vi crossflow wave propagation regions. 
These two combined expressions then induce a correct upwind bias along all wave propagation 
regions. The operation count for expression (17.108) is comparable to that of an FVS 
formulation. The terms in this expression, furthermore, directly correspond to the physics 
of acoustics and convection. Expression (17.108) determines С itself, up to an arbitrary 
divergence-free vector, as 


р 
In this result, the expressions (conia; t aW a; а. 2 ш E 2) and (co a, a. on -) determine the 





да , ofj Of; 
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According to this result, the intrinsic two-dimensionality of each component f£ derives from 
its dependence upon the entire divergence of ff and ју. The components within this flux, in 
particular, remain linearly independent of one another, which avoids the linear-dependence 
instability in the steady low-Mach-number Euler equations. 

For vanishing Mach numbers, а and а“ will approach 1 whereas д will approach 0. Under 
these conditions, (17.108) reduces to 
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КА - Е С Ox, ev {e Fe, ЕА ) о 























which essentially induces only ап acoustics upstream bias. Heed that this bias becomes inde- 
pendent of any specific propagation direction, for it no longer depends on (оаа, T o"a;a;). 
This bias, as a result, becomes isotropic, in harmony with the isotropic propagation of acous- 


tic waves. For supersonic flows, а = 0 and 6 = 1 and (17.108) thus becomes 


off af, ð да. 0f, 
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which depends not only on the entire divergence of the Euler inviscid flux vector, but also 
on the crossflow component of the absolute acoustics matrix. This component is needed 
because the Euler flux Jacobian eigenvalues remain of mixed algebraic sign within a conical 
flow region about the crossflow direction, due to acoustic propagation. 


3-D Characteristics-Bias Euler Flux 


With reference to (14.103), given the physical significance of the terms in decomposition 
(17.106) and algebraic signs of the corresponding principal-direction eigenvalues, the associ- 
ated principal - direction unit vectors for these terms are 
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ал = –аг = ат = а, аз = –а = а“, аѕ = –ав=а', ag = ао = аз = 0 (17.112) 


At each flow-field point, а is parallel to the local velocity vector, whereas the mutually 
orthogonal unit vectors а^ and а^ remain perpendicular to velocity. With (17.106) and 
(17.112), the general upstream-bias expression (14.103) directly yields the three-dimensional 
acoustics-convection characteristics flux divergence 








Off Of, ð ‚(аа + оза) E p ah 4 a 528 
3 = пр a | (ома ком e e да на el 
(17.113) 


In this result, the expressions | caa;a;5+ + a; 20 + а; oe | and (са У (aj a; + ага |) == 
s = 1 = s Oz; 
determine the upstream biases within ione ely the streamline and ре 77И wave ргора- 
gation regions. These two expressions combined then induce a correct upwind bias along all 
wave propagation regions. The terms in this expression, furthermore, directly correspond to 
the physics of acoustics and convection. 
Expression (17.113) determines ff itself, up to an arbitrary divergence-free vector, as 


fr = (ч) — еф ‹ (овај + o" (aja; + агаў?) А см 9| (17.114) 
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According to this result, the intrinsic three-dimensionality of each component f“ derives 
from its dependence upon the entire divergence of /7 and ју. The components in this flux 
remain linearly independent of one another, which avoids the linear-dependence instability 
in the steady low-Mach-number Euler equations. 

For vanishing Mach numbers, а and а“ will approach 1 whereas д will approach 0. Under 
these conditions, (17.113) reduces to 


0ff Of, ð да | Offi 
Е ~ E да ИС x | ~ 


which essentially induces only ап acoustics "n bias. Heed that this bias becomes 
independent of any specific ко direction, for it no longer depends оп the directional 
expression | оа;а; + а“ (a; : a + а? ај“) ). This bias, as a result, becomes isotropic, in 


harmony with the isotropic жек of acoustic waves. For supersonic flows, а = 0 and 
ô = 1 and (17.113) thus becomes 


Oj, Of; О a дд (Of; “JI 
= — j а 17.116 
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which depends on the crossflow component of the absolute — matrix and the entire 
divergence of the Euler inviscid flux vector. 





























17.5.1 Consistent Multi-Dimensional and 
Infinite-Directional Upstream Bias 
This section describes the conditions that allow the characteristics-bias Euler flux divergence 


to provide a consistent infinite-directional and intrinsically multi-dimensional upstream for- 
mulation. 
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Two-Dimensional Flows 





In Jacobian form, the characteristics-bias Euler flux divergence becomes 


0f __ Of; О N N_N Of} Of; Од 








which essentially depends upon the five upstream-bias functions ај, ао, а, 0, а“. In order to 
ensure physical significance for this characteristic-bias expression, these functions are de- 
termined by imposing on (17.117) the stringent stability requirement of an upstream-bias 
dissipation not just along the principal streamline and crossflow directions, but along all di- 
rections n = (та, па) radiating from any flow-field point, a condition that corresponds to sta- 
bility of the upstream-bias expression. By virtue of the developments in Sections 14.4,14.5.4, 
expression (17.117) will be stable when all the eigenvalues of the upstream-bias matrix 


Of? Ur 
А = п; ( (оаа, + aag a7 ) I+ 2 + T) n; (17.118) 


remain positive for all Mach numbers M and propagation directions m. 


Three-Dimensional Flows 


An analogous conclusion applies for 3-D flows. In Jacobian form, the characteristics-bias 
Euler flux divergence becomes 
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(17.119) 
which essentially depend upon the six upstream-bias functions ај, as, аз, o, б, а“, since 
а“ and а^ are directly obtained from a as shown in Section 17.5.4. Again, in order 
to ensure physical significance for this characteristics-bias expression, these functions are 
determined by imposing on expression (17.119) the stringent stability requirement of an 
upstream-bias dissipation not just along the principal streamline and crossflow directions, 
but along all three-dimensional directions т = (па, по, па) radiating from any flow-field point. 
This expression will be stable when all the eigenvalues of the upstream-bias matrix 
Ој; 


эг 
А = п; ( (оаа, + а“ Coo n аа) I+ ҮЛ + T Hi (17.120) 


remain positive for all Mach numbers M and propagation directions m. 


17.5.2 Upstream-Bias Eigenvalues and Oblique-Shock Capturing 


Despite the formidable non-linear algebraic complexity of .A, all of its eigenvalues have been 
analytically determined exactly in closed form for general equilibrium equations of state 
and for two- and three-dimensional flows. Dividing through the speed of sound c, the non- 
dimensional form of these eigenvalues is 


МММ 
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for two dimensional flows, and 
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for three-dimensional flows. 

In these expressions, v; denotes the j'^ direction cosine of a unit vector v parallel to 
the local velocity и. Accordingly, the inner product фут; supplies the cosine of the angle 
between the velocity vector and the unit vector n; when this unit vector is orthogonal to an 
oblique-shock facet, these eigenvalues, as a result, depend on the “normal” Mach number 
M, = Мору, which corresponds to the Mach number of the flow in the direction normal 
to the shock. The function д from Азд is thus calculated on the basis of this normal Mach 
number, so that the resulting multi-dimensional upstream-bias formulation across a shock 
will sense the supersonic and subsonic flows in the normal direction, as in a one-dimensional 
flow. 

All these eigenvalues must converge to 1 for vanishing Mach number, for an accurate 
modeling of acoustic waves. Heed that for both a = v and n = v, the functions а and д 
within (17.121) and (17.122) determine the corresponding streamline upstream-bias eigen- 
values already established for one-dimensional flows in Chapter 13 


les] ld ° 
À12 = Q + М, Азд = Q + ( + 2) M + c) + д (17.123) 


Rather than prescribing some expressions for а and д and accepting the resulting variations 
for these eigenvalues, again physically consistent expressions for the streamline upstream-bias 
eigenvalues are instead prescribed and the corresponding functions for а and д determined. 
As shown in the following sections, all of these upstream-bias eigenvalues will remain positive 
when о and 6 are calculated via the streamline-flow expressions, from Chapter 13, and а“ 
forces Азд to remain positive for all n and Mach numbers. 


17.5.3 Conditions on Upstream-Bias Functions and Eigenvalues 


Two-Dimensional Flows 





The eigenvalues (17.121) are expressed as 


Аја = Аја (М, n) (17.124) 
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to stress their dependence upon both M and m. ‘The five theoretical conditions for the 
determination of the five functions ај, a2, а, ô, а“ are 


Ai12(M,n) 20, a.a" = 0 


Ај (М, о) = Дү, Ад (М, v) = Ад, Азд (М, п) > 0 (17.125) 


where A; and А, now denote prescribed streamline upstream-bias eigenvalues. ‘The first 
condition stipulates that the unit vector а is parallel to velocity and the second condition 
determines that а and а“ are mutually perpendicular. In particular, these two conditions 
constrain the unit vectors а and а“ respectively to point along the streamline and cross- 
flow directions. The third and fourth conditions stipulate that the streamline upstream-bias 
eigenvalues must equal prescribed eigenvalues. The streamline eigenvalues A; and A4 will 
coincide with the eigenvalues A; and А» of the one-dimensional formulation. These eigenval- 
ues will thus lead to the same expressions for а and о as in the 1-D formulation. For the 
determined a, а“, а and д, the fifth condition then establishes а“. 


Three-Dimensional Flows 








In this case, the eigenvalues (17.122) are expressed as 
Ад = Ao,4 (M, n) (17.126) 
The six conditions for the determination of the six functions a4, a», аз, a, б, а“ are 
^o2(M,n) 20, а-а“ 20, а-а? = 0 


Ao,1 (M, v) = А1, Ад (М, v) = Ал, Азд (М, п) > 0 (17:127) 


where Ау and A4 again denote prescribed streamline upstream-bias eigenvalues. The first 
condition stipulates that the unit vector a is parallel to velocity and the second and third 
condition determine that a, а“, and а^ are mutually perpendicular to one another. In 
particular, these three conditions constrain the unit vector a to point in the streamline 
direction and the unit vectors a^: and a^? to point in any two mutually perpendicular 
crossflow directions. The fourth and fifth conditions stipulate that the streamline upstream- 
bias eigenvalues must equal prescribed eigenvalues, and thereby determine o and о as in 
the 1-D formulation. For the determined а, а“, а^, a, and о, the sixth condition then 
establishes а“. 


17.5.4 Upstream-Bias Functions a, a, and бё 


These functions are used in actual computations based on the characteristics flux divergence 
(17.108) and (17.113) 
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Two-Dimensional Flows 
In the eigenvalues Ај» in (17.121), the components 


nio;0;n; = a (ата), та“ a; ату = а“ (a?n;) (17.128) 
are already non-negative for non-negative а and а“. The eigenvalues А 2 will thus remain 
non-negative for all positive а and а“, including а — 0 and а“ — 0, when the additional 
component n;a;v;n; M remains non-negative for all M. This requirement is met when а = v, 
for 

п;а;0;; М = (vjn;)? > 0 (17.129) 


This finding is not surprising, for the streamline direction is a principal characteristic di- 
rection. The unit vector а“ then equals the vector obtained by rotating a by 90° counter- 
clockwise, with components 

@ =e, a. = (17.130) 


Three-Dimensional Flows 
In the eigenvalues Ао ә in (17.122), the components 
2 2 
njaa;a;n; = о (а;т;)?, шага, а, туа (a? nj) ; шоа а n cus (a}?n,;) 
(17.131) 
are already non-negative for non-negative а and а“. The eigenvalues Ao» will thus remain 
non-negative for all positive а and а“, including а — 0 and а“ — 0, when the additional 


component n;a;v;n;M remains non-negative for all M. This requirement is met along with 
the first condition in (17.127) when a = v, for 


ia m M =M (wn) > 0 (17:132) 


Again, this finding is not surprising, for also within a three-dimensional flow is the streamline 
direction a principal characteristic direction. In any flow region where velocity vanishes, it is 
then computationally convenient to set ај = 1, аг = аз = 0. Since a? +a2 +a% = 1, it follows 
that either а? + a2 or а5 + a2 is always different from zero. For a? + a3 > 0, accordingly, the 
components of a, а“, а^ may be expressed as 





ui U2 из 


== —— аә == аз = 
|e lel үш 


Q1 


Ni 


N 
Q4 1 


Q2 Q1 
cure Pa e C 
ад + a5 ад + a5 


ајаз 0203 

М. М. М. 

аз =A, ap o 0M ата = „јад + ад (17.133) 
| 2 2 uu 2 

ад + a5 ад + a5 


With these expressions, а, а“, and а^ are unit vectors that remain mutually perpendicular 
with respect to one another. For a3 + a3 > 0, instead, the components of a, а, a^? may 
be expressed as 


N 
аз ' = () 





ui U2 U3 
li = a ms lo = « аз 
[ш || | 2 


-lul 
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al M 0 ai __ __ B ai __ а2 
| m ata а5 + аз 
2 3 2 3 
ајао ал аз 
N N N 
ay” — y a5 + a3, а“ fe 65 аз? NE cn (17.134) 
a$ + а? a$ + а? 


With these expressions too a, а“, and а^ are unit vectors that remain mutually perpen- 
dicular with respect to one another. 


Determination of a and д 


As noted, the expressions for а and д coincide with the one-dimensional-flow results based 
on the prescribed streamline eigenvalues Ај and A4. Restated here, for convenience, the 
expressions for these two eigenvalues are 











€ Е 
1- M + му , 0 <M< : 
MI Jag 
A (M) = | 2) + Z , $ < М < [њем (17.135) 
2E 2 
M | Ley < M 
М=7 је Е 
àM) = ical ыи , ] e < M < 1 + Ем (17:136) 
DE 2 
M – 1 o Jeu = M 


From the expressions in (17.123), the corresponding functions for both 
a = a(M) and 6 = 6(M) in terms of these streamline eigenvalues are 


X(M) - A(M)) (A (M) - (М) +р,М) 


o(M) = (M) - M, &M)- { Twy gm a (17.137) 


17.5.5 Crossflow Upstream-Bias Function o" 


The condition Азд (M, n) > 0 in (17.125), (17.127) determines а“ = а“ (М) for both two- 
and three-dimensional flows. 


Two-Dimensional Flows 





Heed that а = v remains perpendicular to а“, while n;a; and таг denote the vector “dot” 
products between the unit vector n and the unit vectors a and а“ respectively. Accordingly, 





N N Ll qul 7) 
а; nj = 507 0, Ө 


1 


0 — 6, (17.138) 


п;а; = cosh, та 


where 0 and 6, denote the inclination angles between the x; axis and n and v respectively. 
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Three-Dimensional Flows 


Heed that а = v remains perpendicular to both а“ and а^. Moreover, the expressions 
N М. . . 

Nili, па; ', and га; > respectively denote the vector “dot” products between the unit vector 

n and the unit vectors a, а“, and а^, hence 





n = п;а;а + na;'a™ + па; ?а^ (17.139) 


Accordingly, 
1 = (тај + (nia) + (прага) таг = cos 0 


nia; 03+ F NiO; ^0;?nj = 1 — cos? 0 = віп? 0 (17.140) 





where 0 denotes the angle between n and a. 


Determination of o" 


For both two- and three-dimensional flows, the condition А, (M, n) > 0 leads to the following 
single constraint on а“ 


_|(1-6 МИ и 1—6 
andy (45, cos | + 6 — cos? 0 (a+ ( + 22 м) 
a“ > g (8, M) = 








1 — cos? 0 
(17.141) 
For supersonic flows with M > 1+ £y, а = 0 and ô = 1, hence (17.141) becomes 
= cos @ — M cos? 0 
N 2»9g(0, M | = ————— 17.142 
ME ) 1 — соз? 0 | ) 





and in particular а“ > gmax(M), where gmax(M) denotes the maximum of g = g(0, M) with 
respect to 0, for each M. From (17.142), the determination of gmax(M) yields 
0g 


ag = 0 = соб 0 – 2M cos +1 = 0 (17.143) 


which leads to 


= 1 
cos @ -M-VM*-1l ф(М) = 5 (M – VM? -1) (17.144) 
g—Gmax 
Significantly, the same solution for gmax( M) results from the condition Аз (M, n) > 0. Con- 
sequently, 
Ја“ > (M-VM?-1), M>My=1+eu (17.145) 


and considering that А, (Му, и) = ем, an analogous equality is adopted for га“(Мм), 
leading to га“ (My) = 2g9max( Mm) + м. 

For subsonic flows, a numerical analysis of g = g(0, M) from (17.141) reveals that 
g(0, M) « 0.3 for all Ө and M « My. Additionally, for an isotropic acoustic upstream 
for vanishing M, а“(0) = 1 and да“/ОМ|м— = ða/ƏM|m-0 = A = —2, whereas for 
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M > My both а“ and its derivative with respect to M can be calculated from (17.145). 
A smooth variation for а“ = ах(М) that satisfies all of these constraints is the composite 
spline 


/ / M 3 
(е + а) М, = Зах +2) (=) 
2 


Мм 
/ / M 
a™ M= : M 17.146 
(М) + (oM) (77) + 1 ме. | ) 
М 


1 2 
qu ПРМ (M – M? — 1), M, <M 


where superscript prime “’” denotes differentiation with respect to M and subscript “M” 
in both а“ and а“ indicate their respective magnitudes at М = Ми from the second 
expression in (17.146). 





17.5.6 Variations of a, б, а^ 


The variations of a = a(M), а“ = а“(М) and 6 = (М) in Figure 17.11 indicate that 























































































































































































































































































































Characteristics-Bias Functions 
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Figure 17.11: Upstream-Bias Functions 


these three functions as well as their slopes remain continuous for all Mach numbers, with 
sow ма = 1, 


678 Multi-Dimensional Compressible Flows 





These distributions show that the variations of а and а“ remain distinct from each other. 
The decrease of а“, hence of the crossflow upstream-bias is less rapid because this is the 
only contribution to a crossflow upstream. The function а“, nevertheless, decreases by 50%, 
at the sonic state, and by 80% for М = 1.8. For this function, forcing non-negativity of Аз.д 
as opposed to equality to a prescribed positive constant, in particular, ensures minimal cross 
flow diffusion. Expression (17.146) leads to the results 





N 
шу eo, den S^ 


which indicate that the magnitude of crossflow upstream decreases with increasing М. ‘This 
result agrees with the physics of high-M flows, where the bi-modal propagation region nar- 
rows about the crossflow direction, as seen in Section 17.3. Convection thereby becomes the 
prevailing wave propagation mechanism, which thus reduces the need for acoustic crossflow 
upstream bias. 





17.6 Polar Variation of Upstream-Bias 


The directional variation of the upstream bias eigenvalues (17.121), (17.122) is presented 
in Figures 17.12 - 17.13 for representative subsonic and supersonic Mach numbers. These 
variations are obtained for a variable unit vector n = (cos@,sin@) and fixed unit vector 
a = v, in this representative case inclined by 4-30? with respect to the x; axis on the flow 
plane, in 2-D, or a reference 21 axis on any plane II that contains both v and m. 


M = 0.05 





Figure 17.12: Polar Variation of Subsonic Upstream Bias 
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М = 1.5 





= Mach Lines 


260° 270° 280? 


Figure 17.13: Polar Variation of Supersonic Upstream Bias 





These figures collectively indicate that the characteristics flux divergence expressions 
(17.108), (17.113) induce a physically consistent upstream bias because, for any Mach num- 
ber and wave propagation direction n, the associated upstream-bias eigenvalues (17.121), 
(17.122) remain positive and their directional variation mirrors the directional variation of 
the characteristic Euler eigenvalues (17.58). The upstream-bias eigenvalues, moreover, are 
symmetrical about the crossflow direction and characteristic streamline, precisely like the 
characteristic Euler eigenvalues (17.58). For M = 0.05, the directional variation of the 
upstream-bias eigenvalues in Figure 17.12 correlates with that in Figure 17.6 and thereby 
corresponds to an isotropic upstream bias, in complete agreement with the isotropic acoustic 
wave propagation speed in the Euler equations. For increasing Mach numbers, the upstream 
bias becomes anisotropic, again in agreement with the anisotropic distribution of the Eu- 
ler eigenvalues (17.58). For M — 0.5 this anisotropy is already evident and then becomes 
more marked for supersonic Mach numbers as indicated in Figure 17.13. In particular, the 
crossflow upstream bias decreases for increasing Mach number. 

Figures 17.14 - 17.15 compare the directional variations of the representative upstream- 
bias eigenvalue A5 and the corresponding Euler eigenvalue pus This comparison is sufficient 
to depict the correlation between all the Euler and upstream-bias eigenvalues, for Луз and 





i are topologically similar to each other, compare Figures 17.7 and 17.13, while А and Я 





are respectively mirror skew-symmetric to Аз and А. with respect to the crossflow direction. 
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Figure 17.15: Polar Correlation of Supersonic Characteristic Аз and Upstream Аз 


As Figures 17.14 - 17.15 indicate, Аз is symmetrical about the characteristic streamline, 
precisely like the corresponding characteristic Euler eigenvalue № апа the corresponding 
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polar curve is topologically similar to the Euler eigenvalue curve. For M = 0.05, Аз and 
virtually coincide with each other and remain direction invariant, which corresponds to an 
isotropic upstream bias in correlation with the acoustic speed. For M = 0.5, Figure 17.14 
indicates that ЈЕ is greater than Аз in the streamline direction. This results corresponds to 
minimal streamline upstream diffusion. 

For supersonic Mach numbers, Аз in the streamline direction coincides with М + 1. As 
shown in Figure 17.15, the magnitude of the upstream bias for supersonic flows is thus 
virtually identical to the magnitude of the characteristic eigenvalues, within the domain of 
dependence and range of influence of any flow field point. Outside this region, the upstream- 
bias eigenvalues are modestly less than the characteristic eigenvalues. In these variations, 
the upstream-bias eigenvalues are vanishingly small in the cross- flow direction, which, in 
particular, corresponds to minimal crossflow diffusion. 





17.7 Variational Statement and Boundary Conditions 


This section presents the characteristics-bias Euler and Navier-Stokes integral systems and 
then details a set of boundary conditions. 


17.7.1 Characteristics-Bias Euler and Navier-Stokes Systems 


With reference to the developments in the previous sections and Chapter 14, the charac- 
teristics - bias Euler and Navier-Stokes systems for two- and three-dimensional flows are 
formulated as follows. 


Two-Dimensional Flows 


The characteristics-bias Euler equations are cast as 
Le (e+ за + ве) @-— nas (ево (ж * эе, + 2 )) ап 
-fw 3 (<u (« (ааа, + ааах) 2) | dQ = 0 (17.148) 
Le Ux ta on) *вш es m) t) 
- [as e 4 i (m) + = uu F 2) ) 10 
= f w (<u ( (ава, + оаа") s +@(6— 02 | ) dQ = 0 (17.149) 
fw (Ft as +в) + i (= (Е + n | dQ 
det e (Ef (ee) а ен) 
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О дЕ 
f N-N-N 1 1 
- [ws (<u (e (aa To ага: 2) 2.) an -o (17,150) 


The corresponding Navier-Stokes equations are expressed as 
Le (Bet dar + Bas) Lae em (Set Se tae) ) 48 
- frog. (<u " (ааа; + "aj aj) 22) ) dQ = 0 (17.151) 
fae Ux + am Gm) + pea (777) "аи" m) 
essem Ur om rm а 
д (oo (efena taraa) 06-022) )an=0 атлаа 
[ (5 + = (ep) -+ = (e+) ) dQ 
1 (пази (o) * кез» (25) ) ^ 
TEE 
EE | Е = (“of + ME E (£) ) a 


О OE 
Las (<u ( (оа, + aa; а; nZ) ) dQ = 0 (17.153) 


These systems provide the Galilean-invariant characteristics-bias formulation for two-dimen- 
sional inviscid and viscous compressible flows. 












































Three-Dimensional Flows 


The characteristics-bias Euler equations are cast as 


fo (Se + E + e + jan 





Ot Ox Ото Ота 
Ота Ото oma 
= ——- €) 
uu (e (92 + us ш Ой» ЕЈ me) ја 


- f we (<u (« (оаа, a (аам 4 qu 2r ) ) dO — 0 (17.154) 


Tj 














al ма om Op 
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hra e үк in Rip Fi Ge ui) 
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(17.155) 
[о E m - 2 (e+) + - (e+) ) dQ 





дуз 
-fw " (22+ + (mg ep) 24 (Жав +) += пр] | йо 
- [wx (<u ( (сага) + o^ (a? а^ + ага a 3 | dQ = 0 (17.156) 





The corresponding Navier-Stokes equations are expressed as 


Op Ота Әт» Ота 
da aL Q 
P Ота Om» Ота 
E ро 
ји Әт, Z (ема e Әт ш Ото T E 


– foe (<u (e (ова, +a" (аал + аза 2) 2) an-o 
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Bs; (17.157) 
Ome д (m Ә (то 0 [тз Ор 1 O04, 
сау EM ai LEA. donee CE 0l Q 
| Us + эу mi) + oc (Sem) + 20. (Гати) + 5B Re Оё; ‚ 
О Om д (m; Op 1 дог; 
Е сд Nic КИЕ. k „=, О 
Jas (eves (бу + р (те) + > Re ба ) )4 
- fw? еф c (оаа, + а“ (a^a ; + а; ај P) a KE dX) = 0 
о Ox; isi Ox Ox, 
(17.158) 
OF О та О ms О m3 
E SEU — | — (Е €) 
IEEE MUT ЕЕ +p) + (5 +р) | |а 
-fw 0 Mi t x 1 О [OT 
Q Heo p ш EoPRReOTXOZ 





д OE д 
"Да: (Ft дг; e i) о 
1 д Mge T 1 О ОТ 
+ fae (еве (пева o 5) + mereri; (s;)) ) ® 
е (а СС (a^ ву + а; За; PZ) an =• 


17.1 
- (17.159) 


These systems provide the Galilean-invariant characteristics-bias formulation for three-dimen- 
sional inviscid and viscous compressible flows 
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17.7.2 Weak Statement and Boundary Conditions 


For two- and three-dimensional flows, with implied summation on repeated subscript indices, 
1 < 2,7 < n, the characteristics-bias Euler and Navier-Stokes integral systems may be 
concisely expressed as 


[о | тез 40 – | w 5 eva ( + 25 - 20) | dQ 














Ot 03:5 Ox; Ox; Ot O35 Qus 
д да ћ 
= das N Ne і i 1 () = а 
S ev (с(аалу + à; à; ve) дт; + a;(6 — а) ја 0 (17.160) 


with / = 1, for two-dimensional flows, and 1 < # < 2 for three-dimensional flows. Тһе 
corresponding weak statement is achieved by integrating by parts the characteristics-bias 
expression, an operation that yields the integral statement 


да д}; Off 
AGED =) (51 + 22 - | dQ 














Ow Og h 
о, а О 
+ | Әл, СС + а" а; ‘а; ) т. + a;(6 — 92 ) d 
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— Nat == | 1 АГ = 
$, wew С (22+ dn, + с (ааа, para a М) a, + a;(ô — Jas; т; 0 


(17.161) 
When the divergence of the viscous flux / is also integrated by parts, the following equivalent 


statement is obtained 
“dQ = Ул аг 
= | ez 22m ш an wj; nj 


|А (s + eya ШЕ 
Ош N "E Мр oq MZH Of; 
+f, 025 С (aaa, ша E ) s. да) | Ur; шош се di p 


и р 

- WEY С en d 9 F с (aaa; + а“ а; a; | Е + a;(ó — 092 | таг = 0 

(17.162) 
where n; denotes the i-th component of the outward pointing unit vector perpendicular 
to a boundary facet, as depicted in Figure 17.16; when the boundary corresponds to a 
wall, then a;n; — 0 and the corresponding terms in the characteristics-bias surface integral 
will identically vanish. Тһе ew surface integral, in any case, is eliminated by enforcing 
a weak Neumann-type boundary condition for the hyperbolic-parabolic characteristics-bias 
perturbation. One part of this condition imposes that the original Navier-Stokes system 
should be satisfied at the boundary; the remaining terms are also set to zero as part of this 
weak boundary condition. Clearly, the single Neumann-type condition corresponds to the 
entire boundary en set to nought. For supersonic flows with M > 1 + £y, a = 0, 


ô = 1 and for either таг“ = 0 or ај í 4 = 0, or both, this boundary condition enforces 
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the Navier-Stokes system on the boundary. With the imposition of this weak boundary 
condition, system (17.162) becomes 


(Ој Ow 
Odi 0 TT IR 
(9+ 99 JP) dn | 5, te ф wnd 
р 
(o (2a + ачаа ) 3E + a5 9j; 3 20 = 0 (17.163) 


Ow 
» I, Ox; Y. дт; 
from which, for computational simplicity, the characteristics-bias term for the viscous flux 
may be omitted without loss of stability. Significantly, this statement corresponds to a 
generalized SUPG statement, which, however, does not require pre-multiplication of the 
Euler system by the transpose of the Euler Jacobian, while it automatically provides the 
characteristics-based counterparts of the SUPG “shock capturing” term and stability pa- 
rameters, in this case ew, a, а“, a, а“, and д. 

For all test functions w € H'(Q), the variational formulation seeks a solution q € H"(Q) 
with 7 = бог 7 = 1 respectively for shocked or smooth flows, that satisfies this weak 
statement. This statement is subject to prescribed initial conditions q(x,0) = qo(x) and 
boundary conditions on 00 = 010. Synthetically, these boundary conditions are expressed 
as 














B(z 5 ја (ва t) = С, (х, 0) (17.164) 


where G',(x,,,t) corresponds to the array of prescribed Dirichlet boundary conditions, with 
a zero entry for each corresponding unconstrained component of q, and B(r,,) denotes a 
square diagonal matrix, with a 1 for each diagonal entry, but replaced by zero for each 
corresponding unconstrained component of q. 

The number of boundary conditions at inlet and outlet depends on the number of negative 
eigenvalues of the Jacobian Sin, where n; denotes the j-th component of the outward 
pointing normal unit vector n on OQ. A negative eigenvalue of this Jacobian signifies а wave 
propagation in the direction opposite n, hence toward the flow domain, à propagation that 
carries information from the flow outside the domain €), which information in embodied in 
a corresponding boundary condition. 

At a subsonic inlet, only one eigenvalue of 9% agn; is positive; as a result only one inlet vari- 
able must not be constrained. At such an Md Dirichlet boundary conditions are enforced 
on density p, total energy E, and transverse linear momentum components то, та. For an 
inviscid flow, no boundary condition is enforced on the axial linear-momentum component 
та. For a viscous flow, an inlet boundary condition for the axial linear-momentum equa- 
tion that can be prescribed is a vanishing surface traction 7111), with тү; the components 
of the deviatoric Navier-Stokes stress tensor, a condition effectively enforced by deleting the 
corresponding surface integral in the statement 


Qu Ота O (mim, др Ow 
Bd —P | do E iras PE UR 
AN j | EY + an, | 5 ): xj d + | арты | wninjd + 


Ота др 
1 dQ = 161 
2m + аг(д — 5 | 0 (17.165) 
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Where the inlet flow is supersonic, all the eigenvalues of "In; are negative and, corre- 
spondingly, Dirichlet boundary conditions are enforced on density p, energy Ё, and all the 
components та, то and та of linear momentum. These conditions may be cast as 


др 


Ot Eum #) = Я, U. Ət 


(0. Fmt) =a), uq. 1Si<n (17166) 
where q (t), 2-0), Gn, (t), 1 <i € n, denote prescribed bounded functions. 

At a solid wall, which corresponds to a streamline, u · n = 0 and, as a result, only one 
eigenvalue of Big is negative. One boundary condition is thus required at а wall for an 
inviscid flow. ‘This solid-wall boundary condition corresponds to the wall-tangency, i.e no- 
penetration, condition u - n = 0. With reference to the decomposition f; = ff + f; and 
Figure 17.16-а, 























a) b) 


Figure 17.16: Boundary Regions: a) Wall; b) Outlet 





the divergence of the convection flux with components f? within (17.163) is integrated by 
parts at a wall region, an operation that yields the wall boundary statement 
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where fy = 0 for an inviscid flow. This statement features a generalized "numerical flux” 
for f? and a wall surface integral that depends on the mass flux m.n., A wall mass-flux 
boundary condition is thus directly enforced within this surface integral, with a wall-tangency 
boundary condition obtained by setting the entire integral to nought. For an inviscid flow, 
this is the only boundary condition that is required at a solid wall. 

For a viscous flow, the three linear-momentum components in statement (17.167) are 
replaced by the no-slip boundary conditions on та, т» and ma; the wall mass-flux surface 
integrals in the continuity and total-energy components in this statement are then eliminated. 
The wall heat-flux integral in the energy equation 


Ow\ дЕ Ow Е + р О Е + р ОТ 
f bi + єр 2 3 t an, (ms Em eva; Dx, о, | “ты | dQ 

















ОТ 
E («t aaa; + o" а; "ај Ü =| ДО + +. w (m — ту — з nal =) 
(17.168) 
is then used to specify a heat-flux boundary condition, by inserting the prescribed heat-flux 
or OT 


Әп = s; iM this integral. For a cold- or hot-wall boundary condition, the heat flux is cast 


via a temperature variation or the energy equation (17.168) is locally replaced by the wall 


gow (29 2 3 аг — 0 (17.169) 


where Т, denotes a prescribed wall temperature. 

At a supersonic outlet, all the eigenvalues of "n; are positive and thus no boundary 
conditions are enforced for an inviscid flow; for a viscous flow, the minimal-perturbation 
boundary conditions that may be prescribed involve an adiabatic outlet stream and vanishing 
deviatoric work per unit time шту; and surface tractions 7;;n;. The adiabatic-stream 
condition is enforced by deleting the corresponding surface integral in the outflow energy- 
equation integral 
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The vanishing-traction condition is enforced by deleting the corresponding surface integral 
from the linear-momentum statement 
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If the traction 7;;n; does not vanish at an outlet, its known or prescribed numerical value 
may be enforced via the corresponding surface integrals in (17.170)-(17.171). 

At a subsonic outlet, one eigenvalue of "Ln; is negative and one boundary condition is 
thus required. A similar surface-integral procedure is employed at such a subsonic outlet 
region to enforce a specified boundary condition on pressure p for an inviscid flow, and on 
the deviatoric surface tractions 7;;n; for a viscous flow. With reference to the decomposition 
f; = f; + f; in Sections 17.4.1, 17.4.4, and Figure 17.16-b, the divergence of the pressure 
flux with components f; within the momentum equations (17.171) is integrated by parts at 
an outlet region, an operation that yields the outflow boundary statement 
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This statement features an outflow surface integral that depends on the outlet-pressure 
specific-force components pn;, 1 < 1 < 3; on а facet where p is not constrained, this integral 
is formed using the variable p as determined by the local evolving solution q. With туту = 0, 
the outlet pressure boundary condition is thus directly enforced by specifying the prescribed 
outlet pressure for p within this surface integral on a corresponding outlet facet. This 
strategy for imposing an outlet pressure boundary condition remains intrinsically stable as 
the following basic considerations on the linear-momentum equation for m4 indicate; similar 
conclusions apply to the linear-momentum equations for то and та. Consider first the case 
of an outlet with n; < 0, which implies Ow/O0x, < 0 and m, < 0. If some computational 
perturbation induced a decrease in mı at the boundary, then ||; || would increase hence 
p from (17.14) would decrease, which through the boundary domain integral of pressure in 
(17.172) would induce a restoring increase in m4; similar stability conclusions would results 
by considering a perturbation increase of m; at the boundary. Consider the other case of 
an outlet with n; > 0, which implies дш/дту > 0 and та > 0. If some computational 
perturbation induced a decrease in m4 at the boundary, then p from (17.14) would increase, 
which through the boundary domain integral of pressure in (17.172) would induce a restoring 
increase in mı; similar stability conclusions result by considering a perturbation increase of 
m; at the boundary. The results in Section 17.10 confirm the accuracy and stability of this 
pressure boundary-condition enforcement procedure. 








17.8 Finite Element Galerkin Weak Statement 


Since the characteristics flux divergence (17.108), (17.113) is developed independently and 
before any discretization, a genuinely multi-dimensional upstream-bias approximation for 
the governing equations (17.1) on arbitrary grids directly results from a classic centered 
discretization of the characteristics-bias weak statement on the prescribed grid. То this end 
a Galerkin finite element method is employed to discretize in space the integral statement 
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(17.163). This method not only accommodates arbitrary geometries or generates consistent 
non-extrapolation boundary equations for g, but also retains the ideal surface-integral venues 
of the integral statement to enforce the boundary conditions described in the previous section. 

The finite element approximation exists on a partition О” of О, where h signifies spatial 
discrete approximation. Having its boundary nodes on the boundary 0€? of Q, this partition 
O^ results from the union of №, non-overlapping elements Qe, O^ = UX, Qe. With n = 0 
or 7 = 1, respectively for shocked or smooth flows, and with 7,(0,) and 7,,(0,) the finite- 
dimensional function spaces of respectively diagonal square matrix-valued and vector-valued 
linear polynomials within each Qe, for each “t”, the corresponding diagonal square matrix- 
valued and vector-valued finite element discretization spaces employed in this study are 
defined as 


5 (0")= (u^ e (0^) s q^ " 
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(17:173) 
Based on these spaces, the finite element approximation q^" € 57, is determined for each “Р 
as the solution of the finite element weak statement associated with (17.163) 
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with similar expressions for statements (17.165)-(17.172). Since every member w^ of S! 
results from a linear combination of the linearly independent basis functions of this finite 
dimensional space, statement (17.174) is satisfied for N independent basis functions of the 
space, where N denotes the ша of the space. For N mesh nodes within О”, there 
exist clusters of “master” elements Q”, each cluster comprising only those adjacent clemens 
that share a mesh node хк, with 1 = k < N, where N denotes the total number of not only 
mesh nodes, but also master elements. 

As detailed in Chapter 7, the discrete test function w” within each master element ОМ 
will coincide with the “pyramid” basis function шк = wp (x), | < k < N, with compact 
support on Q. Such a function equals one at node хр, zero at all other mesh nodes and 
also identically vanishes both on the boundary segments of 127" not containing xj, and on the 
computational domain outside 127". 

The discrete solution q^" and flux i. at each time t assume the form of the following 
group linear combinations 








= Sel (pt) Ls (x,t) = Di (x) - f; (q^ (xet) ) (17:175) 





of time-dependent nodal solution values q^ (x;,t), to be determined, and trial functions, 
which coincide with the test functions w(x) for a Galerkin formulation; an analogous ex- 
pression applies for fe. Similarly, the fluxes f? = f#(q(x,t)) and f? = f7(q(x,t)) are 
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Figure 17.17: Pyramid Test Function for Оу 


discretized through the group expressions 
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The notation for the HIE nodal variable and fluxes is then simplified as q;(t) = q (xz, t), 


fi, = f; (d (Xe, 2 = (Фф (Xe, 5.35 = ge (Xe, t) ) and expansions (17.175)- 
(17.176) are then ind into (17.174), uL yields the discrete finite element weak state- 
ment 
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for 1 < k < N; the three-test-function matrices in (7.186) are then needed to discretize the 
viscous dissipation expression in the energy equation. There are three implied summations 
with respect to the subscript indices 7,7, т. The subscript indices 2,7 in this expression 
denote cartesian-axis directions, hence 1 < 72,7 < 2, for two-dimensional flows, or 1 < 2,7 < 3, 
for three dimensional flows, whereas subscript m indicates a mesh node, hence 1 < m < N, 
although a sum like Уу Wm tro only involves a few neighboring terms because the compact- 
support test function Wm is only non-zero within a cluster of a few neighboring elements. 

While an expansion like the ones in (17.175) for Y”, а", c^, a^, a"? and 5" can be directly 
accommodated within (17.177), each of these variables in this study has been set equal to a 
piece-wise constant for computational simplicity, one centroidal constant value per element. 
Within each element, the terms w^ and =" are respectively set equal to the controller and 
reference length developed in Chapter 10. As shown in that chapter, =" corresponds to the 
length of the streamline radius of the generalized ellipse inscribed within each element, since 
the streamline is a characteristic principal direction. 
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Since the test and trial functions то; are prescribed functions of x, the spatial integrations 
in (17.174) are directly carried out. For arbitrarily shaped elements, these integrations take 
place as detailed in Chapter 7. Concerning the boundary variables, no extrapolation of 
variables is needed in this algorithm on a variable that is not constrained via a Dirichlet 
boundary condition. In this case, instead, the finite element algorithm (17.177) naturally 
generates for each unconstrained boundary variable a boundary-node ordinary differential 
equation. The complete integration with respect to x transforms (17.177) into a system of 
continuum-time ordinary differential equations (ODE) for determining at each time level t 
the unknown nodal values q^ (хе, t), 1 < ( € N. 


17.9 Implicit Runge-Kutta Time Integration 





The finite element equations (17.177), along with appropriate boundary equations and con- 
ditions, are abridged as the non-linear ODE system 


dQ(t) 


er? 


= F(t, Q(t) (17.178) 


where М = {шкш,} denotes the mass matrix, Me indicates the corresponding coupling 


of time derivatives in (17.177), and F (t, Q(t)) represents the remaining terms in (17.177). 
The numerical time integration of (17.178) takes place through a two-stage diagonally 
implicit Runge-Kutta algorithms (IRK2), as detailed in Chapter 8, expressed as 


Qn ба = буку +K 
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ЛМК» = s T <> + Co AAT, m T аә1 Kı + 033 Кэ) (17.179) 








where n now denotes a discrete time station. Given the solution Q, at time t,, K is 
computed first, followed by К». Тһе solution Q;,,; is then determined by way of the first 
expression in (17.179). 

The terminal numerical solution is then determined using Newton’s method, which for 
the implicit fully-coupled computation of the IRK2 arrays K;, 1 < ? < 2, is cast as 


р 
м uds (52) | (KP КР) = At F (tn + ал, ОР) – МК? 
© 
Qi = Qn + ад Ку фар К (17.180) 
where a;; = 0 for j > i, p is the iteration index, and КЇ = K; for i = 2; the Jacobian 
ОРЛ“ 
(0 Хаб Jae 





has been analytically determined and implemented, leading to а block sparse matrix. For 
all the results documented in the next section, the initial estimate A? is set equal to the 
zero array, while a Gaussian elimination is used with only one iteration executed for (17.180) 
within each time interval. In this mode, Newton's iteration becomes akin to a classical direct 
linearized implicit solver. 
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17.10 Computational Results 





The Acoustics-Convection Upstream Resolution Algorithm has generated essentially non- 
oscillatory results for subsonic, transonic, supersonic, hypersonic flows, encompassing oblique 
and interacting shocks that reflect exact solutions. The benchmarks discussed in this sec- 
tion include 5 flows: a chemically-reacting hypersonic flow about a blunt body, a subsonic 
flow and a transonic flow about a symmetrical airfoil, and two supersonic inlet flows. In 
order to determine the coarse-grid performance of the algorithm and ultimate accuracy of 
quadrilateral elements, each benchmark has employed a finite element discretization of La- 
grange bilinear elements without any MUSCL-type local extrapolation of variables; for these 
computational tests, with the exception of the hypersonic-flow study, the body-fitted grid 
consists of 40 bilinear elements in the transverse and longitudinal directions, for a total of 
1600 elements, 1681 nodes and 6724 degrees of freedom. The computational efficiency of 
the procedure has remained comparable to that of a conventional centered algorithm for 
the characteristics-bias system with upstream directions continuously updated without any 
filtering or freezing, with high-rate convergence of the residual norm to machine zero. 

For each benchmark, the calculations proceeded with a prescribed constant maximum 
Courant number Cmax = 100. Considering the definition of the Courant number, 


At 
Cmax = шах{ ||ч|| + с, |а|| — с, © Агу, (17.182) 





for prescribed (АЁ) and Cmax for each benchmark, the corresponding At is determined as 


Cmax(A£)e 


шах || + с, [ju] с, cj 


(17.183) 





АП the solutions in these validations are presented in non dimensional form, with pressure 
p made dimensionless through the corresponding inlet stagnation (i.e. total) pressure. 


17.10.1 Hypersonic Blunt-Body Flow 


This study computationally investigates the formation of a bow shock and shock layer about 
a blunt axisymmetric sphere-biconic body in a hypersonic flow with М, = 8, for two sets 
of thermodynamic freestream conditions: one keeping a perfect-gas flow, the other lead- 
ing to high-temperature gas effects. The algorithm for these investigations featured altered 
acoustics-convection characteristics-bias parameters, to assess the impact on solution quality 
resulting from any variations of the optimal characteristics-bias parameters. These modifi- 
cations involved а“ = 0, 6 = 0.0, а = 1.0, and с in the acoustic term replaced by the local 
magnitude |||. When these modifications are not used, the corresponding computational so- 
lutions display sharper viscous layers and crisper bow shocks. The configuration consists of a 
frontal hemispherical blunt body with radius Ry = 0.5 in, a 10.5? forecone, and a 7.0? aft cone 
section with axial lengths 12.32 in and 20.00 in respectively. The body-fitted mesh for this 
study contains 64 x 74 bilinear elements with non-dimensional Axi, = О (107°) = О (Кет!) 
in the nosetip region. Figure 17.18 displays a detail of this mesh about the frontal blunt 
body. 
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Figure 17.18: Hypersonic Blunt-Body Flows, Mesh Detail 


At the inlet, this computational study has imposed Dirichlet constraints on density, 
momentum components and specific total energy. Vanishing radial momentum is enforced 
along the centerline, and both momentum components are set to zero at the blunt-body 
stagnation point. Along the aerodynamic surface, vanishing momentum flux is imposed 
for the inviscid flow simulation, whereas the no-slip condition is enforced for the viscous 
flow prediction. The Rankine-Hugoniot conditions, along with Newtonian surface pressure 
distribution and available bow-shock location estimates are used to determine the initial field 
[7]. 

For the freestream thermodynamic conditions pœ = 600.12 Pa and T4, = 54.31 К, 
the perfect-gas viscous flow about this configuration is determined at the reference Re. = 
500,000, based on the blunt-body nose radius, with the boundary-layer initial condition 
obtained via linear interpolation to zero of the momentum components in a narrow strip 
region about the aerodynamic surface. ‘The machine-zero steady state was achieved for 
ф = 0.50 in 800 time steps at a maximum Courant number of 200. For an adiabatic 
wall, the boundary layer strongly interacts with the exterior essentially inviscid flow. The 
computed shock stand-off distance ds5 = 0.075 in, agrees to within 1.5% with available 
correlations |6]. Figures 17.19-17.21 summarize the steady solution in terms of pressure 
contours and stagnation-line distributions of pressure and temperature. The displayed shock 
thickness in the contour fields results from the use of a significantly expanded axial scale, 
a use needed to make these fields visually discernible. Тһе stagnation-line distributions use 
an x-axis with origin at the blunt-body stagnation point and distances in inches. ‘These 
distributions display a limited post-shock two-node loss of monotonicity, as induced by the 
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alterations in the optimal characteristics-bias parameters. Away from the post-shock region, 
the distributions remain essentially non-oscillatory in the shock compression and subsequent 
expansion regions. The computed stagnation-point peak values for pressure and temperature 
аге Doo = 55,383.87 Pa and Т = 832.11 K. The associated inviscid flow solution is obtained 
at a maximum Courant number of 500, with maximum convergence rate occurring at a 
maximum Courant number of 200. For the previous magnitude of wv, the essentially non- 
oscillatory solution leads to a stand-off distance дар = 0.068 in, which agrees to within 4% 
with available correlations [6], with a peak pressure py, = 55,383.87 Pa. The subsequent 
flow expansion about the spherical nose is also smooth and clearly defined. For a free-stream 
temperature of Т, = 54.31 K, the post-shock and stagnation-point temperature values of 
T = 773.2 К and Т = 832.11 К remain consistent with a non-reacting gas flow. 


a) Viscous, 
Perfect Gas 


C) Inviscid, 
Perfect Gas 










b) Inviscid, 
Perfect Gas 


d) Inviscid, 
Real Gas 


Figure 17.19: Hypersonic Blunt-Body Flows, Pressure Contours 


For representative atmospheric free stream conditions, however, the temperature rise 
across the bow shock triggers non-negligible high-temperature gas effects. This study then 
performed two additional inviscid-flow calculations corresponding to the free stream condi- 
tions T4, = 221.1 К and py = 2.72 x 107? atm, with perfect-gas equation of state and 
then with high-temperature gas effects modeled as described in Chapter 3. Starting from 
the perfect-gas steady-state solution as an initial field, the final steady state with «» = 0.5 
was achieved in 400 time steps at a maximum Courant number of 200. For this chemically 
reacting gas flow, following the methods of Chapter 3, the continuous and accurate compu- 
tation of the pressure derivatives for the implicit implementation contributes to the observed 
monotone convergence. Figure 17.19-d) graphs the pressure contours for this more realistic 
case, as contrasted with the associated perfect-gas distribution. As indicated in this figure, 
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real-gas effects lead to a decrease of the shock stand-off distance to dsp = 0.056 in, almost 
18% less than the associated perfect-gas value. The distribution of pressure along the stag- 
nation streamline and aerodynamic surface is presented in Figure 17.20. For the reference 
freestream conditions, the equilibrium air pressure distribution does not radically differ from 
that corresponding to the perfect-gas case, with the exception of the shock location. 
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Figure 17.20: Hypersonic Blunt-Body Flows, Stagnation-Streamline Pressure 
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Figure 17.21: Hypersonic Blunt-Body Flows, Stagnation-Streamline Temperature 


Conversely, as indicated in Figure 17.21, the temperature fields are significantly different. 
For the same free-stream conditions, the computed post-shock temperature for the perfect- 
gas simulation is Т = 3149.9 K, whereas the reacting-flow magnitude is Т = 2595.2 К, а 
decrease of almost 18% accounted for by the excitation of vibrational modes and eventual 
formation of nitric oxide and atomic oxygen. 
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Figure 17.22: Hypersonic Blunt-Body Flows, Stagnation-Streamline Mass Fractions 





As indicated in Figure 17.22, these species are formed immediately after the shock, with 
peak production at the stagnation point. The mass fraction of nitric oxide is almost six 
times larger than the oxygen mass fraction, while only negligible traces of atomic nitrogen 
are present. Reflecting the existing knowledge that high-temperature gas effects for realistic 
free stream conditions significantly influence the air mixture chemical composition and tem- 
perature field, these computational results show that the even a simplified form of the finite 
element acoustics-convection formulation coupled with the implicit Runge-Kutta time inte- 
gration leads to essentially non-oscillatory solutions for challenging flow fields with chemical 
reactions. 


17.10.2 A Airfoil Flows 


The next three computational tests employ the full characteristics-bias formulation without 
any alteration of the associated parameters. The computational test in this section corre- 
sponds to a subsonic critical flow about a 396 thick symmetrical airfoil, with stretched grid 
illustrated in Figure 17.23. 
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Figure 17.23: Airfoil Flows: Computational Grid 


0.87, 


The subsonic inlet corresponds to a subsonic free-stream Mach number Мы 
hence the inlet boundary conditions only constrain density p, transverse linear momentum 





component то and total energy Е. The outlet, consisting of both the downstream exit and 
upper side, remains subsonic, hence static pressure is constrained at this boundary. At the 


lower surface, the inviscid wall-tangency boundary condition is enforced according to the 


method delineated in Section 17.7.2. A pressure drop is imposed upon an initially quiescent 


field and the final steady state is computationally achieved by advancing the solution in 


time. 


The Mach-number distribution and flooded contours in Figures 17.24 and 17.25 for w 
0.5 portray a non-oscillatory solution with sharply resolved drops in Mach number at the 


airfoil leading and trailing edges and undistorted capturing of a vanishingly small supersonic 


region over the airfoil surface, towards the trailing edge. 
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Figure 17.24: Му = 0.87 Airfoil Critical Subsonic Flow, Mach Number Contours 
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Figure 17.25: Mæ = 0.87 Airfoil Critical Subsonic Flow, Mach Number Distribution 





Despite the stretched grid, a similar essentially non-oscillatory field is portrayed in the 
pressure distribution and flooded contours in Figures 17.26 and 17.27. Although this dis- 
tribution indicates increased accuracy would result from a locally refined grid, the pressure 
peaks at the airfoil leading and trailing edges remain undistorted. In particular the cal- 
culated pressure in the outlet region remains smooth and the calculated outlet pressure at 
the x = 1.5 outlet coincides with the imposed pressure boundary conditions, which reflects 
favorably on the surface-integral pressure enforcement strategy delineated in Section 17.7.2. 
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Figure 17.26: Mə = 0.87 Airfoil Critical Subsonic Flow, Pressure Distribution 
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Figure 17.27: Ms, = 0.87 Airfoil Critical Subsonic Flow, Pressure Contours 
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The second computational test corresponds to а transonic flow about the same airfoil. 
The subsonic inlet corresponds to a subsonic free-stream Mach number M = 0.87, hence the 
inlet boundary conditions only constrain density p, transverse linear momentum component 
то and total energy E. As in the first test, the outlet, consisting of both the downstream 
exit and portions of the upper side of the grid, remain subsonic, hence static pressure is 
constrained at these boundary segments; when the local Mach number exceeds one, the 
algorithm no longer enforces an outlet pressure boundary condition. At the lower surface, the 
inviscid wall-tangency boundary condition is enforced according to the method delineated 
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in Section 17.7.2. A pressure drop is imposed upon an initial field corresponding to the 
steady-state flow of the previous test and the final steady state is computationally achieved 
by advancing the solution in time. The imposed pressure drop was selected to induce a 
supersonic region that extends past the upper boundary, in order to test the capability of 
the algorithm to allow a captured shock to cross a boundary with minimal reflection. 

The Mach-number distribution and flooded contours in Figures 17.28 and 17.29 pre- 
sent an essentially non-oscillatory solution with crisply calculated compressions and ex- 
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Figure 17.28: Mə = 0.87 Airfoil Transonic Flow, Mach Number Distribution 


1.12 
1.0% 
1.04 
1.00 
0.96 
0.92 
0.88 
0.84 
0.80 





Figure 17.29: Mə = 0.87 Airfoil Transonic Flow, Mach Number Contours 
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pansions, at the airfoil leading and trailing edges, and with a supersonic pocket terminated 
by a slightly curved sharp shock adjacent to the airfoil trailing edge. In particular this 
two-dimensional shock is captured within two to three nodes. 

Despite the stretched grid, a similar essentially non-oscillatory field is displayed in the 
pressure distribution and flooded contours in Figures 17.26 and 17.27. 
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Figure 17.30: Mə = 0.87 Airfoil Transonic Flow, Pressure Distribution 
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Figure 17.31: Mə = 0.87 Airfoil Transonic Flow, Pressure Contours 


This distribution indicates increased accuracy would result from a locally refined grid. Nev- 
ertheless the pressure peaks at the airfoil leading and trailing edges remain undistorted 
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and the slightly curved shock in this variable is also sharply captured within two to three 
nodes. The calculated subsonic distribution downstream of the shock remains smooth. In 
particular the calculated outlet pressure at the x = 1.5 outlet coincides with the imposed 
pressure boundary conditions, which again reflects favorably on the surface-integral pressure 
enforcement strategy delineated in Section 17.7.2. 


17.10.3 Inlet Flows 


The next computational tests encompass two supersonic inlet flows. One of these flows 
involves an oblique shock reflection case, with grid illustrated in Figure 17.32. 
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Figure 17.32: М = 2.40 Shock Reflection, Computational Grid 


The supersonic inlet corresponds to а free-stream Mach number Мы = 2.40, hence 
the inlet boundary conditions constrain density p, longitudinal as well as transversal linear 
momentum components т; and т» and total energy E. The outlet remains supersonic, hence 
no boundary conditions are enforced at this boundary. At the solid upper and lower walls, 
the inviscid wall-tangency boundary condition is enforced using the method in Section 17.7.2. 
An initially uniform supersonic M = 2.40 shockless flow is subject to a 10? deflection by the 
lower wall and the final steady state is computationally achieved by advancing the solution 
in time. 

It is the wall-tangency boundary condition on the whole upper and lower boundary walls 
that induces emergence of an oblique shock at the lower ramp initiation point, a shock that 
propagates toward the upper wall and is then reflected downward towards the outlet. As 
shown in the velocity vector and streamline distributions in Figures 17.33-17.34, the velocity 
vector abruptly turns across the oblique hydraulic jumps. 








Computational Results 703 





= 
[= 
[= 
[= 
> 
= 
= 
= 
= 
[= 
> 
[ 
[= 
> 
= 
= 
= 
[= 
[= 
> 
[= 


VVVVVVVVVVVVVVVVVVVV VY 





coVVVVVVVVVVVVVVVVVVVVY 





Figure 17.34: Мо. = 2.40 Shock Reflection, Streamline Distribution 


A localized maximum upstream-bias is activated at the geometric singularity of the 
ramp initiation point, as described in Section 10.2 after Figure 10.5, while фу = 0.2 and 
Umax = 0.35. The Mach-number distribution and flooded contours in Figures 17.35 and 17.36 
present an essentially non-oscillatory solution with crisply calculated incident and reflected 
shocks. In particular, the algorithm allows the reflected shock to cross the outflow bound- 
ary unperturbed, without any spurious distortion. Significantly, this computational solution 
mirrors the available exact solution, with three juxtaposed plateaus connected by two oblique 
shocks. The calculated Mach numbers in the plateaus downstream of the two shocks are 
M» = 2.00 and Мз = 1.64; the shock inclination angles are 6; = 33? and Өз = —29°. Not 
only for Mach number and shock angles, but also for pressure do the computed results reflect 
the corresponding exact values. 
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Figure 17.35: Мо = 
го = 2.40 Shock Reflection, Mach Number Distributi 
ution 
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: Ме = 2.40 Shock Reflection, Mach Number Cont 
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A similar essentially non-oscillatory field is displayed in the pressure distribution and 
flooded contours in Figures 17.37 and 17.38. The incident and reflected pressure shocks are 
crisply calculated, with a reflected shock that can cross the outflow boundary without any 
spurious distortion. 
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Figure 17.37: Mæ = 2.40 Shock Reflection, Pressure Distribution 
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Figure 17.38: Mə = 2.40 Shock Reflection, Pressure Contours 
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The final test case in this study involves the asymmetric interaction of two oblique shocks, 
with non-uniform grid illustrated in Figure 17.39. The supersonic inlet corresponds to a free- 
stream Mach number M,, = 2.40, hence the inlet boundary conditions constrain density p, 
longitudinal and transversal linear momentum components mı and mg and total energy E. 
The solid wall specification only extends to x = 0.4; beyond this station, the upper and lower 
boundaries correspond to outlets, to allow the reflected shocks to cross the computational 
boundaries with minimal further reflection. The entire outlet remains supersonic, hence no 
boundary conditions are enforced at this boundary. At the solid upper and lower walls, only 
extending to x = 0.4, the inviscid wall-tangency boundary condition is enforced using the 
method in Section 17.7.2. An initially uniform supersonic M — 2.40 shockless flow is subject 
to a 5? deflection by the lower wall and a 3? deflection by the upper wall; the final steady 
state is computationally achieved by advancing the solution in time. 
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Figure 17.39: М, = 2.40 Shock-on-Shock Interaction, Computational Grid 


The wall-tangency boundary conditions on the upper and lower boundary walls induce 
emergence of two separate oblique shocks of different strengths, shocks that propagate toward 
each other, interact, and reflect away from each other, towards the outlet. With maximum 
upstream bias at the ramp corners, determined from the method in Section 10.2, and 0.2 = 
0.35, the Mach-number distribution and flooded contours in Figures 17.40 and 17.41 present 
an essentially non-oscillatory solution with crisply calculated incident and reflected shocks. 
Significantly, this computational solution mirrors the available exact solution, with four 
juxtaposed plateaus connected by four oblique shocks. Since the ramp deflection angles 
remain somewhat moderate and close to each other, the velocity magnitudes and Mach 
numbers remain essentially constant across the slip line that originates at the reflected- 
shock intersection point. Nevertheless, the reflected shock interaction rotates the emerging 
velocity vector to the equilibrium angle of 2° with respect to the horizontal direction. This 
angle corresponds to a deflection of 3°, across the lower reflected shock, and a deflection 
angle of —5°, across the upper reflected shock. These calculated velocity and deflection 
angles mirror the exact values. The calculated Mach numbers in the plateaus downstream 
of the four shocks are М» = 2.20, Мз = 2.28, М, ~ М5 = 2.08; the shock inclination angles 
are 0, = 28.53°, 04 = —26.90°, 04 = 29.52 and 05 = —30.15. Not only for Mach number and 
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shock angles but also for pressure do these computed results coincide with the corresponding 
exact values. 
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Figure 17.41: Мо = 2.40 Shock-on-Shock Interaction, Mach Number Contours 
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A similar essentially non-oscillatory field is displayed in the pressure distribution and 
flooded contours in Figures 17.42 and 17.43. ‘The incident and reflected pressure shocks 
are crisply calculated, with reflected shocks that can cross the outflow boundary essentially 
unperturbed without spurious distortion. 





















0.1 А А 
Ф | || Sas A ANN | 
S 0. її TRES SN, 
Nn MR \\ WI || 
5 | d 
£00 ||| wu) 


E 
222 


#12 





|| ||| | | 
| ||| 


| AN 


||| | \ 





| | 
(еш 


| === 


= 

oo = \\\ 
таа C——— аша КҮ 
ESSA CC CLE OSA CERES 










NN 
WM 


Figure 17.42: Мо = 2.40 Shock-on-Shock Interaction, Pressure Distribution 
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Figure 17.43: М = 2.40 Shock-on-Shock Interaction, Pressure Contours 
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17.10.4 Convergence to Steady State 


For all the flow cases discussed, the algorithm has rapidly calculated a steady state, as 
exemplified by Figure 17.44 for the shock reflection and interaction problems. 





1е+1 le+l 
le+0 le+0 
Їе-1 1е-1 
le-2 le-2 
le-3 le-3 
1е-4 le-4 
le-5 le-5 
а 1е-6 а 1е-6 
4 ет 4 јел 
Ei 1e-8 È le-8 
le-9 1е-9 
le-10 le-10 
le-11 le-11 
le-12 le-12 
le-13 le-13 
le-14 le-14 
le-15 le-15 
0 20 40 60 80 100 0 20 40 60 80 100 
a) G b) E 


Figure 17.44: Convergence Rate: a) Shock Reflection, b) Shock Interaction 





These curves document the high-rate convergence rate of the algorithm, with a reduction 
of the residual norm to 1 x 10^, hence machine zero, achieved in about 45 cycles “C” at 
a constant maximum Courant number equal to 100. The recorded essentially monotone 
decrease of the residual is seen to correspond to an exponential convergence rate. 





17.11 Computational Performance 





The characteristics-bias procedure relies upon the physics and mathematics of multi - dimen- 
sional characteristic acoustics and convection for general equations of state. It generates the 
upstream bias at the differential equation level, before any discrete approximation, by way 
of a characteristics-bias system and associated decomposition of the Euler flux divergence 
into convection and streamline and crossflow acoustic components. A natural finite element 
discretization of the characteristics-bias system directly provides an accurate and genuinely 
multi-dimensional upstream- bias approximation of the Euler equations, in the form of a 
non-linear combination of upstream diffusive and downstream anti-diffusive flux differences, 
with greater bias on the upstream diffusive flux difference. 

Along the infinite directions of wave propagation, the formulation induces anisotropic 
and variable-strength consistent upwinding that correlates with the spatial distribution of 
characteristic velocities. It furthermore induces minimal artificial dissipation and yields 
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correct essentially non-oscillatory solutions, while the upstream directions are continuously 
updated, and rapid convergence is achieved. ‘The study in this chapter has implemented 
the algorithm using a linear approximation of fluxes within quadrilateral cells without any 
MUSCL-type local extrapolation of variables. 

According to the solution-driven numerical values of the upstream-bias magnitude, the 
computed smooth and shocked solutions resulted from a mostly centered discretization. The 
algorithm succeeds in both reducing artificial dissipation in regions of smooth flow, for higher 
accuracy, and focusing an increased level of upstream-bias, hence artificial dissipation, at the 
shock regions only, precisely where required for stability and sharp shock capturing. This 
characteristics-bias algorithm, however, admits a straightforward implicit implementation, 
features a computational simplicity that parallels a traditional centered discretization, and 
rationally eliminates superfluous artificial diffusion. Тһе computed solutions for subsonic, 
transonic, supersonic, and hypersonic flows remain essentially non-oscillatory and reflect 
available reference solutions. 
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ЕР acoustic waves, 286, 287, 397, 513, 517, 
invariance, 259, 487, 489 658, 665 
transformation, 470, 472 bias, 159, 160, 178, 180, 245, 252, 254- 


Gravity-Wave Convection decomposition, 327, s 270, 272, 297..331; 340, 408, 510, 
584 


Gravity-Wave equations, 325, 572 dissipation matrix, 288, 485 
eigenvalues, 288, 332, 400, 523, 591, 671 


Implicit functions, 288, 332, 400, 523, 592, 672 
Crank-Nicolson, 239 gravity waves, 329, 587 
Euler, 239 infinite directional, 483, 521, 522, 527, 
Runge-Kutta, 225 590, 596, 669, 670, 678 
trapezoidal, 239 multidimensional, 483, 521, 522, 527, 590, 


596, 669, 670, 678 
source term, time derivative, 254, 271, 
Мага бейет. 2 272, 321, 389, 481, 490 
Monge се. 471, 479 viscous flux divergence, 481 


Lagrange element, 205, 208 


Navier-Stokes system 
compressible flow, 636, 681 
free-surface flow, 598 

Newton’s method, 164 


Parabolic 


